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PROCEEDINGS 



LONDON MATHEMATICAL SOCIETY. 



VOL. XVI. 



TWENTY-FIRST SESSION, 1884-5. 

November 13th, 1884. 

Annual General Meeting, held at 22 Albemarle Street, W. 
Professor HENRICI, F.R.S., President, in the Chair. 

Prof. Karl Pearson, M.A., University College, London, Fellow of 
j^ing's College, Cambridge, was elected a Member. 

The President then announced, in the following words, the losses 
the Society had sustained by death during the Recess : — 

" Before our ordinary business begins, I have to address you once 
* again,* to say a few words in memory of two of our Members, Prof. 
Rowe, of Cambridge, and Prof. Townsend, of Dublin, who have died 
since our last meeting. 

" ^rof . Rowe never enjoyed good health, and died when still a 
young man. I first saw him in the examination-room of the LondoD 
University, when Prof. Townsend and. I were examiners. We were 
both struck by the brilliancy of his answers, but shocked by the ex- 
treme delicacy of his appearance. Later on, when he became my 
colleague at University College, this impression waH somewhat effaced 
by his vivacity. Ho was a man of great amiability and geniality, and 
these qualities, together wSh his great musical gifts, made him friends 

* [Alluding to the previous announcements of the deaths of Mr. Merrifield and 
Dr. Todhunter during the President's tenure of office.] 
VOL. XVI. — NO. 233. B 



2 Annual Geiieral Meeting. [Nov. 13, 

wherever he went. The principal thing he has left us as a mathe- 
matician is his paper in the Phil. Trans, of the Royal Society, on 
Abelian Functions, which showed that we might have expected good 
work from him, had he lived. 

" Frof. Townsend had come to ripe years, though he was by no 
means an old man. He, like Prof. Rowe, was characterised by great 
geniality. He was beloved by his numerous pupils, and held in the 
greatest esteem by all who knew him intimately for his kindness and 
warm-heartedness. As a teacher he is said to have possessed singular 
qualifications. 

" Personally, I have had the privilege of working with him for four 
years as examiner at the London University, and learned to value 
him very highly. As a mathematician, he was devoted to Pure 
Geometry, though he has published many papers belonging to Applied 
Mathematics. He treated his subject with considerable elegance. 
His chief work is his * Chapters on the Modern Geometry of the 
Point, Line, and Circle,* which, though they are confined to a some- 
what narrow field, are very rich in methods, and many of the results 
can at once be extended to Conies in general. He had just obtained 
a Senior Fellowship at Trinity College, Dublin, when the illness 
began which caused his death." 

After a slight pause, he presented the De Morgan Memorial Gold 
Medal to Prof. Cayley, accompanying the presentation with the 
following address .•'— 

" You will remember that, two years ago, it was announced from 
this chair that the Council had settled the conditions under which 
the De Morgan Medal should be given, and that the first award 
would be made at the anniversary meeting of 1884. 

" I have now to make the announcement that the Council has ^ 
decided that the first medal should be given to Professor Cayley in 
acknowledgment of his work in the * Theory of Invariants.' 

" As this is the first award of the medal, I may remind you of its 
origin. Soon after the death of De Morgan, some of his admirers 
started a subscription, for the double purpose of having a bust 
executed and founding a medal to be given in his memory. The Bust 
now adorns the Library of the London University, where also his 
valuable collectioif of books is preserved. The Medal was offered to 
the Mathematical Society, and its Council accepted the honourable 
duty of determining its award. There is' a peculiar fitness in the 
medal being thus connected with our Society ; for this Society was 
founded with the active co-operation of De Morgan by a number of 
his advanced students, among whom his talented son George, who 
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died soon afterwards, took the lead. De Morgan himself was the first 
President, and our Proceedings began with a very characteristic open- 
ing speech by him. 

" The Medal is to be given for eminent original work in Mathe- 
matics, and no more fitting memorial than this could in my opinion 
be devised for a man who spent his whole life in carefully preparing 
the foundation for such work by his teaching and his writings. 

" De Morgan was pre-eminently a teacher. His most original work 
does not so much increase our stock of mathematical knowledge, but 
is concerned with mathematical reasoning, and with exact reasoning 
in general. 

" In the opening speech referred to, De Morgan himself divides 
exact science into two branches, the analysis of the necessary laws of 
thought, and the analysis of the necessary matter of thought. His own 
work belongs to the former. He was a logician much more than a 
mathematician in the ordinary sense of the word, and, when reading 
his mathematical works, I have always had the feeling that he studied 
Mathematics not so much for its own sake as on account of the logic 
contained and exemplified in it. I once made this remark in the 
Professors' Common Room of University College, when an old 
colleague of his turned round and said, * You are quite right ; he told 
me so himself.' 

** In this work De Morgan did not stand alone ; we may almost take 
him as a type of his period. It has often struck me as a noteworthy 
fact that in England, after a long pause in mathematical activity, 
the work taken first in hand was investigation into the very bases of 
Mathematics, and more particularly into mathematical reasoning. 
These investigations became partly a mathematical analysis oJf.Logic 
itself, and partly a logical analysis of the laws followed by the symbols 
and operations used in Mathematics. De Morgan worked in both 
directions ; we have his ' Formal Logic ' and his * Double Algebra.' 
Operations were studied quite independently of the meaning given to 
the symbols. Originally, the symbols stood for concrete things, and 
each operation had its concrete meaning. At present, symbols are 
sometimes used without giving thorn any meaning whatsoever, and 
without defining them at all ; and then the operations for combining 
these symbols are arbitrarily defined, with the sole restriction that 
they do not contradict each other. 

" Each new set of operations thus establishes a calculus. If after- 
wards any entities can be found which can be combined by operations 
answering the characteristics of the operations used in the new 
calculus, then the latter may be employed for a theory of those 
entities, and its results will allow of an interpretation. These entities 

B 2 
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themselves may be anything — concrete things, or logical concepts, or 
ordinary algebraical quantities. 

" Thns the ground was already prepared for greatly extending the 
realm of Algebra, and the scope and power of algebraical operations, 
when the [genius of Prof. Cayley conceived the idea of Invariants, 
which has given rise to that marvellous growth of our science which 
has suddenly brought England again far to the front. 

*'It was known from Gauss's investigations that for Quadratic 
expressions a certain combination of its constants, its determinant, 
exists which has the following property : — 

" If the Quadratic expression be transformed into another by a 
linear substitution, then the determinant of the transformed expression 
is obtained from that of the original expression by multiplying it by 
a factor which depends solely on the substitution used. 

" Afterwards Eisenstein discovered that a similar theorem holds 
for a cubic expression of one variable. These isolated facts suggested 
to Cayley that combinations of constants having this property must 
exist for all algebraical expressions. The problem was, how to find 
these. 

" The manner in which this has been solved I need not restate 
here, but I wish to call your attention to the fact that the symbolic 
methods worked out by the school of mathematicians referred to have 
been of the greatest use in the development of the Theory of In- 
variants, which could scarcely have been brought to its present per- 
fection without it. 

" It would be an impertinence for me to say much either in praise 
of Prof. Cayley's work or in justification of the Councirs choice. 
Prof. Cayley has invented and worked out the Theory of Invariants, 
and, in steady life-long work, connected it with nearly every branch 
of Mathematics, enriching everything he touches, and everywhere 
throwing open new vistas of future work. 

"The Council of the Mathematical Society, in selecting Prof. 
Cayley as the first recipient of the De Morgan Medal, and thus doing 
homage to his genius, did so not so much with the idea that it could 
add honour to his name, as that they might add honour to the Medal, 
by connecting his great name with it, and thus increase its value for 
all future recipients. And it is befitting that a body like the London 
Mathematical Society should give formal expression to the reverence 
and admiration in which it holds the greatest among its members. 

" I shall now have the honour, the greatest which has ever fallen 
to me, of handing this medal to Prof. Cayley, and I call upon him to 
receive it. 

" Professor Cayley, I hand this medal over to you, in the name of 
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the London Mathematical Society, as a token of their respect and 
admiration." 

Prof. Cayley briefly retnmed thanks, and waived all claim to 
priority of discovery of Invariants.* 

The Treasurer (Mr. A. B. Kempe) read his report. Its reception 
was moved by Mr. S. Roberts, seconded by Prof. Greenhill, and 
carried nnanimonsly. 

At the request of the Chairman, Captain P. A. Macmahon, B.A., 
consented to act as Auditor. 

From the Report of the Secretaries, it appeared that the number of 
members since the last General Meeting, held November 8th, 1883, 
had increased from 159 to 173, of these 61 being Life Members. 

The Obituary of the Society comprised the following names : — 
Dr. Isaac Todhunter, F.R.S., elected June 18th, 1865, died March 

1st, 1884. 
C. W. Merrifield, F.R.S., elected March 19th, 1866, died January 

1st, 1884. 
Rev. R. Townsend, F.R.S., elected April 16th, 1866, died October 

17th, 1884. 
R. C. Rowe, M.A., elected November 13th, 1879, died September 

21st, 1884. 

The following communications had been made : — 

Symmetric Functions, and in particular on certain Inverse 

Operators in connection therewith: Captain P. A. Mac- 

mahon, R.A. 
On a Certain Envelope: Prof. Wolstenholme, D.Sc. 
On certain results obtained by means of the Arguments of 

Points on a Plane Curve : R. A. Roberts, M.A. 
Multiple FruUanian Integrals, Part iii. : E. B. Elliott, M.A. 
Note on Jacobi*s Transformation of Elliptic Functions : 

J. Griffiths, M.A. 
Symmedians and the Triplicate-Ratio Circle : R. Tucker, M.A. 
The Form of Standing Waves on the surface of Running Water : 

Lord Rayleigh, F.R.S. 
A Method of finding the Plane Sections of a Surface, and some 

Considerations as to its extension to Space of more than 

Three Dimensions : W. J. C. Sharp, M.A. 
On a Deduction from the Elliptic- Integral Formula 
2/ = sin(^+i? + 0+...): 

J. Griffiths, M.A. 

* [Cf. Dr. Salmon's " Lessons on Higher Algebra," pp. 103, 296.] 
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An Extension of Pascars Theorem to Space of Three Dimensions ; 
and on the Theory of Screws in Elliptic Space : A. Buch- 
heim, B.A. 

On Contacts and Isolations, a Problem in Permutations : 
H. Fortey, M.A. 

On the Indnctiop of Electric Cnrrents in Cylindrical and 
Spherical Conductors : Prof. H. Lamb, M.A. 

On a Groap of Circles which are connected with the Triplicate- 
Ratio Circle : R. Tucker, M.A. 

On the Intersections of a Triangle with a Circle : H. M. Taylor, 
M.A. 

On the Function which denotes the difference between the num- 
ber of (4m + l)-divisors and the number of (4wi + 3) -divisors 
of a Number : J. W. L. Glaisher, F.R.S. 

On a General Theory including the Theories of Systems of Com- 
plexes and Spheres : A. Buchheim, B.A. 

On the Square of Euler's Series : J. W. L. Glaisher, F.R.S. 

Further Results from a Theory of Transformation of Elliptic 
Functions : J. Griffiths, M.A. 

Note concerning the Pellian Equation : S. Roberts, F.R.S, 

On the closed Link Polygons belonging to a system of Coplanar 
Forces hiaving a Single Resultant : Prof. M. J. M. Hill, M.A. 

On the direct Application of the Principle of Least Action to 
Dynamical Analogues, Parts i., ii. : Prof. J. Larmor, M.A. 

On Double Algebra : Prof. Cayley, F.R.S. 

On Direct Investigation of the Complete Priniitive of the Equa- 
tion F (Xf 2/, z, p, q) = 0, with a way of remembering the 
Auxiliary System : J. W. Russell, M.A. 

On Electrical Oscillations and the effects produced by the 
Motion of an Electrified Sphere : J. J. Thomson, F.R.S. 

•Motion of a Network of Particles, with some analogies to Con- 
jugate Functions : E. J. Routh, D.Sc, F.R.S. 

On a Subsidiary Elliptic Function pm (u, Jc) : J. Griffiths, M.A. 

On the Homogeneous Equation of a Plane Section of a Geo- 
metrical Surface : J. J. Walker, F.R.S. 

On a Birational T^ransformation of Space of Three Dimensions, 
of the Sixth Degree, the Inverse of which is of the Fifth : 
Prof. Cremona, F.R.S. 

Some Properties of Two Lines in the Plane of a Triangle : 
R. Tucker, M.A. 

Note on the Induction of Electric Currents in a Cylinder placed 
acix>ss the Lines of Magnetic Force : Prof. H. Lamb, M.A. 
Minor communications were made by Prof. Sylvester, F.R.S., and 
J. Hammond, M.A. 
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Additional excHanges of Proceedings were made with Dr. Bierens 
de Haan (Nieuw Archief vur Wiskunde), and Prof.' Liguine (Mathe- 
matical Society of Odessa)*. 

The same journals had been subscribed for as in the preceding 
Session. 

The meeting then proceeded to the election of the new Council. 
The Scrutators (Mr. G. Heppel and Prof. M. J. M. Hill) having 
examined the Balloting Lists, declared the following gentlemen duly 
elected : — 

President, J. W. L. Glaisher, F.R.S. ; Vice-Presidents, Dr. Henrici, 
F.R.S., Prof. Sylvester, F.R.S., J. J. Walker, F.R.S. ; Treasurer, 

A. B. Kempe, F.R.S. ; Hod. Sees., M. Jenkins, M.A., and R. Tucker, 
M.A. ; other members. Prof. Cayley, F.R.S., Sir J. Cockle, F.R.S., 

B. B. Elliott, M.A., Prof. Greenhill, M.A., J. Hammond, M.A., Prof. 
H. Hart, M.A., Dr. Hirst, F.R.S., S. Roberts, F.R.S., R. F. 
Scott, M.A. 

Dr. Henrici having thanked the members for " the kind indulgence 
they had shown him " daring kiB Presidency, Mr. J. W. L. Glaisher 
then took the chair, and thanked the Society for the high honour 
they had conferred upon him. 

Mr. Tucker read abstracts of the following papers : — 

On the Theory of Screws in Elliptic Space (Supplementary 

Note), and on the Theory of Matrices : Mr. A. Buchheim. 
On.Sphero-Cyclides : Mr. H. M. Jeffery. 
Results from a Theory of Transformation of Elliptic Functions : 

Mr. J. Griffiths. 
On the Limits of Multiple Integrals ; Mr. H. MacCoU. 
On the Motion of a Viscous Fluid contained in a Spherical 

Vessel : Prof. H. Lamb. 
On Certain Conies connected with a Plane Unicursal Quartic : 

Mr. R. A. Roberts. 
Note on Elliptic Functions, on an Integral Transformation, and a 

Theorem in Plane Conies : Mr. A. Mukhopadhyay. 

The President (Dr. Henrici taking the Chair) then read a paper 
on Certain Systems of ^-series in Elliptic Functions in which the 
Exponents in the Numerators and in the Denominators are connected 
by Recurring Relations. 



* For list of exchanges, see Vol. xiv,, p. 315, 
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The following presents were received : — 

** Educational Times," for November. 

** Scientific Transactions of the Royal Dublin Society *' (Series n.), Vol. i., Parts ■ 
XX. — ^xxv. ; Vol. in., Farts i. — ni. 

** Scientific Proceedings of the Royal Dublin Society" (New Series), Vol. m., 
Vol. VI., VII. ; Vol. IV., Parts i.— iv. 

" Smithsonian Report for 1882," 8vo ; Washington, 1884. 

<< Bulletin des Sciences Math^matiques et Astronomiques," October and 
November. 

" Beiblatter zu den Annalen der Physik und Chemie," Band vni., No. 10, 1884. 

"Archives N6erlandaises des Sciences Exactes et Naturelles," T. xnt., L. 3; 
Harlem, 1884. 

"Jahrbuch iiber die Fortschritte der Mathematik," xiv. 1, Jahrgang 1882; 
BerUn, 1884. 

** Cours de M^canique," par M. Despeyrous, avec des Notes par M. G. Darboux, 
Tome I., 8vo; Paris, 1884. 

" Crelle," Bd. xcvii.. Heft 3. 

M. E. Lemoine presented the following pamphlets : — ■ 

Association Fran9aise pour I'Avancement des Sciences : 

^ Gongr^s de Lyon, 1873 — ** 8ur quel^BH propriet^s d'un point remarquable 
d*un triangle." ' 

Gongr^s de Lille, 1874— << Note sur les propriet^s du centre des m^dianes anti- 

parall^les dans un triangle.** {Suite.) 
Congr^s de Nantes, 1876—** Note sur le tetra^dre dont les arltes opposees sont 

^gales deux a deux.*' 
Congr^s de Reims, 1880—** Questions de Probabilit6s et valeurs relatives des 

pieces du Jeu des Echecs.** 
Congr^s d' Alger, 1881 — ** Quelques questions ^0 geometric de position sur les 

figures qui peuvent se tracer d'un seul trait.** 
Congr^s de Rouen, 1883 — **Sur les quatre groupes de deux points d*un tri- 
angle AJBC qui sont en meme temps les foyers d*ime conique inscrite et 
d'une conique circonscrite k ce triangle,** et ** Sur les nombres formes des 
m^mes chilEres Merits en sens inverse." 
** Bulletin de la Soci6t6 Math^matique de France,** 1883 — **Quelques questions 
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On Certain Conies eonneeted with a Plane Unicursal Quartie. 
By B. A. BoBEBTS^ M.A. 

[Sead Nov. IZth, 1884.] 

1. The object of the present paper is to demoDstrate the existence 
of conies which are related to a unicursal quartie in such a manner 
that an infinite number of closed polygons can be simultaneously cir- 
enmscribed about them and inscribed in the quartie. I have found 
that certain conies touching two double tangents and the curve twice, 
and certain other conies touching the curve four times, are connected 
with the quartie in this manner, if a further condition is satisfied. 
This condition depends on the number n of the sides of the polygon, 
and will give a finite number of conies for each value of n, 

2. Suppose a conic U referred to two tangents aj, y, and z^ their 
chord of contact, to be writtenr^ the form »*— 4m/ = 0, then any 
tangent will be y?x-^iAZ-\-y = 0, and, if /ij, /i, are the parameters of 
the tangents passing through the point aj, y, », we may write 

f>« = l, py^t^iH^y pz = Hi+H% ; (1); 

and hence we may consider /ij, /i, as a system of coordinates deter- 
mining the position of ai^ point on the plane. This system has been 
used by. Darboux (" Sur une classe remarquable de courbes et de 
surfeces alg6briques," p. 183) in investigating some properties of 
polygons circumscribed about a conic and inscribed in another curve. 
Now, if we write/ (fii), /(/"j), where / is an arbitrary function, for 
/ij and /ij respectively, we have a transformation by which a given 
curve will be transformed into another, and, in particular, any tan- 
gent to U will be transformed into the product of as many tangents 
to 17 as the equation /(/i) = a constant has roots, 

3. Let us consider now the quadratic transformation 

then it is evident from (1) that the coordinates of any point on the 
transformed curve are expressed as functions of the second degree of 
those of the point on the given curve ; and, hence, the transformed 
curve will be, in general, of double the degree of that of the given 
curve, and will have the same deficiency. Now, it is to be ob- 
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served that, if we substitute a bomograpliio transformation for /i, this 
is only equivalent to a change of the axes of coordinates. It will 
follow hence that the transformation (2) is reducible to a transforma- 
tion in which we substitute their squares for /ij, /ij, respectively. In 
this case, if a, /3, y is a point on the given curve, and «, y, z the 
corresponding point on the transformed curve, we may write 

px^a', py=^(i\ pz = y'-2al^ (3). 

4. If we suppose the point a, /3, y to lie on a general conic F, a, j3, 
y can be expressed as quadratic functions of a parameter, and x, y, z 
will then lie on a unicursal quartic. Since the conies T7 and V and 
the point xy involve twelve constants, and a unicursal quartic involves 
eleven, it follows that, when the quartic is given, the conic [7 involves 
but one indeterminate constant, and, therefore, satisfies four condi- 
tions. It is easy to find what these conditions are ; for from (3) we 
see that x, y, which are tangents to U, are also double tangents to the 
quartic, and, since we have 

p' (z'^4^y) = p'U = / (y'-4a/3), 

it follows that U has double contact with the curve. Now, we have 
seen that to a polygon circumscribed about U corresponds a polygon 
also circumscribed about U, and, if the former polygon be inscribed in 
F, the latter polygon will be inscribed in the quartic ; and we know 
that, in order that this should be possible, it is only necessary that U 
and F should be connected by a single relation. This relation, which 
depends upon the number of sides of the polygon, will evidently serve 
to determine a finite number of conies, such as U, connected with 
the quartic. 

6. We can verify from (3) that a tangent to U meets the quartic 
in a pair of points whose parameters are connected by a relation of 
the same nature as that which connects the pair of points where thie 
tangent meets F. Let a tangent to U be written fi^x—fiz+y = 0, 
then, for the four points where it meets the quartic, we have 

A'+/3^-/i(v^-2a/3) = 0, 

which breaks up into the two quadratics 

^a+i3d=v'/iy = 0; 

but these are evidently the equations which we should get to deter- 
mine the points where the tangents /ia;=F -s//* z+y = meet F. If ^ 
is the parameter involved in o, /3, y, this relation connecting either 
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pair of pointB may be written in a form involring elliptic integrals as 






= 0. 



6. Since a nnicnrsal quartic has fonr double tangents, there are 
six pairs of such lines, and thus we have six distinct systems of conies 
of the kind found above. To investigate the conditions corresponding 
to a given number of sides of the polygon, I write the equation of 
the quartic in the symmetrical form 

y«+v/2/+v/5?+yi* = (4), 

where x^ y, z, u are the four double tangents, and are connected by 
the identical relation 

ax + hy + cz+du = 0. 

When the curve is written in this form (4), it is easy to see that 

^af+^(x+y-'Z—u--2\^zu)+y = (5) 

represents a conic touching the lines Zf u and having double contact 
with the curve, and belongs to the system we have been considering. 
It may be observed that we can show, from (6), that the chord of 
contact with the curve is y—^^x = 0, which therefore passes through 
the fixed point xy ; also, that the chord of contact with the double 

tangents is 3^*iB+^ (x-^y—Z''U)+y = 0, 

which touches the conic 

(x+y-'Z—uy = 4ajy. 

Putting now ^x+ ^+x+y — fif— w = v, 

the equation (6) becomes v^—4!zu = 0, 

and this coincides with the conic U, By means, then, of the substi- 
tutions J? '=. z\ 'V?i=.U^ v^~'2zu =^v (6), 

[see (3),] we must be able to transform the quartic 

^x + ^y + s/z-Y '/u' = 
back into the conic F. From (6), we get 
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but we have ax + hy + c«' + eZw =3 ; 

hence we get, finally, 

1 + ^ 
where m = ^ . Forming now the discriminant A of V+W^ we 

get A proportional to 
4X»+4X« (a+6:&) (^-|^) - X ^i^'{c(i (1 +^)H (c+(2)(a+5:&^^ 

« (i±§i* {ahc-^hcd+cda^-dah). 
We may simplify this expression by putting 

when A is f ou^id to vary as 
4A;»+4 (a+&^) Ti?-{{cd-\'hc+ld) ^+2 (ci-2a&) :^+cd+ac+ac?} fc 

-:^ (l+:&)(a&c+6ci+C(^+(Za&) (7). 

Now, when the discriminant of F+XD" is written in the form 

the condition that it should be possible to circumscribe a triangle 
about TJ which shall be inscribed in F is ff^4LA.G =^ 0. Hence, in 
this case, we get from (7), to determine :&, 

„^ (h+c)(h+d)^+2(cd-ah)^'{-(a'{-c)(a+d)=z0 (8). 
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There are, therefore, two oonios of each of the six systems which 
tonch the sides of an infinite number of triangles inscribed in the 
qnartic. For the quadrilateral, we have 

^•-4ABO+8DJ.' = 0, 
and we get then from (7), to determine :&, 

ia'{-h^y+(a+b^){(cd+hc+bd) ^+2 (ci-2a&) ^-\-cd'\-ac+ad] 

-2^ (l + .^)(abc+hcd+cda+dah) = (9). 

From the general conditions given by Professor Cayley, we find 
that for n, an odd number, = 2m+l, the degree of the equation for ^ 
is 2.4.6...2m; and forn, an even number, =2wi, is 1 .3. 5 ... 2w— I. 

7. In a paper published by me in the Proceedings, " On Certain 
Results obtained by means of the Arguments of Points on a Plane 
Curve," Vol. xv., p. 4, I have shown, in § 17, that the tangents to a 
certain system of conies touching a bicircular quartic four times, 
meet the curve in pairs of points whose parameters are connected by 

the relations v^+u^^ (t, ^, + ^4 = w; — <r (10), 

where (r depends on the undetermined constant in the equation of the 
conic, and to is an absolute constant of the curve. These relations 
(8) will enable us_to determine conies of the system which touch the 
sides of an infinite number of polygons of an even number of sides 
inscribed in the curve. As, for instance, for a quadrilateral, if a, ft, 
c, d are the arguments of the vertices, we have 

a-}-6 = ff, h + c =^ w^ff, c + d=i(r, d-\-a=^ w^tr, 

whence, to determine tr, we get 4itr = 2w. The argument u, which 
for the binodal quartic is an elliptic integral, reduces for the trinodal 
quartic to a circular function or a logarithm. I proceed to investigate 
this result independently for the trinodal quartic. Let a, /3, y be 
quadratic functions of a parameter ^, then the equations 

paj = ay, py = fiy, pz = y^ + a(i (11) 

represent a unicursal quartic which the conic z^—4ixy = U, say, touches 
four times. Seeking, then, the points where the tangent to [7, 

meets the curve, we get, from (11), 

Ay+i3y-/'(y'+ai3) = o, ^ 
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which breaks np into the factors 

(y-/ia)0iy-/3) = (12), 

showing that the parameters of the corresponding pairs of points 
belong to systems in involution. If we suppose the roots of y to be 

0, 00 , and put a = ^+jp^ + g, /3 = ^-\-p^ + q\ 

we get, from y— /ia = 0, ^i ^j = q, 

and from /ly— jS = 0, ^^^^ = q\ 

Now, if any line lx-^my+nz = 0, meet the curve, we have from (11), 

from which we see that the four parameters are connected by the 
relation ^j^a^j^^ = qq. We see thus that qq is a constant belonging 
to the curve and independent of the particular conic, and may there- 
fore be put equal to unity. Hence, for a polygon of 2n sides, we put 

from which we get g^— 1 = 0. The factor g*— 1 is irrelevant, and, 
as q and — lead to the same conic, there would appear to be n— 1 

solutions. We must, however, diminish this number by the solutions 
corresponding to a lesser number of sides of the polygon, if there are 
primes contained in n. Thus, for w = 2, there is but one conic, and 
for w = 3, there are two conies. Also for n = 4 and 5, there are two 
and four conies respectively. 

We can easily show that there are three distinct systems of conies 
of the kind which we have been just considering. For, from (11), we 
see that xy is a node whose parameters are given by y = 0, and, from 
(12), y belongs to both the involutions. There are, therefore, three 
systems corresponding to the three pairs of nodes. 

8. The conies of the two different kinds mentioned in § 1 are the 
only systems I have been able to discover that touch the sides of an 
infinite number of polygons inscribed in the general unicursal quartic. 
For unicursal quartics, however, satisfying certain invariant condi- 
tions, other conies can be found. For instance, if the quartic can be 
written in the form 

ajy-;8W = (13), 

the conic touching the lines », y, «, t*, v will touch the sides of an in- 
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finite namber of quadrilaterals inscribed in the curve (see p. ISO, 
Darbouz, ^'Sur une classe remarquable de courbes ot do surfaces 
alg^briques''). 

If the trinodal quartio 

is capable of being written in the foi*m (13), it is easily seen that we 
must have c = l4-a6, or either of two similar relations. 

9. The investigation in § 6 will include the case of a quartic with 
a triple point. For the equation (4) will represent such a quartic, if 
a+5-f-c-f-d=0, the triple point being aj = y = 2 = w. The equation 
(8) then gives (J^ + l)' = 0, and is irrelevant, showing that there ai-e 
no conies which touch the sides of an infinite number of triangles 
inscribed in a quartic with a triple point. 



On the Theory of Screws in Elliptic Space. {Supplementary Note.) 
By Arthur Buchheim, M.A. 

[Head November 13th, 1884.] 

At the January Meeting of the Society, I read a paper " On the 
Theory of Screws in Elliptic Space," which has since appeared in the 
Proceedings. My object was "to show that the Ausdehnungslehre 
supplies all the necessary materials for a calculus of screws in 
Elliptic Space." When I wrote that paper, I did not see how the same 
methods could (except in one obvious and unsatisfactory way) be 
extended to other kinds of space. In a paper on biquaternions, 
which is to appear in the American Journal of Mathematics, 1 have 
developed Clifford's calculus, in such a way as to make the methods 
and formulas apply simultaneously to the three kinds of uniform 
space. While writing that paper, I saw how Grassmann's methods 
may be extended so as to give the metric fonnulse for all kinds of 
space. This extension I explain in the present note. 

The fundamental idea of the extension in question is that the sym- 
bol K no longer denotes the Ergdnzung (complement) of a figure, but 
its polar with respect to the absolute. Besides this extension of the 
Attsdehnungslehrey I give a few kinematical investigations. 
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In this note I nse Professor Cayley's matrix notation, especially as 
applied to quadrics. Judging from the look of some recent work on 
Theta Functions, this notation does not seem to be as well known as 
it should be ; I accordingly begin by explaining it. 

Consider any symmetrical (or, as I prefer to call it, self -conjugate) 
matrix, and the substitution defined by it. To fix the ideas, suppose 
we have four variables ; we take 

({i» {j, {5, fJ = ( a h g Z 5 ajj, oj,, ajj, ajj. (*) 

h b f m 

g f c n 

I m n d 

Now, using { to denote the set (4i, {„ {,) £4)) o,ndf in the same way, using 
X to denote the set (x^, a^, a;,, a;^), and using A to denote the matrix of 
the substitution, I write this equation 

viz., this is a symbolic equation, to be understood as standing for the 
developed equation (*) above. 
Now, let y be a new set : that is, we write y for (yi, y„ y^, yj, and 

define 

Then we get 

But we had 



xi = (ahcdfghJmn J o^, a?,, ajj, ajj', 
i=Ax. 



Therefore, writing Ax^ for (Ax) x, we can say that, if A denotes the 
matrix 

( a h g l^ 

h b f m 
g f c n 
I m n d 

then we can use Ax^ to denote the quadric 

(ahcdfghlmn'^Xiy x^, x^,x^y, 

I call A the matrix of the quadric, and shall refer to the quadric as 
the quadric A. 

It is hardly necessary to point out that, if a? is a point, J is its polar 
plane with respect to the quadric A, and that the '* tangential " equation 
is A~^P ssOy or that what precedes applies to sets containing any 
number of letters. 
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2. 

As before, I denote the points of reference by 6^ e„ e„ e^, and the 
complement (Ergdnzung) by K. 1 call to mind that, if ifeo four co« 
ordinates of a plane are £i, 4* ^> ^t ^^^ plane itself is 

Now consider the polar plane of Cj with respect to the quadric A of (1) ; 
its coordinates are (ahgl) : that is, the plane is 

aKe^ + hKsj 4- gKe^ + IKe^ ; 

and we get similar expressions for the polar planes of the three other 
vertices of the tetrahedron of reference. 

We shall take the qnadric A as absolate, and we denote the polar 
planes of e^, Ac. by wCi, &c. We have, by what precedes, 

(«0i, «ej, «e„ we^ = ( a h g I ^ Ke^^ Ke^, JKcj, Ke^) ; 
h b f m 
g f n 

I m n d 
say, this is 

(ftiei, (ue,, we,, wej = (^1 J Xej, JTe,, -Kcj, -ffej, 

and then, if we define that 

(oltXiCi = SaJ,(we<), 

w is obvionsly an operator which changes any point into its polar. 

In exactly the same way, if we^e^e^ denotes the pole of e^e^e^f 
and wCje, denotes the polar of e^e^, we get 

(wejejC^, iae^e^e^, we^e^e^y we^e^e^) = (A'^^e^, e^, e,, e^), 

V. 
(016,63, ^^^IJ ^^1% ^^^ii ^^i^ii ^6$^i) = (-^"][eie4, 6264) V4> ^3^S» 68^1» ^l^s)l 

where J.', -4" are self-conjugate matrices of the fourth and sixth sides 
respectively, and are, in fact, the matrices of the plane and line 
equations of the absolute. 

If j1 is the matrix unity, A\ A'' are also the units of th^ir own orders, 
and each equation of the absolute is of the form 2aj* = 0, and then we 
have simply u) = K; and for any other form of the absolute at has the 
same meaning as K has for the special form. 

Now, though the absolute was not explicitly used there, it is toler- 
ably obvious that all the f ormulse of the paper on the Theory of Screws 
in Elliptic Space have reference to this special form of the equation 

VOL. XVI. — NO. 234. c 
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the absolute. To see this, we have only to consider the expression for 
the distance between two points ; this is given by 

^xKxy/yKy 

(x\-^xl+xl+xiy{y\-^y]+y\-^yiy 

But this is what the ordinary expression for the distance becomes if 
we take ajj-hajj+icj+a?! = as the equation of the absolute. 

It is now obvious that the formuleB of the paper become applicable 
to any form of the equation of the absolute, provided that for K^ de- 
noting the complement, we substitute w, denoting the polar with respect 
to the absolute. 

I use w partly because it is necessary to have two symbols for the 
two things, and partly to make the f ormulsB look like the biquatemion 
formulflB of the paper above referred to. In the following section, I 
take a special form of the equation of the absolute, and show how we 
get f ormulsB applicable to the three kinds of space. 

3. 

I shall now, to my own and my readers' relief, discard suffixes, and 
use the ordinary notations (xyzw) for the coordinates of a point, and 
(Imnp), (ahcfgh) for planes and screws respectively. I also use a, /3, 
y, H for Ci, 62, 65, 64. 

Let the point equation of the absolute be 

Then the plane equation will be 

Z»+m»4-w'+ey = 0, 
anf the line equation will be 

It is obvious that e' = ±1 gives elliptic and hyperbolic space. It is 
not (Jftite so obvious that e^ = gives parabolic space, if w = is the 
plane infinity ; but it is not hard to see if we remember, — 

(1) That the absolute is a curve, viz., the " circle at infinity " taken 
twice over, so that its point equation is (plane infinity)^ = ; 

(2) That therefore a line touches the absolute if it cuts the " circle 
at infinity '' ; and that 

(3) /) 99 h are proportional to the direction cosines of (abcfgh). 
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(«a, «/3, «y, 1.^) = ( e*, 0, 0, 5 /3y«, yaS, afii, y/3a), 

0, e*, 0, 

0, 0, c*, 

0, 0, 0, 1 

(wM, «ya3, aia/3«, «y/3a) = ( 1, 0, 0, J a, (i, y, S), 

0, 1, 0, 

0, 0, 1, 

0, 0, 0, e» 

(«/3y, «ya, wo/3, «a5, w/S^, wy5) =: (0, 0, 0, e\ 0, 7[ f3y, ya, a/5, 

0, 0, 0, 0, 6», r °^' Z'^' "y^)- 

0, 0, 0, 0, 0, e* 

1, 0, 0, 0, 0, 
0, 1, 0, 0, 0, 
0, 0, 1, 0, 0, 

It is necessary to change the definition of [a&] (p. 91) and to write 

W, 



.1 . r I.T T(ah) 



where, of conrse, 



Ta = + "^a . wa. 



To show how the formulsB apply to parabolic space, I take the ex- 
pression for the distance between two points and the expression for 
the axis of a screw. 

We take a = (xyzw)y h = (x'yz'w') ; and we must remember that, 
in parabolic space, t(; = is the plane infinity, so that w = const, for 
all points not at infinity, and we can take ti; = 1. 

We have 

a = xa+yli+zy'\'wBy 

wa = e^xfiyB + ^yyah + ^za/iB -f u;y/3a . 

Therefore T'a = a wa = e' (x^ 4- 1/' + «') + w\ 

Moreover, if (ahcfgh) are the coordinates of the line ah, we get easily 



T*(a&) =/»+^«+^'+e»(a»+&«+c«). 
c 2 
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Therefore, putting in the values of the coordinates, we get 

e 'am' e [oo] = • 

W(x*+y'+z')+vf}{e'{z''+y'*+z'^)+w*} 

Now, if we take e = and w = w'= 1, we get 

[a6]' = (a,-a,')«+(y-y')' + («-«')'. 
which is right. 

Now take the expression for the axis of a screw : using (JS) above 
instead of the equation on p. 91, the expression for the axis on p. 94 

becomes 6 = a cos ^ — e " ^ wa sin ^, 

where e~^ sin e^ = =5-- 

Now we need only consider the case e = 0, and then we have 
^ 6 = a— (ua . -2-, 

or 6 = a— — =r- . iaa = a— X . wa say. 

Now let the coordinates of a be (^dbcfgh) : then the coordinates of t(;a 
are (e*/, e'gr, eVi, a, 6, c), and we get, since e = 0, 

h = (a, &, c,f—\a, S'— X&, J*! — Xc). 

But X - -5^ - 2(a/+&gf + c^) 

"22«a 2(Ji-^g'+h')' 

Now, in a paper " On the application of Quaternions to the Theory 
of the Linear Complex and the Linear Congruence " (Mess, of 
Math,, Vol. XII., p. 129), I have (allowing for a mistake in sign) given 

as the vector coordinates of the axis of the screw (a, /3), where 
a = /i + gy + hh, /3 = ai + &/ + cA; : and these values obviously agree with 
the value of h just given. There are one or two points in which the 
formul89 of the paper on the Theory of Screws require modification. 
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The two conditions for parallelism are 

a ± e"'«a = X (6 ± e'^uh), * 
and the definition of a vector is 

a ± e"^«a = 0. 

Writing { = -I^ — , 

2—' 

I find it convenient to replace Clifford's right and left by {, ri used 

as prefixes : that is to say, a, h are {-parallel if {,a = X£&, and a is a 

4-vector if fa = : there are, of course, corresponding definitions of 

»/-parallel8, and of the 17- vector. 

It is easy to prove and important to notice, that, if a, h are any twtl»'' 

screws, we have 

wa. w& = e'(a&). 

For the next section the following definition and theorem are required : 
— If X is any point, and if a is any screw, xa is called the plane cor- 
responding to X with respect to a : if a is a line, ma is the plane joining 
a?, a : in the same way, if « is a plane, we have a point xa which, in the 
case in which a is a line, becomes the point of intersection of the line 
and plane. 

If a? = (xyzw) and a = (ahcfgh) and xa = (Imnp), we have 

(Imnp) = ( 0, hy —5', a ][ xyzw). 

-^, 0, /, b 

9, -/, 0, c 

—a, —6 — c, 

If (xyzw) is on the line (ahcfgh)^ (Imnp) = 0. 
The plane (Jmnp) always passes through (xyzw). 

4. 

A motion* is defined as a linear transformation not altering the 
absolute : therefore, if (xyzw) moves to (xyzw)^ we have 

(xyzw) = (l+Xjajy^u;), 
where X is a matrix. 

I now suppose the motion to be infinitesimal, and for 1+X I write 

* (7/. Lindemann, Mafh. Ann., Band vn. M 
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X+e, where X is a scalar matrix, di£Eerii;ig infinitesimally from unity, 
and e is an infinitesimal matrix to be determined. Now let A be the 
matrix of the absolute : then, since X+e is to be an automorphic of A, 
we have, using e' to denote the conjugate of e, 

(\ + €')A(\ + €)=pA, 

p being a scalar, and p— 1 infinitesimal ; multiplying out, and neglect- 
ing infinitesimals of the second order, we get 

X^A + eA+AezzpA. 

Therefore all the conditions of the problem are satisfied, provided we 

take ^' = Pf 

Ae+eA:=zO. 
Now this last condition asserts that Ae is a skew matrix, say 

( 






h 


-9 


a 


-h 





f 


b 


9 


-/ 





c 


—a 


-b 


— c 






Then, if 17 (xyzw) represents a plane, e (oByzw) = A"^?! (xyzw) will 
represent the pole of that plane. Now we have 

(x'y'zv/) = X (xyzw) + e (xyzw)y 

that is, the new position of the point (xyzw) is on the line joining the 
point to the pole of the plane rj (xyzw) ; but it is obvious, from (3), 
that this plane is the plane corresponding to (xyzw) with respect to 
the screw (ahcfgh) ; moreover the line joining any point to the pole 
of a plane is (by definition) at right angles to the plane. Combining all 
this, we get the theorem : — Every infinitesimal motion of a rigid body 
is defined by a certain screw, in such wise that every point of the 
body moves along the normal to the plane corresponding to the point 
with respect to the screw, and that every plane of the body turns 
about the normal to the point corresponding to the plane with respect 
to the polar screw. 

On this I remark : — (1) The second part is inserted in virtue of the 
principle of duality ; (2) The normal to a point, in a plane, is the 
intersection of the plane with the polar plane of the point ; (3) If a is 
any screw, wa is the polar screw. 

If a is a line, it is obvious that a point moves at right angles to the 
plane joining it to the line, and that the motion is of the nature of a 
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rotation abont the line : for we have 

(x'yz'to) = (X+A'^v'^xyzw) ; 

but, if (ahcfgh) is a line, we have for all points on it tj (xyzw) = 0, and 
therefore A~^ rj (xyzw) = 0, and therefore 

(x'yz'w') = (X^xyzw), 

Therefore all points on the line are unaltered, that is to say, the 
motion is a rotation about the line. But it appears, in precisely the 
same way, that all planes through the polar of the line are unaltered 
so that the motion is at the same time a translation along the polar. 
It is a well known and easily proved theorem, that any rotation about 
a line is at the same time a translation along its polar. For, since the 
absolute is unaltered, if a point P moves to P', the plane wP will move 
to u)P ; and therefore, if all points XP^+fiP^ are unaltered, all planes 
XwPj+fiwPa are unaltered : but the points are the points of a straight 
line, and the planes are the planes through its polar ; moreover, a 
motion which does not a:Sect the points of a line is a rotation about 
the line, and a motion which does not affect the planes through a line 
is a translation along the line. The theorem is therefore proved. 

It is worth while to consider space of more than three dimensions. 
It is obvious that all the investigations of this section apply, and we 
get the theorems : — 

" Every infinitesimal motion of a rigid body in a space of n dimen- 
sions is defined by a certain form a of order n— 2 in the units of re- 
ference, in such wise that any point x moves along the normal to the 
(»-l)-flataja." 

"Every rotation about an r-flat is at the same time a rotation 
about the polar (n— r— l)-flat.*' 

5. 

I now ttfke the equation of the absolute in the canonical form 

e'{x'-{-y'+z')+w' = Oy 

and I take (ahcfgh) as the coordinates of the screw defining the motion. 
Then, if (xyzw) moves to (xyzw)^ we have 

(xyzw') = ( \ h —g aj xyzw) ; 

-h \ f h 

g ^f \ c 

— e'a — e^6 — e'c X 
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and then, if (A, B, 0, F, 0, H) becomes (A'^B", C\ F, ff, ff), we have 

{AffCFffW) = ( X» ^ -^ c -6 ][ ABGFGE) 

^h X« / -c ap 

g ^f X> 6 -a 

e»c -e«6 X' h -^g 

-e»c ^a -^h \* f 

e^h -e'a ^ -/ . X« 

we can verify at once that the two screws (ahcfgh), (e'/, e^g, e\ a, h, c) 
are transformed into themselves. 

Moreover, it is a known property, which can be easily verified in the 
present instance, that if a transformation of line - coordinates is 
derived, as this is, from a transformation of point- coordinates, then 
AF-\-BO+GH, and therefore AF+A'F-^-Bff-^-B'G+CH'+aE are 
invJiriants ; therefore, if we call the screw (ahcfgh), -4, and say that 
two screws «, y are reciprocal (in involution) if xy vanishes, we get as 
the first result that every screw reciprocal to A or to to A is transformed 
into a screw reciprocal to A or to wA. 

Moreover, since A is absolutely unaltered by the motion, the axes of 
A are also unaffected by it, and therefore any point on an axis (plane 
through an axis) is transformed into a point on the same axis (plane 
through the same axis) : therefore every infinitesimal motion is a 
rotation about an axis of the screw defining the motion, and therefore 
also a translation along an axis of the screw. 

We get also 

= ( X^ ±e(c±e''h) =Fe(&±e-V "S^A^e-'F, B±e-'G,G±e''E). 

Te(c±e''h) \' ±e(a±e-V) 

±e(h±e-^g) =Fe(a±e-V) X^ 

Therefore 

(1) If ^ ± e-'F =zB± e-'O = ± e-'E= 0, A'± e'W, F± e'^ff, 
0'± e-^H\ all vanish : therefore ^vectors are transformed into f- 
vectors ; i;-vectors into i;-vectors. 



(2) If 

we have also 



A±e''F _ B±e-^0 _ G±e-^H 



A,±e-'F^ B,±e-'Gi G,±e-'E^' 

A:^ e-'F' _ jy=fc e-'ff ^ ff± e'^E' \ 
A'±e-% B[±e'% G[±e''E[' 

that is, parallel lines or screws become parallel lines or screws. 
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(3) If a±e-y = h±e'^g = c±e'^h = 0, 

behave ^^± e'^F ^ ^± e-^ff _ (r± e'^W _ , 

we have A±e-'F B±e-'0 "" 0±e''H " ^ ' 

Therefore, if the Bcrew defining the motion is a vector, every screw 
becomes a parallel screw. 

I now find the distance through which a point moves. I nse 
quaternions to shorten the calculation. 
"We have, for the distance between the points, 

., . , rpp,. L+eM (yz'^y'zy + {zx'^z'xy + (xy'^xyy}] , 
e sin e rr = 

If |o = xi-i-yj-^-zhy f>'= xi-^-yj+zk, this is obviously 

(e'T'p-\'w'Xe'Pp^w''y 
Now, in the present case, we have 

[xyzw) = (Xa; + % — S^2 + aw, \y -\'fz —hx-k-l) ic, \z + gx -fy + cw, 
\z — e^ax — e%y —e^cz) . 
Now take a^^fi+gj + hk, a'= ai+ hj+ck : then we have 
p'= Xp 4- Fpa -H M?a , 
w'z= Xw-i-e^Spa, 

. We have therefore, if we omit terms which obviously cancel, to 
calculate 

X = ^"PVp (Fpa+ W) + T' (eV/Spa -twFpa-toV). 
Now the first term is 

^T^p'P ( Fpa + wa) - e^S^p ( Fpa + wa) 
= e^T'p (T'Fpa-2t(;iSpaa'+w;2TV)-e^M;^S'pa. 
The second term is 

e*T*pS2pa' 4- 2eW/SVa' + w;'2^ Fpa - 2w;»iSfpaa' + w^'Pa, 
This gives 

Z = (e2T2p+w')(r'Fpa + t(;^T2a ~2w;iSpaa' + e*/SK) 
= (e2!rV+wr^){!r(Fpa+t(;a) + e»iS'pa}. 
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Moreoyer, neglecting terms of the second order, 

Thex^fore e'^ ,iuUFP ^ T^i^^^^^^ (^). 

Now introdnce the notation of the rest of this paper, calling the 
screw of the motion A^ and we get 

If -i is a vector, we have a = d: ca', and we get from (<S) 
e-'sin'ePF = ^^^^f +l^"^+f ^^^^ 

X" (e'T^p+tv') 

Therefore the translations of all points are equal. 
Moreover we have 

pw'— 'w^eVpp' 

= e^pSpa—wVpa-^w^a^eVpVpa^ewVpa 
= e^pSpa — w Vpa + w^a + ep Spa — eap^ — ew Vpa 
= ep (8pa'\-eSpa') —w (Fpa + eFf)a')— (eaf*'+aW). 
Therefore, if a+ea'= 0, we get 

pv/-pw-eVpp= -a (w^+e^Pp^). 

That is, the left-hand side is constant to a factor pres ; therefore, if 
the screw of a motion is a vector, the translations of all points are 
parallel. 

In precisely the same way we can prove that, if the screw of a motion 
is a vector, the axes of rotation of all planes are parallel, and that the 
amount of rotation is constant for all planes, and equal to the amount 
of translation of all points. 

Now consider the motion of a line : let the coordinates of the line be 
(ABGFOH), and let Fi-]- Gj-^-Hk = tir, Ai+Bj + GJc =p ; then, if tir>' 
are the corresponding vectors for the new position of the line, we 
have tsr'= e'Fpa + Ftsra + ^'tsr, 

p'=Fpa + Ftira'+XV 
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But e'Fpa + Ftira, 7pa-H Fwa' are the vector coordinates of a screw 
which I have elsewhere (in the memoir on Biquatemions, already 
referred to) called the axis of the cylindroid determined by the screws 
(w, p) and (a, a). 

Therefore we can say that the new position of a line J. is in the 
cylindroid containing A and the axis of the cylindroid (-4a) if a is 
the screw defining the motion. 

In conclusion, I prove Professor Ball's theorem that every {-vector 
is reciprocal to every i;-vector. 

Let a be a {-vector, h an f7-vector : then we have 

oia = — ea, 

tab = eb. 

Therefore («a) («6) = ^e^ab. 

But we have universally 

(«a) («6) ^^ah. 

Therefore, unless e vanishes, 

ah = — a6, 

or ah = 0. 



On the Motion of a Viscous Fluid contained in a Spherical Vessel. 
By Horace Lamb, M.A., F.R.S. 

[Read November IZth, 1884] 

Li several of the most important problems in Viscosity which have 
as yet been solved, the fluid is supposed limited, whether externally or 
internally, by a single spherical, or nearly spherical, boundary. For 
instance, we have the case of a ball pendulum oscillating in an un- 
limited mass of fluid (Stokes), the case of a hollow spherical shell 
filled with liquid, and oscillating by the torsion of a suspending wire 
(Helmholtz), and so on.* In a previous communicationf to the 
Society, I have given f ormulaa by means of which all problems of this 

• See Hiokfl, ** Report on Hydrodynamics," B. A. Bep., 1882. 

t ■Proeee^ngSf T. xui., p. 61. ^ 
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kind can be treated in a uniform manner, and have applied them to 
the discnssion of the oscillations of a viscous spheroid. As a further 
illustration of the use of these f ormulse, I now investigate the decay 
of the motion of a viscous fluid contained in a rigid spherical envelope 
which is at rest. 

Let us begin with the case of an incompressible fluid. The equations 
of small motion then are (on the usual assumptions), 



at p ax 

dv_^ L ^ J- v^ 

dt 9 dy 

dt p dz 

du 1^ I ^ ^ 
dx dy dz 



.(1), 



.(2), 



where u, «, w are the component velocities, p is the density, j9 the 
pressure, v the ** kinematic viscosity,'* and V^ stands for 
d^ldx^^-d^ldf^d?ldz\ 

If we assume that i*, v, w, ;p all vary as e*', the equations (1) may be 



written 



.(3), 



(VHfc^)u = A^| 

where 1<?==--a/y (4), 

and 0= -^pfap (5). 

From (2) and (3) we deduce 

VV = (6). 

Let the origin of coordinates be taken at the centre of the spherical 
cavity. The solutions of the equations (2) and (3) will be of two dis- 
tinct types. In the First Type we shall have 

«=^.(fo-)(y|-.|)x» 






.(7),* 



• fCf. Proceedings, T. xra., p. 57.] 
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where Xn is a solid harmonic of positive integral degree w, and 

'^"(^)=^-2:^3 + 2.4.2«T3.2n+5 -'^° (^>- 

If we assume that there is no slipping of the fluid in contact with the 
vessel, we shall have 

14 = 0, v = 0, t(; = 0, 

when r = a, the radius of the vessel. This requires 

ypniha) = (9). 

The roots of this are all real, and the corresponding values of the 
modulus (r) of decay are then given by 

r = -a-^ = -^ i1cay\T. (10). 

For instance, the lowest root of (9), in the case w = 1, is ha = 4*493, 

whence r = '0495 — (11). 

In the case of water, we have y = '014 C. G. S., and 

r = 3'5a' seconds, 
if a be expressed in centimetres. 

In the solutions of the Second Type, we have 

= 0n (12), 

u = '^^ in^i) ^.,. (..) f -. ^j,"";;:^, ^n. w £^.r--- 

- = f --Kn^l) ^.-. W t-- 2nU2-,3 ^-- (^-) i --"^^"^ 

(13), 

where 0,„ w„ are solid harmonics of positive integral degree n. If, as 
before, we assume that there is no slipping at the boundary, we must 

have* 0n+(ri+l)i/'n-i(^a)a>„ = O (14), 

♦ See Proceediiigsy T. xin., pp. 192, 193. 
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when r=^aj and 'f'«+i(^a) = (15). 

When the values of ha have been found from this equation, the moduli 
of the corresponding modes of decay are given as before by (10). 
When w = 1, the lowest root of (15) is A;a = 5*764, which gives 



r = -0301 — . 



When the harmonics ^ny <^n are zonal, the character of the motion is 
most simply expressed by means of a stream-function ^ ; viz., if we 
take the axis of symmetry as axis of a;, and write 

we have ^= :^^' ^ = "^ ^ (^^^' 

where ^ = - n (aja,„-r« ^) {^P, Qcr)^^, {Tea)} 

= -rsin6..^{^„(A;r)->^«(A:a)} (17),* 

Q denoting the co-latitude, i.e., tx = r sin0. Thus, if n = 1, writing 
ail = Or cos 6, we have 

^ = (7r«sin«e{i//i(A;r)-i//x(A;a)} (18). 

[It may be worth while, for the sake of comparison, to give the 
corresponding results for the motion of a viscous liquid in a right 
circular cylinder. Treating the problem as one of two dimensions, and 
taking the origin of polar coordinates r, 6 in the axis of the cylinder, 
the component velocities along and perpendicular to the radius vector 

will be ^ and - — , 

rdd d/r\ 

respectively, where 

the admissible values of h being determined by 
haJn Qca) --nJ^ (ha) = 0, 
i.e., J^^y (ha) =s 0. 



• Froeeedinffs, T. xiii., p. 204. 
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Here /„ denotes the Bessers function of integral order », and a is the 
radius of the cylinder. In the case of symmetry about the axis,* we 
have w = 0. The lowest root of Jj (ha) = is A;a = 3-832, which 

gives r = -0681— . 

V 

If, as before, we put for water v = '014 C. G. S., we find 

r = 4-9a*.t] 

In combining the foregoing solutions so as to represent the decay 
of any arbitrary initial motion, we make use of the following prin- 
ciple. J If w, V, w be three functions subject to the condition (2), and 

'£ c^y div dv n ^ ««^!£ 0/ ^ ^ ^'IQ^ 

~ dy dz ~ dz dx* '^ dx dy 

then the values of u, v, vr are determinate throughout any spherical 
region having its centre at the origin, when we know the values of 
xu+yv+zw and xi+yrj+z^ throughout that region. For, regarding 
«, V, w as the component velocities of a fluid, if there be two distinct 
motions satisfying the prescribed conditions, then, in the motion which 
is the difference of these, we have 

^-^^ + ^::=,0 (20), 

dx dy dz 

xu + yv + zw=i (21), 

xi + yri + z( = 0.... (22), 

From (20) and (21), it appears that the lines of flow are closed curves 
lying on a system of concentric spherical surfaces. Hence the " cir- 
culation '* round any such line has a finite value. On the other hand, 
(22) shows that the circulation round any circuit drawn on one of the 
above spherical surfaces is zero. These conclusions are irreconcilable 
unless u, v, w are all zero. 

The following proof is of a more analytical character. Let us 
employ the ordinary spherical polar coordinates r, 6, f. The com- 

• Discussed by Stearn, Quar. Jour. Math., T. xvii., p. 90. 

f In comparing our numerical results with observation, it should be borne in mind 
that the theory of viscosity on which the equations (1) are based is of a purely 
empirical character, and that it probably ceases to represent the facts accurately 
when the rates of strain du/dxt &c. exceed certain limits. (See B. Elie, Jour. d$ 
Fhyaiquey 1882, p. 224.) 

I Stated, without proof, Fhil. Trans., 1883, p. 533. 
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ponent velocity along the radius vector is zero, by (21). Let the 
components along and at right angles to the meridian be 9, <^, re- 
spectively. Forming the equation of continuity for an element 
r Bin d d<^ ,rdd > dr, we find 

|(««^«>+^ = ^ (23). 

This replaces (20). Again, calculating the circulation round an ele- 
mentary rectangle rsinOdfp.r dO^ which must be zero by (22), 

|-|(*sine) = (24). 

We infer from this that 9 c?0+sin *d0 is a perfect differential with 
respect to B and 0, say it = dF. The equation (23) then becomes 

^'iir'M^w'' '^>- 

or, writing J& = log tan ~ (Mercator's Projection), 

g+f=» ■ «■• 

Since F is necessarily periodic with respect to ^, we may assume 

jp = S (E^ cos 7^ H- /S,» sin m^) . 
Substituting in (26), and integrating, we have 

which cannot be finite at both limits .& = ±cx) unless it is everywhere 
zero. For the same reason iS„» = 0. 

The theorem just proved is useful in various physical problems ; 
but for our present purpose the following coroUaiy is more convenient. 
The component velocities u^ v, w of an incompressible fluid occupying 
a spherical region having its centre at the origin are determinate, save 
as to three additive functions of the forms d^/dx, d(p/dy, d^pfdz, re- 
spectively, where V^ = 0, when we know the values of x^+yrj + z^ 
and V^ (xu+yv+zw) throughout that region. For, if there be two 



* This is a particular case of a general result obtained by Kirchhoff {Berliner 
Monat8b,f 1876, or ColUcled PaperSy p. 56), relating to problems of electric conduc- 
tion in two dimensions, and their transfonnation by orthomorpbic projection. 
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distinct motions satisfying the prescribed conditions, then in the 
motion which is the difference of these we have 

and V' (xu +yv-\- zw) = 0. 

The latter of these may be written 

\dy dzl \dz dxl \dx dyl ' 

Hence the argument is exactly the same as before, except that 4, »?, f 
are written for u, v, w respectively. We infer that 4, »;, C are all zero, 

'-% '=% "=1 <•")■ • . 

where V^0 = 0. 

* * • 

To apply this to the problem in hand, we remark that in the solu:;^ 

tions of the First Type we have - ^ . ^ .^ 

2i =- 0.-H) f... (^0 1 + ^ ,,X2l+3 ^'- (^-> L^<'-' ] ' t'' >^ 

2i? = &c., 24*= &c. ♦ 3 . 

(28), :^ 

and thence 2 (»{ + y ij + aif ) = — w (w + 1) i//,. (A;r) x« ; 

whilst in those of the Second Type *^ • 

24=-^^„(^.)(.£-.|).:) ^^^^^^ 

27 = &c., 2f = &c. J V . '\ 

and thence xi+yTi-\-zi =^0. 

Again, in the solutions of the First Type we have 

xu + yv-\-ziv = Oy 

and in those of the Second Type 

xu-^yv+zw =: n<lin + 7^ ( w + 1) >//„ (kr) w,„ 

whence V^ (a;i6-|-?/t; + 2Ji^) = — % (?i + l) k^\pn (kr) w„. 

Hence we have to determine the harmonics Xn, w,„ so that, when ^=0, 

SSn (n + 1) ^,.(^r) x„ = - 2 « + 2/r;o+^0 (30), 

VOL. XVI. — NO. 235. D 
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and 5Sri (wH- 1) A;V« (^0 <^« = — V (aJt*o + yVo+«w;o) (31), 

where u^, r^, w^ denote the given iuitial values of u, Vf w; and i^, %, ^o 
are supposed derived from these by (19). The summations must in- 
clude all integral values of n, and all admissible values of A;, the latter 
being given in (30) by i//„ (ka) = 0, and in (31) by \pn*i (^a) = 0. 
The determination of Xn, <^«, so as to satisfy (30) and (31) for all 
values of r from to a, is effected in the usual manner, by means of 

the theorems " {'' ^n (K^) ^n (K'^) r^*' ^ = (32), 

if kpy kg be two difEerent roots of v^« (ka) = or oi xj^n^i (ka) = 0, and 

'{ilfn(lcr)Yr^*'dr 

= '^[{*»(kr)Y+^-^^nW^PUkr) + {^'„(hr)y] (33). 

The latter formula gives 



I 



i 



'{4'nihr)y^*'dr=^ W.(fc«)}' (34), 



JO 

if \l/n (ka) = 0, and 



i 



'a ^2n ^ 3 

{'^„(&r)}'»*'*'ir = ^{,^. (&«)}« (35), 



if »//;»+ 1 (ka) = 0. When the w„ have been found, the corresponding 
values of ^„ are given by (14). We have seen that the values of 
u, V, w which are obtained in this way may, for < = 0, differ from 
^o> ^o> ^0 respectively by terms of the form (27). It is easily seen, 
however, that these terms represent a constituent of the original 
motion which is destroyed inpulsively when the boundary of the 
fluid (which may previously have been changing its shape or position) 
is brought to rest in the spherical form. 

As an example of the above method, let us suppose that previously 
to the time ^ = the vessel and its contents were rotating as a whole 
about the axis of z with uniform angular velocity O. We then have 
ufn = 0, and also Xn = 0, except for w = 1. The value of Xi corres- 
ponding to the p^ root of 

x};,(ka) = (36), 



7.2^ 



will be of the form GpZ.e^^^p^. The constants Gp are to be found 
from the condition Si/'i (V) (7p = — O (37). 
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Making use of (32), (34), and the formula 

[^|,„ikr)r^*'dr=£^^^|.^,^{kT) (38), 

we obtain, after some transformations, 

^'■" 14a'.xl^,(k,a) ^^^^- 

The motion of the fluid is then given by 

u= y.SOp.i//i(V)e-''^^'] 

t; = -aj.SCp.»fi(V)e"'*^4 -C^)- 

w=0 ) 

The total angular momentum of the fluid about the axis of z is 
pi (xv—yu) dxdydz = — f^rp . SCpe""^*^ I r^^/j (k^r) dr 

= ^^pa'^O.S^^ (41), 

by (38) and (39). Since 5 (Ajpa)-^ = t^, this gives, for t = 0, i^pa'^O, 
which is right. The couple tending to drag the vessel round, in the 
direction of its previous rotation, is found by performing —d/dt on 

(41), viz., it is J^7rpi'a*.Se"''4^ (42). 

In like manner, the kinetic energy of the fluid is readily found to be 

= i-p«'o'-s^^ (*^)- 

When the fluid filling the spherical vessel is gaseous, the equations 
(1) are replaced by 

dt po dx S dx 

^=:-JL^ + yV2v+JL^L (4^)» 

dt po dy ^ dy( 

dw 1 dp . ^2 . y dtr 

dt pQ dz 3 dz 

!+'=<> ■■^'\ 

V 2 
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TT du . dv . dio ,.^v 

^''^ '''^T.^Ty^d^ (^^)' 



s=(p-po)/P( 



01 



where p^ is the equilibrium density, and the rest of the notation is the 
same as before. 

If we ignore the effects of conduction and radiation of heat, we have 

P-Po+c\s (47), 

where p^ is the equilibrium pressure, and c is the velocity of sound in 
the gas. Hence we obtain from (44) and (45), by differentiation, 

g = c'V'«+i.V'| (48). 

If we now assume that Uy v, w;, Ac. all vary as e*', this becomes 

(VH^O« = (49), 

provided ^ = - , °\ (50). 

Also the equations (44) may be put in the forms 

(y*+V)v =^]^-h*)fl (51), 



(V'+A;')«'=(*'-A')? 



dz 



, ^ a 1 /du . dv , dw\ f.a\ 

where ^ = _, = __(_+-+ -) (62). 

provided k^ = — a/v (63). 

These equations are satisfied by 

«=!• -'I' ""f- 

where is any solution of (V^ + ^^)0 = (54). 

Hence the complete solution of (51) and (62), subject to the condition 
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of finiteness at the origin, is 

. +^1'-(y){,i-'^)x. (56), 

with symmetrical formulae for t?, w. Here ^ denotes the general solu- 
tion of (54), viz., 0= S;^„(^r)0„ (66), 

^« denoting, like w„ and Xn> a solid harmonic of positive integral 
degree n. 

As before, the solutions are of two distinct types. In those of the 
First Type, expressed by the terms in Xn» there is no variation of 
density, and the theory is therefore exactly the same as before. For 
air at ordinary temperatures we may put v = '15 0. Gr. S., about, and 
the formula (11) for the modulus of decay of the most persisteift 
motion of this type then gives 

T = '33a\ 

In the solutions of the Second Type, expressing that xu+yv+zw 
vanishes for r =: a, we find 

{ha^p:, (^a)-f wi//„ Qia)} (fi^+n (n + 1) i^„ (lea) w„ = (67). 

Again, if u, v, w severally vanish at the boundary, then since 

we infer that we must also have 

, ^Vitn+i(^)0„— w. fcVi//„+i (A;a) w„ = (68). 

From (67) and (68), we obtain 

{ha^l^'n (ha)+nyp„ (ha)} ^aV^.i (lca)-\-(n + l) ^VvJ/„,i (ha) if/, (ka) = 

(69). 

This equation determines the admissible values of a. 
Now, from (60) and (63), we have 



For air at 0° C, we have c = 3-32 x 10*, v = -15, C. G. S., so that in. a.VL 
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cases of interest c^a^/v^ is a large number. The more important 
solutions of (69) are then readily obtained. In the first place, we 
may have ka equal to any one of the lower roots of 

^n.^(lca)=0 (60), 

in which case J^/h* is small. The equations (56) and (67) then show 
that 8 = Of nearly, so that the corresponding modes of motion differ 
little from those represented by the solutions of the Second Type in 
the case of an incompressible fluid. But we may also have ha equal 
to one of the lower roots of 

ha4^ni^)+n4^nOia) =0 (61), 

approximately, in which case ka will be large. For, when ka is large, 

sin ( A;a+w-^J 
vehave ^. (4a) = (-)». 3.6 ... 2« + l . ^^^^„,, ^ ^ (62), 

approximately, so that i//„ (ka) / k?a^\(/n+i (ka) is of the order 1/ka, and 
the second term of (69) is small compared with the first. If in (60) 
we put y=0, the equation (61) determines the proper tones of a gas 
contained in a spherical cavity, when viscosity is neglected.* This 
subject has been fully discussed by Lord Rayleigh in the Society's 
Proceedings, t. 4, p. 93. To calculate the effect of viscosity on the 
vibrations, we remark that, from (60), we have a = ich, nearly,t and 

thence /c = \/— a/v = (1 — 1)9, 

II Q = ;; — » 

^ 2va' 

^ being one of the lower roots of 

HU^) + n^|,n(^)=0 (63). 

tan Ika+n — ] 



Hence, by (62), -,A(M_^ = _ 



A:V\^„+i(A;a) 2n+3 ' ka 

1 i-i 

'2n + 3 * 2qa' 



* Viz., we then have a velocity-potential <f> subject to (54), and therefore given 
hy (66). Expressing that dip / dr = f or r = a, we obtain (61). 

t It will be seen that, except when n = 0, the error involved in this assumption 
is of the second order of small quantities as compared with the quantity €, below, 
which we are evaluating. 
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approximately. If then, in (59), we write 

ha= ^ + e, 
where c is small, we find, after several reductions,* 



6 = ^""^ n(n+l) ^ 
2qa ' w(w-l-l)-^^' 



.(64). 



Hence a = tc^ = — (^+0» 



a 



the real part of which is 



^-n(n + l) ' 2qa^\ 

Substituting for q its value, we find that the time r in which the 
vibrations fall to 1/e of their original amplitude is given by 



-^^«-n(n-H) /2a» ^^^^^ 



^(w + 1) 

The foregoing investigation does not apply to the radial vibrations. 
When w = 0, the formulae (55) reduce to their first terms, and we 

have the exact equation >^J (ha) = i^^)- 

If :^ be a root of this, we find, from (50), 

so that the modulus of decay is 









.(67). 



We notice that, omitting numerical factors, the ratio of (67) to (65) 
is of the order ^/ac/y. In all cases to which our approximations are 
applicable this is a large number, so that the radial vibrations are 
much more slowly extinguished by viscosity than those corresponding 
to values of « > 0. This is readily accounted for. In the latter modes 
the condition that there is to be no slipping of the fluid in contact 
with tbe vessel implies a relatively greater amount of distortion of the 
fluid elements, and consequent dissipation of energy, in the superficial 
layers of the gas. 

It appears from the general theory of the vibrations of a system 

* For the formulte of reduction employed, see Froeeedings, t. 13, p. 190. 



40 Mr. Horace Lamb on the Motion of a [Nov. IS, 

subject to small viscous forces, as it is developed, for instance, in Lord 
Rayleigb's Sound, Chap, v., that the rate of decay of any fundamental 
mode may be found by equating the rate of decrease of the energy to 
the dissipation, these latter quantities being calculated as if the 
nature of the mode and its frequency were unaltered by the viscosity. 
This method has been applied in the Society's Proceedings, 1. 13, p. 63, 
to the oscillations of a liquid spheroid ; and it might be used in the 
present problem to verify the formula (67) for the modulus of decay 
of the radial vibrations. But it is important to remark that the same 
method is not applicable to the case of n > 0, and would, in fact, lead 
to a result of an altogether different form from (66) ; viz., it would 
make r equal to a^/v multiplied by a numerical factor. If, indeed, 
we assume that there may be slipping at the boundary and introduce 
a coefficient /3 of sliding friction, as in § 181 of my "Motion of 
Fluids," then, provided P/a and y/a' are both small in comparison 
with the rapidity (a) of the motion, the theory in question is applic- 
able, and the method indicated must lead to a correct result. But, 
in the foregoing investigations, we have (in effect) assumed /3 to be 
infinite, so that we can draw no conclusions from the general theory. 
In the gravest radial vibration, we have ^ = 4*493, and (67) then 

gives T = -0743 — , 

V 

or, for v = *15 (air), r = •49a'. In the gravest mode of the class 
n = 1, we have ^ = 2081, and thence, by (65), 



■=1-143 J—. • 
V yo 



Assuming c = 3*32 x 10*, v = '15, this becomes r = •016a*. For n=2, 
the lowest root of (63) is ^ = 3*342, which gives 



T = '666 



vf^* 



There can be no doubt that, as a matter of fact, the damping of the 
vibrations of air (or other gas) contained in a closed vessel is con- 
siderably more rapid than these results would indicate. It has been 
pointed out by Kirchhoff* that the effect of conduction and radiation 
of heat on the vibrations of a gas must be of at least the same order 
of magnitude as that of viscosity. The application of Kirchhoff's 
equations, in which account is taken of all these influences, to the 

* J*off^, Ann., t. 134 (1868) ; Collected Papers, p. 540, 
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problem of this paper does nbfc appear to present any great diflBculty ; 
but, as the results would involve a certain constant whose precise 
value we have at present no means of estimating, I have not thought 
it worth while to go through the calculations. It is plain, however, 
that the general effect of the thermal processes must be equivalent to 
an increase in the viscosity.* 

[The effect of viscosity on the transverse vibrations of a gas con- 
tained in a circular cylinder can be calculated in a similar manner. 
If we take the axis of the cylinder as axis of z, the equations of motion 

may be written (v? + Ar') w = (k'-^h^) ^, 

* ax 

du ,dv , ,i f. 

and the rest of the notation is as before. The solution of these equa- 

tionsis w = ^ + ^, 

dx dy 

^^d±_d± 
dy dx^ 

where (Vj + i^*)0 = O, 

If we introduce polar coordinates r, 6 in the plane osy^ we have 

d(t , d\lj 

dfb , d^lj 
^ dd dr 

Both these expressions must vanish when r = a, the radius of the 



* See the investigation by Stokes, of which an account is given in Raylei gh's 
Sound, }247. 
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cylinder. Henoe we asfinme 

<^=: A^Jn {hr) cos n6, 

}f/ =s BnJn (M) sin nd, 

and obtain An . haJn (ha) +B^.nJn (ha) = 0, 

An . nJn (hi) +Bn • haJ'n (ha) = 0. 

Eliminating, we obtain the following equation to determine a : 

haJn (ha) ^ nJn (ka) 
nJ» (ha) kaJn (ka)' 

In the solutions which are of most interest, ha is approximately equal 
to one of the lower roots of Xn (ha) = 0,* and ka is large. Hence 

coslka--^"^) 
Jn (ka) = const. X —Q^, —^ 

approximately, and 

nJn (ka) n . I J n mr\ 

If J as before, we put k = (l—i) q, 

we find cot (ka- x " ^) = *' 

nearly, so that the equation to determine a becomes 

haJn (ha) __ _n_^ .^ _ .. 
nJn(ha) 2qa^ ^' 

Assuming Aa = :^ + €, 

where j;. (^) = 0, 

and £ is small, we have 

haJ: (ha) = ^r: (:&) . 6 = "^^ . /„ (d) . 6, 



by the differential equation of Bessers Functions. Hence 






Bayleigh'B Smmi, § 339. 
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Now, with sufficient approximation, we have 



a = tc^ = — (:^H-€), 
a 



n*5r c 

the real part of which is — ^^ ■ , . - — =. 



Since 






the modulus of decay is given by 

which may be compared with (65). 

The above treatment doefi( not apply to the radial vibrations (n=0). 
In this case, we have ^/^ = 0, and 

= J, (hr), 

with the exact equation JJ (h^) = ^• 

If ^ be a root of this, we find, as before, 






December llth, 1884. 
J. W. L. GLAISHBR, Esq., F.R.S., President, in the Chair. 

The Auditor (Captain MacMahon) made his report ; a vote of thanks, 
moved by Mr. S. Roberts, and seconded by Sir J. Cockle, was unani- 
mously accorded to him for his services. 

The Treasurer's Report, read at the November meeting, was then 
adopted. 

The Rev. T. C. Simmons, M.A., Christ's College, Brecon, and Mr. 
W. J. Ibbetson, MA., Clare College, Cambridge, were elected Members. 

* [This note received March 16th, 1885. Prof. Lamb sends the following correc- 
tions of former papers : 

Proceedings Lond,' Math, Soc. — T. 14, p. 304, line 13. The sign of the last term 
should be — . 

T. 16, p. 148, line 23, in the value of Jf, read I for /«. 
,, p. 149, in the last foot-note, read " in the particular case where the indi 
tive susceptibility of ^ is so small, &c."] 
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Mr. Tucker read a paper On a Group of Circles connected with 
the Nine- Points Circle, considered as the Locus of the Intersections 
of Orthogonal Simson Lines, and parts of a paper by Mr. R. A. 
Roberts, entitled Notes on the Plane XJnicnrsal Quartic. .» 

Communications were also made by the Treasurer, Mr. Gr. Heppel, 
and the President. 

The following presents were received : — 

"Royal Society — Proceedings," Vol. xxxvii.. No. 233. 

** Nautical Almanac," for 1888. 

" Educational Times," for December. 

** A Synopsis of .Elementary Results in Pure and Applied Mathematics, containing 
Propositions, FormulsB, and Methods of Analysis, with abridged Demonstrations," 
by G. S. Carr, M.A., Vol. i., Sections x., xi., and xii., 8vo ; London, 1884. 

" Beiblatter zu den Annalen der Physik und Chemie," Band 8, St. 11 ; Leipzig, 
1884. 

"Bulletin de la Soci6t6 Math6matique de Prance," T. xn., No. 4 ; Paris, 1884. 

"Bulletin des Sciences Mathdmatiques et Astronomiques," S. 2, T. viii. ; 
Paris, Dec, 1884. 

" Berichte liber die Verhandlungen der Koniglich-S9>chsischen Gtesellschaft der 
Wissenschaften zu Leipzig, — Mathematisch-physische Classe," 1883, 8vo ; Leipzig, 
1884. 

"Transactions of the Connecticut Academy of Arts and Sciences," Vol. vi.. 
Part 1 ; Newhaven, 1884. 

" Jomal de Sciencias Mathematicas e Astronomicas," Vol. v., No. 6 ; Coimbra. 

" Acta Mathematica," 6:1; Stockholm, 1884. 

" Crelle," "Journal fiir Mathematik," Bd. xcvii., H. 4; Berlin, 1884. 

"Ueber die Frage des Weber' schen Gesetzes und Periodicitaetsgesetzes ira 
Gebiete des Zeitsinnes," von G. Th. Fechner, 4 to ; Leipzig, 1884. 

From M. Maurice d'Ocagne : — 

"Sur la Droite Moyenned'un Syst^me de Droites quelconques situ^es dans un 
plan " {Bulletin de la Soc. Math, de France, Tom. xii., 1884). 

" Sur les Transformations centrales des Courbes planes." 

" Sur quelques Propri^t^s g6n^rales des Surfaces alg^briques de degr6 quel- 
conque" (Comptes JRendus, Nov., 1884). 



Notes on the Plane Unicursal Quartic. By R. A. Roberts, M.A. 

[Read December Wthy 1884.] 

I collect in these notes a few miscellaneous properties of the plane 
unicursal quartic, most of which, I believe, have not been noticed be- 
fore. I do not attempt to give any systematic account of this curve, 
but merely investigate such questions in connection with it as appear 
most likely to lead to results of some interest. 
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1. To find the parameters of the nodes of the general nnicnrsal 
quartic. 

The sextic giving these parameters is arrived at in Salmon's Higher 
Plane Curves, Art. 291 (a), but the result comes out in a rather com- 
plicated form. The following method gives the equation in the form 
of a single determinaut, and has the advantage of being immediately 
applicable to unicursal curves of any degree. 

Suppose the quartic to be determined by the equations 

py =^f,=^ a,&' + h,^'+c,S'-\'d,^ + eA (1), 

pz=:f, = a,^*-\'h,^'-\'C,:^' + d,^-^e, ) 

the quantities /j, /j, /j being written without binomial coefficients, then, 
if L, If are two lines passing through a node, we must have 

i=«(^-a) (*-«') I 

where u, v are quadratics in ^y and a, a' are the two parameters corres- 
ponding to the node. Hence substituting linear expressions in oj, y, 
z for L, M respectively in Lo—Mu = 0, we get a result which may be 
written 

and then ax H- ay + a'z = ^ 

/3aj+/3'2/+/3";5 = ( (4) 

yaj+rV+y"^ = J 

represent three lines passing through the node. 

We now substitute /i,/a, /a for a?, t/, 2 in (3), and equate to zero the 
seven coefficients of ^®, S^, &c., when we get 

aai +aaj +a"aj, . = 

aci +a'c2 -ha% +/36i H-i(3'63+/3"6,-|-yai + /a3+y"a, = 
a(ii+a'(^a + a% + i8ci+i3'ca+iS"c3 + y6i + /634-y"68 = I- •-(^)- 
aei -ha'cj +a% +i3di+/3'(^a+/3X + yCi +y'cj H-y"c, = 

yei + y'ea4-y"e, =0^ 

But the parameters of the node must satisfy the equations obtained 
by substituting /i, /g,/, for a?, y, z in the equations (4). Hence, taJ 
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the first and last of these equations, and eliminating a, a\ &c. by 
means of (5), we get a determinant which we may write 

= (6), 



tt,, tt„ v^ 




^'p Va, V8 


«1» ct,, Oj, 






K K K 


Oi, a,, a„ 




Ol7 ^V ^i 


^i, K K 


aj, a„ ag 


di9 ^„ d^, 


Cl» Cjj Cj, 


^> ^jJ ^« 


ei, e„ e„ 


di, d^, d^y 


Ci, c„ c. 




^l> ^SJ ^«> 




^ = 


= 6iy+r^-y+(«i^+ei, 


Vi = 


= ai^» + &i^«+Ci^+(ii, 


tt, = 


= Ac., 





where 



and the factors corresponding to ^ = and oo , respectively, have 
been divided out. 

In exactly the same way we obtain a determinant with 3(w— 1) 
rows to determine the parameters of the nodes of the general unicursal 
curve of the n^^ degree. 

2. By eliminating a, a', Ac., between (6), and each pair of the equa- 
tions (4), we obtain, in the form of determinants, three conies passing 
through the nodes of the quartic, and, by forming the Jacobian of 
these conies, we have the equation of the sides of the triangle formed 
by the nodes. 

3. We can find the tangential equation of the nodes of the curve as 
follows. Let X, fe, v be the coordinates of a line passing through a 
node, then, from (4), we can evidently take 



a = Zy +mX, a = ly +m^, a" = ly' +my 
/3 = ry + m'X, /3' = ry'+m>, /3" 



= ly" +my ') 
= ly -\-my) 



.(7). 



substituting which values of a, a', &c. in (5), we get seven equations 
from which we can eliminate y, y', y", I, m, Z', m', when the required 
result comes out in the form of a determinant A^ = 0, where A = 
gives the three nodes each once. 

4. By forming the discriminant of Vi+f^/s + 'Z*? ^® ^^ ^^** *^® 
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tangential equation of the cnrve is of the form 1^ =zT*, We can also 
easily show that this is the case if the equation of the carve referred 
to the nodal triangle be given. 

Writing U=x^y^+yV-^z^x^ + 2an/z (ax + hy+cz) = (8), 

it is evident, by inversion, that the line Xx+fiy-^-vz = will touch the 
curve if the two conies 

V = \yz + fizx + vxy^ 
touch one another. Forming then the discriminant of F+ 2kV\ we 

get 2X/ivA;»-(X'+fi' + i'*-2a/iv— 26vX-2cV) ^' 

-h2 {(6c-a) XH-(ca-&) fiH-(a6-c) v} fe 

+ H-2a&6-a*-6«-c' = (9), 

and the discriminant of this equation with regard to k will give the 
tangential equation of U. 

We thus find 

(8p»+27AV^+9ApS)«-(4p«+3ASy = (10), 

where we have put 

X'-t-/ii' + i''-2a/ii'-26»'X-2cX/ii = S, 
(a— 6c) X+ (h^ca) fjL-^-^c^ab) v = p, 
l+2a6c-a'-6»-c' = A, 
and X, fi, V are tangential coordinates, and a, 6, c parameters. 

5. Now, from (10), it is evident that 4p'+3A2 = represents a 
conic touching the six inflexional tangents, and it is easy to see that 
2 is the conic which touches the six tangents at the nodes. Thus we 
see that these two conies have double contact with each other, the 
point represented by p being the pole of the chord of contact. 

6. Since the tangential equation of the curve can be written in the 
form S*— T* = 0, it follows, from a result given in a paper " On Tan- 
gents to a Cubic forming a Pencil in Involution," published in the 
Proceedings^ Vol. xiii., p. 25, that there will be a locus of the ninth 
order from any point of which the tangents to the curve will form a 
pencil in involution. The complete locus is of the forty-fifth degree, 
bat it must be divisible by this special curve of the ninth degree* 
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7. To find the locus of the points from which the tangents drawn 
to the curve have their points of contact on a conic. 

We know that the points of contact of the tangents from a point P 
lie on a cubic passing through the nodes, viz., the polar cubic of P. 
Now, if six points of intersection of a quartic and a cubic lie on a 
conic, the remaining six points of intersection must lie on another 
conic. Hence, since the nodes count doubly as intersections of the 
two curves, they must be the points of contact of a conic having triple 
contact with the cubic. But, by a property of the cubic, when this is 
the case, the points where the sides meet the curve again must lie on 
a line. 

Now, the polar cubic of x\ y\ z with regard to JJ is 

XX (t/'-h«')+yV {z^^-x^)^zz (ajHt/')+((Wj'+6/+cO '^y^ 

+ (ax-{-hy +cz) (xyz •\"y'zx-\' z'xy) = (11). 

Hence, for the points where a?, y, z meet the curve again, we have 
x = 0, y (z+hx)-{-z (y+cx) = a; y = 0, x{z+ay') -^z {x^cy) = 0; 

» = 0, aj(/ + a/)-|-y(»' + 5/)=0. 
Hence, expressing that these points lie on a line, we get 
(a-&c)a; (y*-««) + (6-ca)y (««-a5«) + (c-a6) » (a;»-2/') = 0...(12). 

This, then, is the equation of a cubic such that the six tangents from 
any point thereof to the quartic have their points of contact on a 
conic. 9 

8. I proceed to consider what this locus becomes for a few special 
forms of the equation (8). If in the foregoing equation (8) we have 
c = 1, the node xy becomes a cusp, and the cubic (12) becomes 
divisible by tlie cuspidal tangent, the remaining factor being the 
conic (a— 6) (icy— «')-|-(l — aft) 2j(aj— y) = 0, which is the locus of 
points from which the tangents have their five points of contact on a 
conic passing through the cusp. 

Let a = & = c = 0, then the cubic (12) vanishes identically, and 
we see that the points of contact of the tangents drawn from any point 

to the curve »V+yV+2V (13) 

lie on a conic. We can find the equation of this conic as follows. 
The points of contact of the tangents from »', y\ z evidently lie on 

the curve -^ + -^ + A- = 0, 

aj« y^ z^ 
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and, combining this with (13), we get 

±-(±y(y.-i.\ ±-(i.Y(i.-±\ 

x'*~\x')\y' z'l' y'*-\yl \z' x'l 

l-(LY(±-y.\ 

»" ~ \ «' / U' y'l 
where & is indeterminate. We have then 

\»^ y^ z"*! \» y z I , 

U" ^ y-* ^ «'»/ U'» ^ 2/" ^ is" ^ j/V ^ «v ^ asyy - 

where A= (^-i^) (JL_ 4) (.i._.^). 

Hence, eliminating & between the two equations (15), we get the conic 
(y'-^z'^) x' + (z''+x'') 2/'+(aj'« + t/'») z'-^y'zyz+z'xzxi-xyxy = 0. 

9. I give here the locus of points whence the tangents to the curve 
have their points of contact on a conic for three special forms not 
included under equation (8). For the nodo-tacnodal quartic 

»* + y V + «*y' + 2xy (ayz + bzx + cx^) = 

(see Salmon's Higher Plane Ourves, Art. 289), the locus is the conic 

25 (1— a') «'+2(l-a')»aj + (c-ai!>)t/«+(a+5c-2a6') xy = 0. 

For the oiJbnodal quartic 

(yz'\-a^y+2cxy (yzi-Q^)-\-y' (x'+y^+2hxyi-2fyz) = 0, 

we find similarly the line 

(l-c«-2/)aj + (;^-c/)2/ = 0. 

For the quartic with a triple point, the locus is found to consist of 
three right lines passing through that point. 

10. To find the relations connecting the parameters of four points 
on the curve which lie on a line. 

Iliihe line lx+my-{-nz = meet the curve, we have, from (1), 

where ^ (^) = (^-^0 (^-^a) (^- ^s) (^-^4). 

Now, let a, a be the parameters of a node, then we have (a) and 
TOL. XYI. — NO. 236; E 
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(a') respectively proportional to (/i + m/, + n/^ and ^/'iH-m^+w/J. 

But "^ = ^ = *^ for a node obviously, 
/i fi h 
Hence we get 

0(«)-M(a) = O, *(/5)-M(/3') = 0, 0(y)-fc30(y) = O...(16), 

where /3, /3', y, y' are the parameters of the two other nodes, and fej, 
fej, fej are constants. These three relations are evidently not indepen- 
dent, but are only equivalent to two. There is, in fact, an identical 
linear relation of the form 

M^(»)-^^ (a')}+m {^ (/3)-fc,^ (/3')}+»{0 (y)-*.^(y')} = 

(17). 

Bj referring the curve to the triangle formed by tlie nodes, vre find 

h - («-ffl («-/>') («-y)(a-Y) I _Ac 
*« - (a-e,) («'-/3') (a'-y) (a'-y')' ^ ~ * 

11. In the same way, if we seek the intersection of the curve with 
a conic, we get 

(a)-^:^ (a') = 0, (i3)-fe50 (/30 = 0, (y)-A;;0 (/) = 0...(18), 
where 

? (0 = G-^i) (<-^2) (^-^a) (<-^4) 0-^5) G-^6) (^-^7) (^-^s). 

In this case the three relations (18) are evidently independent. 
Hence, if a conic have quartic contact with the curve, the four points 
of contact must satisfy the equations 

0(a)±fei0(«') = O, 0O3)±fe,0(/3') = O, 0(y)±A;30(y) = O...(19), 
where now ^ (0 = (^--^i) G-^2) G— ^s) G-^J- 

We cannot take two negative signs in (19), as then, from (16) and 
(17), the points would necessarily lie on a line ; but we may take two 
positive and the other negative, and thus we get three distinct 
systems of conies having quartic contact with the curve. By taking 
three positive signs in (19), we get another system of conies, which 
are evidently perfectly symmetrical with regard to the three nodes. 

12. Now, if z be the line joining two of the nodes, it is evident that 
the curve can be written in the form S^—z^S' = 0, where S and S' 
are conies, and then 

will represent a conic having quartic contact with the curve. We 
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thus have three different systems of such conies corresponding to 
each pair of nodes, which are evidently the same as those we have 
come upon above. 

13. Again, suppose the quartic to be written in the form 

U=ay^z^-{-bz'x' + cxY + 2xyz(fx+gy-^hz) =0 (20), 

then it is evident that the envelope of the system of conies 

A]:^a^+Bmy-]-CnV-{-2Fm)iyz-]-2Qnlzx-\-2Hlmxy = (21), 

subject to the condition Z + ?m-|-ii = (22), 

is the curve U, where A, B, &c. are the difBerentials with regard to 
a, 6, &c., of A = ahc-\-2fgh—af'-hg^'-M. The conic (21) evidently 
belongs to the symmetrical system obtained by taking all the signs 
positive in (19). 

Since the conic (21) is transformed into a fixed conic by substi- 
tuting a;, 2/, 2J for Ix, my^nz, it follows that any covariant of the 
triangle of reference and the conic (21) will be trans formed into fixed 
curves by the same substitution. Hence, from the condition (22), it 
appears that the polars of the nodes with regard to (21) pass through 
fixed points, Also the poles of the sides with regard to (21) lie on 
conies cireamscribing the triangle. 

14. If we suppose two of the nodes to become the circular points at 
infinity 7, /, the curve will become a bicireular quartic with a node, 
and the conic (21) is then the result of transforming a fixed conic by 

the substitution of t*, V for -, — , respectively, where u. v are the 

n u 

lines joining the node to the points J, /. Now, this transformation 

is equivalent to turning the curve about the origin and altering the 

radii vectores in a constant ratio, the dilatation and the angle through 

which the figure is turned being connected by a certain relation 

determined by (22). Hence, in this case, it appears that the axes, 

asymptotes, tangents at the vertices and directrices of (21) will all 

turn about fixed points, and the centre, foci, vertices, &c. will move 

on fixed circles passing through the node. It is evident also that the 

eccentricity of (21) is given. 

15. By taking the envelope of the tangential equation of (21), viz., 

P m^ n^ mn nl hn 

subject to the condition (22), we get the tangential equation of the 
quartic, and the invariants of the biquadratic in — will give the 

£ 2 
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envelopes of lines divided harmonically and eqni-anharmonically by 
the curve. 

16. If a tangent to a conic U is homographic with a tangent to a 
conic F, their intersection will lie on a trinodal qnartic having qnartic 
contact with U and V. For a tangent to CT, and a homographic tan- 
gent to F, can be written in the forms 

and the result of eliminating & between these equations is 

or (PQ'+P'Q-2JBir)'-4(PQ-E')(P'Q'-E'«) = o) ^ ^' 

which evidently represent a quartic having quartic contact with 
PQ—B^ and PQ—B>^, of which the three points determined by the 

equations F"~ g ~'E^*'* "^^^^ 

are. nodes. It is easy to show that the conies [7, F belong to the 
system (21) ; for the variable conies of the same system as U, V are 

evidently {P+hP'){Q-\'hQ')-(B+my z= (25). 

But, if we take the nodes as triangle of reference, we must write, 
from (24), 

P = aaj + /3y + yiT, P' = Zoa? + w/3t/ + nyz ^ 

Q = a'oj + (iy rhyz, Qf = Wx + mlSy{-nyz ( ...(26) ; 

B = ax + /3'V + y '^, B — lax-\- m(y'y -f ny'z ) 

from which it appears that the conic (25) will be transformed into a 

fixed conic by substituting ^ ^, . ^ ^ , , ^ ^, for «, v» « respec- 
tively. "*" 1 + ^^ l-\-hn 

17. In the same way as in § 10, we can show that, if a curve of the 
n!^ degree meet the quartic, we must have 

0(a)-^;V(a) = O, 0(/3)-fc;V(^') = O, 0(y)-^,>(/) = O, 

where (^) = (^- <^,) (^-^,) (^-^,„). 

It may be observed that this method is also applicable to unicursal 
curves of any degree, and will give all the relations connecting the 
parameters of the points of intersection with a curve whose degree is 
assigned. 
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18. If we.rftempted to find whether it were possible to inscribe an 
infinite number of closed polygons in a nnicnrsal qnartio which should 
also be circumscribed about the curve, we should be led to expect the 
well-known relation of the second degree connecting the sum and 
products of the parameters of the points where a .tangent meets the 
curve again. The curve, then, would have to be of the fourth class. 
Such curves are : (1) the nodo-bicuspidal quartic, (2) the quartic 
with a triple point at which the tangents coincide, (3) the quartic 
with a cusp and a rainphoid cusp ; but the two latter curves have no 
indeterminate constant, which must exist, and be determined after- 
wards by a condition depending on the number of sides of the poly- 
gon. Let us consider, then, the nodo-bicuspidal quartic which may 

be written (xy+yz-\'Zxy—mVxy = (27). 

This equation is satisfied by assuming 

aj = H-y-m^, 2/ = ^(l+'^'-^'^)» « = -^'. (28), 

and then it is easy to see that the parameters of the points where any 
line meets the curve are connected by the relations 

2> = m, Sly = m (29). 

Hence, putting ^^ = .^j, and eliminating &^ we get 

(^1+ V-w (^1+^2) (1+^x^0 + (^'-4) ^1^, = (30), 

which is of the form mentioned above. For the triangle the value of 
m which we find is irrelevant, and therefore no such triangles can be 
described for any curve of the form (27). For the quadrilateral, we 
get m^ = — 2, and for this curve it can be shown then that the lines join- 
ing the points of contact of opposite sides intersect at the node.* The 
case w* = — 2 is a very interesting result ; it means that the tangent 
at each cusp passes through a point of contact of the double tangent. 

The line in question taken twice is a 
degenerate form of quadrilateral, viz., 

AB qua line joining two coincident points 
at cusp, 

BG qua tangent at cusp, 

CD qua double tangent, 

and DA qua tangent at cusp — are each of 
them a tangent to the curve. 

* I am indebted to Professor Cayley for the following reinaxk% on \Xa^ ^-aafe. 
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For X, y, z, writing l-|-aj, 1— oj, !?/» and for m^ writing — 4A;', we have 
the Cartesian equation, 

where the curve is as in figure, and of course A;' = | is the value for 
the case of the quadrilateral. 

To find the values of m corresponding to polygons of a greater 
number of sides, we equate to zero certain determinants formed out 
of the coeflBcients of the expansion of the function 

in powers of X, where Jc = ^m', in the same way as has been done by 
Professor Cayley for polygons inscribed in one conic and circum- 
scribed about another. (Philosophical Magazine, Vol. vi., p. 99.) 

19. I now proceed to discuss some properties of the unicursal 
quartic with a triple point. If we suppose the quartic to be given by 
the equations (1), I find the condition that the curve should have a 
triple point as follows. If the curve have a triple point, it is evident 



that we must have 



P+^Q = 



.(31), 



where P and Q are some pair of lines passing through the triple 
point. Hence, putting 

P = ax-^-fiy + yz, Q = ax-hfi'y + yz, 

we must have, identically, from (31), 

(a + ^a')/, + (/3 + ^/5')/2 + (y+V)/8 = (32). 

Equating then the coefficients of ^\ ^*, &c., in (32), to zero, and 
eliminating a, /3, y, a', /3', y linearly, we get 



Oj, Cl2> flfgJ 

K K K 



Wj, ct^, cLst 



^n d^, ds 

Also, solving for a, /3, y from five of these equations, and substituting 
in a/, 4-/3/2 4- y/g = 0, we get the cubic which determines the three 
parameters of the triple point, as the coefficient of ^* vanishes. 



= 0. 



(33). 
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20. To find the relations connecting the parameters ^j, ^„ ^g, S^^ of 
four coUinear points on the curve. 

If we take the lines x, y passing through the triple point, we may- 
represent the curve thus 

px = Q„ py = '^e„ pz = Q^ (34), 

where Gj, 64 are polynomials in & of the third and fourth degrees, 
respectively. For the points, then, where the line Xaj-j-fiy-fv^ = 
meets the curve, we have 

(\+/i^) 93 + ^94=0. 

Hence, if a, /3, y are the roots of 93, we readily find 



(g) ^<t>(P) ^9 (y) 

I m n 



.(35), 



where (t) = (^-^1) G-^a) (^-^s) (^--^4), 

and Z, rji, n are the values of 94 corresponding to a, /3, y respectively. 

21. From (35) we can easily find the relation connecting the para- 
meters of the points where a tangent meets the curve again. Putting 
•^4 = -^81 and eliminating ^5, we get 

(/3--y) y/Z (y-g) Vm (a-/3) ^n ^^ 

y{(a-^,)(«-^0} ^/{0^-^l)(/^-^.)} v/{(y-^i)(y-^2)} 

(36). 

From this relation it is easy to show that it is impossible to inscribe 
a triangle in the quartic which shall be also circumscribed about the 
curve. For, if we put 



■^i)(a- 
we get, for a triangle, from (36), 






py(a-5,)+pyo3^::^+pycP3o = o f (3?), 

P.^/0^^^ + PyO^^+P,^/(y^^ = ^ 

which equations are manifestly inconsistent, as one of them, being 
cleared of radicals, gives a quadratic for ^. 

22. To show that, if a triangle be inscribed in the cui!ye^'t\\fe \a 
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joining the triple point to the points where the sides meet the curve 
again form a pencil in involution. 

Let a, 6, c be the parameters of the vertices, and t^, t*„ u^ the three 
quadratics which determine the parameters of the points where the 
sides meet the curve again, then x, y, z being the sides of the triangle, 
we may write 

aj= (^-&)(^-c)t*i, y=(^-c)(^-a)t*a, « = (-^-a)(^-6) w,...(38). 

Now we have seen that, when the curve has a triple point, we must 

have (a^-|-a')(^-&)(^--c) Wi + (i3^+/3')(^-c)(^-a) u^ 

+(y^+y')(^-«)(^-2»)^3 = o (39), 

identically. But, putting & =^ a, h, c successively in (39), we get 

a /3 y 

and then each term becomes divisible by {& — a) (S^ — h) (&—c). We 
see thus that u^^ «3, i*, must be connected by a linear relation, and, 
therefore, the corresponding parameters form a system in involution. 
We can show, conversely, that if the parameters of the points where 
the sides of a triangle inscribed, in a unicursal quartic meet the curve 
again form a system in involution, then the curve must have a triple 
point. For, if we have lu^-]rnfiu^-\rnu^ = 0, identically in (38), we get 

lx{^-d)-\-my (^-6)+?i;?(^-c) = 0, 

which shows that the curve has a triple point whose coordinates are 

h—c c—a a—h 
Z ' m ' n ' 

Hence, if we suppose two sides of an inscribed triangle to touch the 
curve, the lines joining the triple point to the points of contact and 
the points where the third side meets the curve again are harmonically 
connected. Hence also, as we have seen before, it is impossible to 
describe a triangle which shall be simultaneously inscribed in and 
circumscribed about the curve. 

Again, we can deduce the following theorem : If a quartic with a 
triple point be described through the vertices of a fixed triangle, and 
through fixed pairs of points on the sides, the locus of the triple point 
is a cubic curve, of which the fixed points on the sides are pairs of 
corresponding points. 

23. If the pairs of points on the sides are at the extremities of the 
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diagonals of a complete qaadrilateral, we know that the lines joining 
these points to an arbitrary point form a pencil in involution. Hence 
it would appear that a quartic can be described through the six points 
of intersection of the sides of a quadrilateral, and the vertices of the 
triangle formed by the diagonals, so as to have an arbitrary point for 
a triple point. We can verify this result independently as follows : 
Let X, y, z be the diagonals, and xdbydbz = the sides of the quadri- 
lateral, then the equation of the quartic must be of the form 

ip = ayz (y^-'Z^)-\-hzx (z^ — x^)-^cxy (x^ — y^)-^Sxyz (Ix+my-^-nz) = 

(40). 

Now, if a curve have a triple point, the six second differentials must 
vanish for this point ; hence, if x, y, z is the triple point, we have, 

from (40), cxy — hzx-^-lyz^O, 

ayz — cxy + mzx = 0, hzx — ayz + nxy = 0, 
a(y^-z^)+ U '\-2mxy-\-2nzx =0^ 

h(z^-x^)+mi/-^2lxy -\-2mjz =o[ (41). 

c (x^—y^) + nz^ -j- 2lzx + 2myz = J 

All these equations are satisfied by the values 

a = x\ h^y\ c^z"" | ^^2), 

l^x{y^-z^), m = y(z^-a^), n = z(x^-y')) 

showing that the triple point can be assumed arbitrarily. 

. 24. For a quartic with a triple point, the invariants A and B 
(Salmon's Higher Plane Curves, Arts. 293, 294) vanish, and we can 
verify that this is the case, when a, 6, &c. have the values (42). 
Calculating A and B for the quartic (40), we get 

A = — 12 (Zmn-f&cZ + cam-fa&n) ^ . .o\ 

B = (Imn -|- hcl 4- catn + ahnY ) 

but these vanish when we put in for a, b, &c., from (42). It may be 
observed that it is not possible to write a general quartic in the form 
(40) ; for, from (43), we see that the curve must satisfy the invariant 
relation A^ = 1445. 

25. To show that, if a triangle be inscribed in a quartic with a 
triple point so as to have its sides divided harmonically by the curve, 
the points where the sides meet the curve again must be at the ex- 
tremities of the diagonals of a quadrilateral. ^gM 
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If the sides a, y, z of an inscribed triangle are divided harmonically 
by a quartic 17, we have 

U=yz (&i 2/' + Ci «') H- «» (a, a;" -h c, «') + xy (a^^x^ + &» y^) 
+ Sxyz (lx-{-my'\-nz) = 0. 
Calculating then the invariants A and B, we find 

^=12^+4^, B= (p-qy (44), 

where p = ZftjC, + wiCi a^ + r»6i a,— ^n, q= o^ &, ^i + ^« ^i ^s* 

Now, we have seen that, when the curve has a triple point, A and 
B vanish ; hence, from (44), we getp = g = 0, but jj = is the con- 
dition that the points on the sides shoald be at the extremities of the 
diagonals of a quadrilateral. I now proceed to show that) if such a 
triangle exist, the quartic must satisfy a special condition, and that 
there are then an infinite number of these triangles inscribed in the 
curve. If we take oo , as the parameters of the double points of the 
involution determined by the points where the sides meet the curve 
again, we may write the equations (38) as follows : 

plx = (<^«-fc^)(<^-6)(<^-c), pmy = (<^_fc^^) (<^-c)(*-a)| ^^^^ 
pnz = (y-kl)(:^^a)i&-h) ) '" 

But, if X divide the curve harmonically, we must have k^ = 6c, and 
similarly, for y and z, k] = ca, kl = ah. Now, if we determine Z, m, n, 
so that, when we put aj = 0, 2/ = 0, ;? = 0, we get y^—z^ = 0, z^ — x^ = 0, 
a?*— 2/' = ^> respectively, we find 

; ., ((^—h) (g-c) ^__ (h-a)(b-'c) ^_^ (c-a) (c-h) 



Eliminating, then, 3^ between the equations (45), we obtain 

y 



(a^+/32/ + y.)»(^,+|+5^) = (|+|+-A)'(a»a.+/3«2/ + /.)..^ 



where we have put a = a^, 6 = /3', c = y^. Now this equation (46) 
evidently does not represent the general quartic with a triple point, 
but one in which two inflexional tangents meet on the curve. If we 
seek the parameters of the triple point in this case, we find 

^»-a6c = (47), 

which shows that the doable lines of the involution are absolutely 



1884.] the Plane Unicursul Qtcartic, o9 

fixed, and coincide with the Hessian lines of the tangents at the 
triple point. 

It may be observed that, when the curve is written in the form (40), 
the tangents at the vertices are cz/ — 6^5 = 0, az — cx:=0, hx—ay = 0. 
Thus we see that these lines always pass through a point. 

26. I give an independent proof that the problem, to inscribe a tri- 
angle in the quartic with a triple point, so that the sides may b^ 
divided harmonically by the curve, is either indeterminate or im- 
possible. 

Let the curve referred to the triangle formed by the triple point 
and the points of contact of a double tangent be written 

«V— ^^ (y-ax)(y—hx) (y—cx) = 0, 

then we may take x = f, y = ^f, z = S^, where/2=(^— a)(.^— 6)(<^— c), 
and then, from (35), if any right line meet the curve, we have 

Now, if ^1, ^21 '^S9 '^4 ^^^ harmonic, we have 

2 i»,»,+»M = (»,+»,)(»,+»,) (49). 

Eliminating then .^, and ^i between (48) and (49), we get 

g' {2 (^,^, + be) ~(b+c) (», + »,)} 

(a-6)(a-c) («-■*!) (a— *j) 

6' \2(»,»,+ca)-(e + a)(»,+»,)} 

(6-«)(6-c) ih-»,)(b-»,) 

^(c-a)(c-b) ^c-»0(c-»,) -^.-y^)- 

Let us suppose now a conic defined by the equations 

a;= (6-c)2(^-a)«, t/ = (c-a)« (^-6)^ z = (a - 6)« (^ - c)S 

i-e., ^x+y/y-\-yzz=zO (51), 

then, if a?, y, z are the coordinates of the intersection of the tangents 
at the points ^i, ^j, the equation (50) will become 

a^(h—cyyz (y + z—x)-^!)^ (c—a)* zx(z-\-x-y) 

-\-c'(a-byxy(x+y-z) = (52). 

Hence the problem becomes, to circumscribe triangles about the conic 
(51) which shall be inscribed in the cubic (52) . Kow I h&^^ ^VlSMH 
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in § 12 of a paper published in the Proceedings, Vol. xv., p. 4, that 
when it is possible to circumscribe an infinite number of triangles 
about a conic so as to be inscribed in a cubic, then the points where 
the sides meet the cubic again must lie on a line, and this line must 
touch the conic. But this line for the cubic (52) is aj-fi/ + 2 = 0, 
which cannot possibly touch the conic (51). If, however, we have 

a'(&-c)*+6'(c-a)*+c«(a-6)* = (53), 

the cubic (52) becomes divisible by x-^-y-hz, the remaining factor 
being the conic 

a^ (b-cYyz-hV (c'-ay zx + c* (a-hyzy = 0; 

and, since this conic circumscribes an infinite number of triangles 
circumscribed about (51), the problem then becomes indeterminate. 
We can verify that (53) is the condition that two inflexional tangents 
should meet on the curve. Let &i, &^ be the parameters of the 
inflexions, and the parameter of the intersection of the correspond- 
ing tangents ; then, from (48), we have 

a' P c' 



(a-^iT (c^-<t>) (h^^iY (&-0) (c-^iY (o^<t>y 

a' ^ h^ ^ c' 

(«-^,)'(a-0) (b^^,nb-1>) (c-^,)»(c-0)' 

whence, eliminating ^i, &^, 0, we get (53). 

27. From the theorem in § 21, it is easy to deduce that it is possible 
to inscribe an infinite number of triangles in the curve so that the 
pairs of points where the sides meet the curve again may be conjugate 
with regard to a fixed pair of lines passing through the triple point. 
When the fixed lines are the Hessian lines of the triple tangents, we 
see, from (47), that the triangles are those considered in the pre- 
ceding paragraph. 

[It has been pointed out to me by Professor Cayley that Clebsch 
(Crelle, t. 64, p. 64) has arrived at seven distinct systems of conies 
which have quartic contact with the plane unicursal quartic, whereas 
I have arrived at but four systems. Three of these systems appear 
to have been obtained by considering the cases of two negative and 
one positive sign in equations (19) of the text. But, from the identical 
relation (17), we see that these cases cannot exist. A few other 
statements of Clebsch, in the paper referred to above, seem to require 
similar modifications.] 



1885.] The Binomial Equation «"— 1 = 0. 61 

^ January 8th, 1885. 

J. W. L. GLAISHEB, Esq., P.R.S., President, in the Chair. 

Mr, F. R. Bairell, B.A., late Scholar of Pembroke College, Cam- 
bridge ; Mr. S. 0. Roberts, B.A., Scholar of St. John's College, 
Cambridge; and Mr. M. N. Dutt, B.A., Calcutta University, Prof essor 
of Mathematics, St. Stephen's College, Delhi, — were elected members. 
The Rev. T. C. Simmons was admitted into the Society. 

The following communications were made : — 

The Differential Equations of Cylindrical and Annular Vortices, 

Prof. M. J. M. Hill. 
On Criticoids, Rev. R. Harley. 

Multiplication of Symmetric Functions, Captain MacMahon. 
Note on Symmetrical Determinants, Mr. Buchheim. 

The President (Mr. Walker taking the chair) communicated 
Results in Elliptic Functions. 

Mr. Tucker communicated a paper (supplementary) on Limits of 
Multiple Integrals, by Mr. MacColl, and read a Note by Prof. Cayley 
on the Binomial Equation jb''— 1=0, Quinquisection (Second 
Note). 

The following presents were received : — 

" Annali di Matematica," Serie ii., Tomo xii., Fasc. 4° ; Dec., 1884. 

" Educational Times," for January, 1885. 

** Proceedings of the Academy of Natural Sciences of Philadelphia," Part n., 
May to October, 1884, 8vo; Philadelphia, 1884. 

** Nieuw Archief voor Wiskunde," Deel xi. ; Amsterdam, 1884. 

"Beiblatter zu den Annalen der Physik und Chemie," B. vin., St. 12. 

** Atti della R. Accademia dei Lincei — Transunti," Vol. vm., F. 16 ed ultimo ; 
Borne, 1884. 



The Binomial Equation aj^ — 1 = 0; Quinquisection, Second Note, 
By Prof. Cayley. 

[Head Januari/ Sthy 1885.] 

In the paper, " The Binomial Equation a;^— 1=0 ; Quinquisection," 
Proc, Land, Math^ Sac, t. 12 (1880), pp. 15-16, I considered for an 
exponent p = 5/1+1, the five periods X, Y, Z, W, T connected by the 
equations 

X, Y, Z, W, T 

X^ = a, &, Cf d, e 

^^ = f> 9i K iy j 
XZ = k, Z, m, n, o 
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and the eqnations dednoed from these by cyclical permutations of the 
periods and of the coefficients of each set, but I did not obtain com- 
pletely even the linear relations connecting the coefficients. I since 
found, by induction from the examples given in the Table 1, that the 
coefficients could be expressed linearly in terms of the linearly inde- 
pendent integer numbers a, /3, /, A; as follows : viz., introducing for 
convenience the new number 0, such that 

then the expressions in question are 

/, 9i A, »i y - /» ^ - «-/» o, $, a, 

kflfm,n,o=^ k, a, e-fi-k, jB, jB, 

and I found further that, substituting these values of the coefficients 
in the 20 quadric relations referred to in the former paper, the 20 
relations reduced themselves to two equations only, viz., these were 

0(-2a-hi3 + Aj) + 3a'»-i3^ + a(/-A;-l)-/3/+/2-2/fe = 0, 

-0Htf (3/3-h2A;-h/) + a'-a(i-dl^-ak+ft(l'-f-k)^k'-2fk = 0. 

The final result thus is that the coefficients are expressed as functions 
of the five numbers a, fi,f, fe, 0, connected by the linear equation 
a-|-/3-|-0 = -Kp — 1), and the two quadric equations. I remark that 
formulae equivalent to these were obtained and proved by Mr. F. S. 
Carey in his Trinity Fellowship Dissertation; 1884 ; viz., writing 
w = -J- (j3— 1), his formulas are 

a, h, c, d, « = a— rt, /3— ?j, y — n, B^-n, e—n, 

fi g> h h j = /5, £, p, <r, p, 

kf Z, rrif n, ^^ y, p, ^, c, <t, 

with the three linear relations 

a+i3+ y + a + 6 = w-l, 
/3 + € + 2p + cr =w, 
y-f^-f p + 2<r = fiy 

and the two quadric relations 

aHyH2cra + (p-(r)(5 + y)-2p(p + (T) = (a-y)(/3-6), 
/5» + €H2pa + (cr-p)(/3 + €)-2er(p + (r) = (y-a)(/3-€), 

the coefficients being thas expressed in terms of the seven numbers 
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a, /3, y, ^, €, p, a connected by five equations. The equivalence of the 
two sets of formulaB may be shown without difficulty. 

To the Table 2 of the Quintic Equations, given in the paper, may 
be added the following result from Legendre*s " Theorie des Nom- 
bres," Ed. 3, t. ii., p. 213, 



= 0, 



V 


'/' »»* 


r? 


r?- V 


1 


641 


1 +1 


-256 


-564 +6238 


-5120 



calculated by him for the isolated case ^^ = 641. 



On the Theory of Matrices. By Mr. A. Buchheim, M.A. 

[Head Nov. 13th, 1884.] 

Introduction. 

The methods used in the following pa{)er are essentially, though 
not historically, an extension of Hamilton's theory of the linear func- 
tion of a vector, and the simplest way to connect Grassmann's methods 
with the theory created by Cayley and Sylvester will be to connect 
them both with Hamilton's investigations. 

It is, or ought to be, well known that the linear and vector function 
of a vector is simply the matrix of the third order. This is obvious 
from the defiaition : for, if p is any vector, a^=- ((tp is a vector whose 
constituents are linear functions of p's constituents ; that is, if 

p = xi-^yj-^-zh^ a = xi+yj-\-«k, 

we must have the three equations 

aj' = aaj + ay + a'z, 

y z=.hx-\-})y-\-h"z, 

z' = cx'\-cy + c"zy 



ix'y'z') = ( 


a a 


a 




b b' 


V 


k 


\c c 


c 



a'S^j, y, 2;) (a). 



that is, 



That is to say, it is the same thing whether we say that o = ^p, or 
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that the constitaeuts of <t are obtained from those of p by operating 
on them with a certain matrix ; and we see that in this sense we can 
identify with the matrix, and we can say that*^ 

= (a a' a") (B). 

b V r 



Now, in (A), let p = i, that is, let (xyz) = (100) ; then 

(xyz) = {ahc)f 
that is, (T = ai-\' hj -h cA;, 

or say, 0^ = at + hj + cA; = a. 

In the same way, we get 

<l>j = ai'\-h'j-\-ck = a', 

(^h = a% + Vj + c'k = a". 

And then <Pp^ <P (ixii+yj-^-zh) = (ax+a'y-ha'z) i 

+ (&aj + &V + r«)j 
+ (caj + cV 4" c^z) h 
= x(ai + hj -f cAj ) 
-\'y(ai + &7 + c'A;) 
+2!(a"t + 67+c"A;) 
= a?a+ya 4-«a". 

And we can say, that (the linear function or matrix) changes r, j, h 
into three given vectors a, a', a", and changes any other vector 
xi-\-yj'hzk into xa-\'ya-\-za\ 

Now, on looking at what precedes, it will at once be obvious that w« 
have used none of the special properties of i, j, h : so far as our work 
is concerned, they might have been any three vectors, provided only 
ihat every vector could be expressed in terms of them ; and if we call 
three such vectors asyzygetic, and change the notation, we can say 
that a linear function, or matrix, changes three given asyzygetic 
veotors a, /3, y into three given vectors a, j3\ y, and changes any vector 
aja + i/^^+^y into xa-\-yi3'-\-zy. As regards the word "asyzygetic," 
I remw'&fthat any vector can be expressed in terms of ajSy, provided 
/Sa/3y does not vanish ; and we know that Sa/iy = is the necessary 
and sufficient condition that we may have a relation \a+/i/3 + vy = 0, 
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where \, /i, v are scalars : it is better to use this as a definition of 
asyzygetic vectors ; viz., three vectors are asyzygetic if they are not 
connected by a linear relation with scalar coefficients. 
If we use the notation of the paper, we can write 

(p (xa+yl^+zy) = xa+y(y+zy\ 

If (aW) = (« h c Ja/Jy), 

a c 

rj' V* y 
a c 

1^= (a d a*) 

h V h 

t 

c c c 

Before passing on to matrices of any order, I shall give a simple 
application of the method as an example. I choose the proof of the 
identical equation (Hamilton's Symbolic Cubic). 

It is known (cf. Hamilton's Elements, § 853, seq.) that for any 
matrix there are in general three scalars X, fx, v^ and three vectors 
a, /3, y, respectively, such that 

0a = Xa or (0— X) a = \ 

0/3 = ,i/3 or (0~m)/3= I (C) 

<fy z= vy or (^ — v) y = J 

and that the three vectors a, /3, y are asyzygetic. Let p = aa + y/3 + ay 
be any vector ; then 

(0-X) p = » (^-X) a+y (0-\)/3+2! (0-\) y 

= 2/(0-^)/3+«(0-\)y, by (C), 

= «(^-X)(^-/i)y, by (C), 
(0-v)(0-^)(0«\)^ = ^(0_X)(0-/i)(0-y)y 

= 0, by (C). 

That is, (0,-P!X)(^—^)(^—>').p always vanishes; that is, 

(^-X)(^-/.)(^-v)=0.* 

* This result might, of course, have been obtained in one step, and the general 
theorem is so obtained in the paper. I have preferred the longer form of the proof 
because it seemed to show the principle involved more clearly. ^k 

VOL. XVI. — NO. 237, F " 
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We have now to extend this theory to matrices of higher orders. It 
is fairly obvious that, in the case of matrices of the third order, the 
success of the method depends on the fact that for three variables 
(aJ> 2/» «) we are able to substitute a single vector (aja-f y/J-f^ry) ; and 
the only property of the vector that we have used is the following : 
If aja-h!//J-f«y = xoL+y^+zy (a, /3, y being asyzygetic), then 

x — x\ y ^y\ « = «'. 

Now, to extend this to sets of more than three letters, take n units 
«i> ^> hi ••• ^« (^® *r® ^o* ** present concerned with their meaning) ; 
and in place of the set of n letters o^, a^, ... x^ consider ilaepcdrvb 

X = fl?iCx+aj,ei-|-aj,e,-|- ... +»„en, 
and stipulate as before that 

say « = y, 

shall mean x^ = yj, aj, = y, .,, »« = y^. 

Then we have, for instance, 

Xaj + fty = (XaJi + /xyj) e^ + ... 4- (XaJn + A*y») ^n, 

where X, /i are scalars. 

We now require the theorem, — ^Every point can be linearly ex- 
pressed in terms of any n asyzygetic points. Passing over the word 
asyzygetic for the present, it is easy to see the meaning of the theorem, 
and to convince oneself of its truth. Let x be any point, and let 
a, /3, y ... be w given points ; then we are to have 

x:=\a+fili + vy+ (d), 

X, /i, r... being scalars, that is 

ajie,+aj,e,+ ... +»«e« = X (aiei+c4e,+ ... H-One^) 

+i"(/3iexM«,+ ...4-i3„6n) 

H-'' (yi^+yjej+... +rnO 
+ 

= ei(Xai + /i^i + vyi+...) 
+ e,(Xa,-|-/i/3,-fyy84-...) 
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That is, we are to have 

aj, = Xa,+/i/3,-|-i'y,+ ... i 
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.(D). 



Now we know that these eqaations determine X, /i, v..., if, and only if, 



A= 



«i A Vi 



/3n Vn 



does not vanish. And therefore, if we saj that the points a, /3, y . . . 
are asyzygetic if A -^ 0, the theorem is proved, and we have also a 

definition of asyzygetic points. Bnt we can get a better definition : 
for we know that A = is the necessary and sufl&cient condition that 
we may be able to solve (D) after putting »! = iCj . . . = aj^j = ; and 
therefore, if we go back to the equation (d) from which (D) was 
derived, and writ«, as we obviously may, 

= Oei 4-063+. ..Oe„, 

we see that n points a, /3, y ... are not asyzygetic if it is possible to 
satisfy a relation of the form 

= \a-h/uf3-fi/y-|-..., 

or, say, if they are connected by a linear relation with scalar co- 
efficients ; or, in other words, n points are asyzygetic if they are not 
connected by a linear relation with scalar coefficients. This is the 
sense in which the word is used in the paper. 

Now, suppose we have taken n asyzygetic points Cj, e^, .,. e„, and 
have expressed everything in terms of them, and consider the trans- 
formation 

(yu ViJ .- Vn) = (; (hi %8 .-. am 2 «1, i»2, ••• «n), 
a„l an2 ... dnn 

write to denote the matrix || a.* ||, and denote the transformation 

Now, take a? = e^, that is, take 

(x,,x,, ...aj.)=(l,0,...0); jm 

F 2 ^ 
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then we get (y„ y, ... y^) =• (ou, a,i ... a^i), 

or y = 0ex = aiieiH-a|iCj4-...+aniei = a^* 

similarly <pe^ = aijei4-aMe,4- ... ^-a^e, = a,. 
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Moreover, ^ = ej (aiiaji+ax,a?34- ... +ain«n) 

+e, (a,iaJi+aa«s+...+a2»»n) 

4- en (ani»i -i- aH2«j + . . . + anni»n) 
= »i(aii^+a,ie, + ...+aniO 
+»j («ij«i+aMe, + ... +an2en) 
4- 

= aJiai4-ajja,+ ...+«n«». 

And we see that we can saj that the matrix changes the points of 
reference, e^, e^ ... en into n given points a^, a, ... On, and then changes 
any other point (xiCi+x^e^-h ...-^x^en) into ajiai-f-aj2a,-f-...4"«„a„. 
This is the definition of the matrix used in the paper ; the relation 
between ai, &o. on the one hand, and the matrix on the other, will be 
made clear by the following set of equations : 

(yiVi ... yn) = ( «!! ttu ...... (hn J »l, «, ... ^n), 

^Sl <hi ^n 

fi^nl <*n2 ^n 

O, = 0ej, 
(aj, Oj ... ttn) = ( Oil % ttnl 5 e„ Cj ... O, 



Oj, a„ 



an2 



Oln Oan 



* In strict analogy with the rest of the notation, aj shomd of course denote 
*ii ^1 + ^12 ^2 + • • . + «in ^n ; hut this inconsistency is unavoidable if we are to keep to 
the ordinary conventions for matrices. I do not think it need cause any confusion ; 
I have tried to guard against it by using a^ instead of O}. 
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_ a„ g^ ... On 



Gj, Cj ... e,j 

It remains to add a few words on the multiplication of points. The 
laws of the multiplication of all points depend on the laws assumed 
for the units ; the law assumed by Grassmann is that known as polar 
multiplication; viz., we have ah = —6a, a* = 0, for the original units of 
reference, and then this law holds for all points.* From this, and the 
associative law, it follows that any product of points vanishes if a 
point is repeated. We can use this theorem to interpret the products 
of points. In all that follows, I use geometrical language. The point 
X is supposed to be the point in a space of (n— 1) dimensions, having 
as its homogeneous (multiplanar) coordinates (aJi, »a ••• ^n) ; and then we 
can use the following definitions : let o, /3 be two points, then, if \ is 
a variable scalar, the point a-f X/3 moves on the straight line a/3 ; if 
X, n are two variable scalars, the point a-f X/J-h/iy moves in the plane 
a/3y ; if \, fx, v are scalars, the point a + X/3 -f ^y -f v^ moves in the linear 
space {three-point) a/3y^; and generally, if X^, X, ... \_x are scalars, the 

point A = a + Xia^-f X^aj-f ...-|-X,._ia,.>i 

moves in the r-point (a, aj ... a^.i) ; since A can have a oo**"^ series 
of positions, depending linearly on (r— 1) parameters, it is obvious 
that an r-point is the same as what Clifford calls an (r — l)-flat. 

I shall follow Grassmann in enclosing all polar products in square 
brackets. We have to interpret the product [a/3] : we have 

[(a + X/3)(a + X73)] = [aa]+X'[a/3]-f X[/3a]+XV[/3/3] 

= (X'-X)[«/3]. 

For [aa] = [/3/3] = 0, and [/3a] = - [a/3]. 

Therefore the product is unaltered, to a factor pres, if for a, /3 we 
substitute any two points of the straight line a/3 ; and it will be 
altered if we substitute any point not on the straight line (this can 
easily be verified) ; thus we see that the product appertains to the 
straight line, and defines it ; we may therefore say that [a/3] is the 
straight line a/3.t Moreover, we see that 

[a/3(a+X/3)] = [a/3a] + X[a/3)3] 

= 0. 

- 

♦ This law and the commutative {ab^ha) law are the only laws for which this is 
true ; this is proved by Grassmann in his Ausdehnungslehre. 

t Cf, Proe, Zond, Math. Soc, Vol. xiv., p. 84. ^ 
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Therefore, the product of two points is the line joining them, and the 
product of three collinear points vanishes. 

In precisely the same way, we can sfiow that the product of three 
points is the plane containing them, and that th© product of four com- 
planar points vanishes ; and, generally, the product of r points is the 
r-point determined by them, and the product of (r + 1) points contained 
in the same r-point vanishes. 

This last theorem can be put in another form. Suppose the (r+1) 
points Oj, Oj ... Oy+i to be in the same r-point ; then, since "a,. +i is in the 
r-point (qi, a, ... o^), we have, by definition, 

That is, the (r + 1) points a are connected by a linear relation, that is, 
they are not asy zygotic, and, writing r for r-j-l, we can say that the 
product of r asyzygetic points is the r-point determined by them : if 
the points are not asyzygetic, the product vanishes. Moreover, it can 
be proved that, if r points are not asyzygetic, their product will not 
vanish, and we have, therefore, the important theorem : the necessary 
and sufficient condition for the existence of a linear relation 

i\,a = 0, 

1 

connecting r points, is [aiOj ... a ] = 0. 

Lastly, I have to remark that the product of n points ajj, x^,.,x^ is 
Det I aj« I [ei, e, ...ej; 
and that [e^, Cg ... e„] can always be supposed equal to unity. 



On p. 241 of the Ausdehnungslehre of 1862, Grassmann defines a 
certain operator, which he calls a quotient : this operator transforms 
n given points of a space of (n — 1) dimensions into n other given 
points, and then transforms any (w-fl)'^ point into a determinate 
point. This operator is, in fact, the general matrix of the ri^^ order ; 
the object of the present paper is to treat the theory of matrices from 
Grassmann's point of view.* It will be seen that some important 
parts of the theory are considerably simplified by this treatment. It 
is hardly necessary to point out that there is not a new theorem in 
the paper, and that its existence can only be justified, if at all, by the 

♦ Cf. ClifEord ; " A Fragment on Matrices," Math, Papers, 337. 
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methods employed. The language and notations of the paper have 
been explained in the introduction. 

1. Take n asyzygetic points, Cj, e^ ... e^, and n points corresponding 
to them, Oi, a, ... fl^n ; then a matrix tp of the n^ order is defined as an 

operator, such that 0e, = a<, 

and that ^2c<e< = Sc^^e^ = ^Ciai, 

the c being scalars; this matrix can be conveniently written as a 



fraction 


^ _ Oi, a, . 




or, more simply. 







We may, if we please, make this notation more definite by adopting 
a notation of Prof. Cayley's,* and writing 



1> 



= fd 



!«• 



Another form is also convenient, and is, in fact, the usual form ; let 
tti = ^ajiCiy then we write 

= (a„ Oj, Ois ... ), 
«ii ^ % 
««i <hi ««8 

viz., we have 

(oj, a,, a, ...) = ( Oil <hi ^81 ••• 2 ^ij ^2» ^« •••)> 
(hi «aa flha ••• 
ttis a^ ajB ... 

and then a = — i- 

has the form just given. 

2. Two matrices, 0, 0', are said to be equal if fx = ^'aj, whatever as 



.-j*-«. *^-.. 
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may be ; if p- is any set of n asyzygetic points, = 0' if ^e,- = ^'e- ; 
for we can express » in the form SajjCj, and then we have 

= aaj,>'e; 

= ». 

Hence we can prove that, if e,- = ^c^ej is any asyzygetic set,* 

for 0e,- = S c<; 0aj = Sc<^ a,. 

Lastly, if ^'e,- = \0e„ where X is a scalar, we obviously have generally 
^'oj = \<px, or 0' = X0, and, if 0e< = Xe^, = X. 

6. If we have = — ^, 

&< 

we define the product x0 by the equation 

that is. x0 = ,^-,^ = |M 

This product need obviously not be commutative. I proceed to show 
that it is associative. Let 

— — , =— , =--. 

Bi tti ai 

Then (fi,') ^ = (^ . «l'\ »t = 5il . ft = ^, 

^ ^^^^ a< \a, • e, / al * e, e/ 

and therefore the product is associative. 

The following formula is important, but no u^e is made of it in 
this paper. t 

Let = ?5iiS, 0' = IAiS-. 

Bi ^ Bi 

* Set means set ofn points. 

t It is, in fact, l^e ordinary formula for the multiplication of two matrices. 
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Then * 0'^ = i i . 

"^ 

We have ^ = i- 






(Ai=l...n) 



= '^— ^ (& = l...n). 

a* 

Therefore 0> = i i (A; = 1 ... n). 

6. We have now to consider the following problem: Given a 
matrix 0, to find a scalar X, and a point oj, such that 

0aj = \Xy 

or (0— X) aJ = 0. 

Let a; = S aj^ej 

be the required point, then we have 

0= (0— X)aj=Saj<(0— X)Ci (A). 

That is, the n points (0— X) e^ are asy zygotic; and their product 
therefore vanishes, that is, X must satisfy the equation 

[n(0-X)e,].==O (B). 

If this equation be multiplied out, we get an expression /X [e^ ... Cn]> 
and, as the second factor does not vanish, X must be a root of /X = ; 
and then the aj< are obtained (by solving a set of linear equations) as 
the coefficients of the syzygy (A). If there are s unequal roots of 
the equation /X = 0, we obviously get 5 points a?, one such point apper- 
taining to each root : in particular, if the n roots are all unequal, we 
get n points. It is possible, however, in every case to get n points 
appertaining in groups to the different roots of/X=0. This I proceed 
to show.* 



♦ If ^ = II aik II , (</) - \) ei = (an — \) e^ + flji^a + • • • and if we write down the corres- 
ponding expressions for (^-^ A) e^ &c., and use the theorem given at the end of the 
introduction, we shall get (B) in the form fk [^i— ^n]. and it will he seen that/X = 0, 
the well-known determinant equation giving the latent roots. y|g| 
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The whole investigation depends on the fact that, since we might 
have expressed x in terms of any n asjzygetic points, we can substi- 
tute any n asyzygetic points fcr the e<, in (B). 

Let \ be any root of (B), let (^— XJ ei=:ei\ then we have, by (B), 

It follows, from this, that we have at least one linear relation connect- 
ing the el ; bat thei'e may be more. Let there be r relations, 

a^e; = (i=l,2...r) (0), 

where ej = (^— Aj) e,. 

Let - ^A^fBj =i aj. 

Since the r relations (c) are asyzygetic, by hypothesis, it follows that 
the r points a are asyzygetic, for, if they were not, and we had 
^fjiai = 0, we should, by operating with 0— Xi, get a relation connect- 
ing the equations (C). 

It follows that we can substitute the points a for r of the e : suppose 
we substitute them for ei ... e,.; then (B) becomes 





[oja, ...o^e,.^!... in] = 0, 


if 


ai = (^— \) tti. 


But (0) gives 


(♦-X,)a< = 0, 


or 


0a, = Xja,, 


and therefore 


(0-X)a,= (Xi-\)a„ 



and (B) becomes (Xj-Xy [diO, ... a^e,,! ... e,J = (B). 

Therefore, if there are asyzygetic relations (C), there are r points a, 
such that (0— Xi) a,- = 0, and X^ is an r-tuple root, at least, of (B). 
But the multiplicity of \ may be greater than r ; if it is, we must 

have [a^a^ . . . a,. e;^i . . . ei] = 0, 

el=i<l>-\)ei. 

Suppose, as before, that there are $ asyzygetic relations 

%£^aj^%B^e; = (i = 1 ... «) (C). 

1 r+l 
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Then all the coefficients J?i(r^i) "Bin cannot vanish, since the a are 
asjzygetic, and we can take 

hi=i^B^ej (i = !...«), 

r+l 

and snbstitate the 8 points h in place of, say, ^r^i ••• 6f^«< We have now 
to see what (B) becomes. In the first place, we get 

(BO, 







(\,-\)'[o, ... o,6, ... 6,e,^.», ... e,l = 


if 






6,= (0-X)6,. 


Now (C) gives 




S5^a,-(0-X,)J, = O, 


for 






S5«e;=(^-\,)6i. 


Therefore 






06, = X,6,+S5oa>. 


Therefore 




(^ 


-X)6, = (X,-X)6,+SJ?«o,. 


Therefore 


[«.. 


...ar\. 


,.. 6.] = [a, ... aj n [(Xj-X) 6,+S5«a,] 



= [a,...aJn(\i-X)5,* 

= (^1—^)' K .•. »r6i ... 6,], 

and (B') becomes 

(\,-\y*' [a, ... ar\ ... 6. Wi ... Cn] = (B"). 

It is obvious how we might go on if the multiplicity of X^ were 
greater than r+« ; we should get t points c, such that 

and then (B") would become 

(\-\y*'** [a, ... ar \ ... h (h ... c^er^.^ui ... in] = (B'"). 

We can now enunciate the following theorem :*— The equation 

n(0-X)ei=O 

[the left-hand side of which is called the latent function of 0] has n 
roots [called the latent roots of ^] ; to a latent root (X) of multiplicity 
a appertain a points ; these points group themselves into sets, such 
that, if we call the points of the first set a^, those of the second set 
hiy and so on, we have 

__ Xai, \hi+Ai, \Ci+Al+Bi,„ 
9 T ^ > 

where ^j, Bi, &c. denote syzygies of the a^, hi, <Jbc. 

^ * Vide p. 69, 1. 8. ^ 
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Now it is obvious that the A, &c. are asyzygetic : this follows from 
the wfty in which they were determined. It follows that their number 
cannot be greater than that of the a ; and obviously 0-4< = \Ai, We 
can, therefore, substitute the Ai for an equal number of the a, and 
then we get 

tti, hi, Ci 

where obviously At is not the same as before. But now we can sub- 
stitute Ai+Bi for an equal number of the b. Let Bi = 25^ &y ; then 

(Ai+Bi) = X (Ai+Bi) + I^Bijaj, 

Therefore we must substitute S^^o^ for a„ and then we get 

a,-, hi, Ci 

and it is obvious how we may proceed.* 

The points a„ &,-, &c. are called the latent points of appertaining to 
the latent root X. 

The number of groups a,-, hi, Ci that we get for any latent root 
depends on the coefficients of the latent function. There are two cases 
in which the theory of the latent points is particularly simple : — (1) the 
case in which no latent root is repeated, so that, for a latent point 
tti appertaining to a root X„ we have 

(jitti = X^a^ ; 

and (2) the case in which a latent root is repeated, but all its latent 
points are a's, so that, again, for all latent points a^* appertaining to X^, 

7. We have (^ -X) a^ = 0, 

(^— X) hi = Ui, 
and therefore (V^ — ^)^&» = (^— X) a^ = ; 

similarly (v>~^)'*» = 0, 

if Xi is a latent point in the s*^ group. 

Therefore, if there are s groups of latent points appertaining to X, 
(0-X)*e, = 0, 
where e^ is any latent point appertaining to X. 

* Jordan, ** Traits des Substitutions," 126. 
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Therefore, if the latent roots are X^, X, ... X„ and if there are s^ ... a, 
groups of latent points appertaining to them, then, for any latent 
point Bi, 

(0-\)"(0-A,)"... (^-M*'«* = 0. 

But the n points Bi are asyzygetic ; therefore, for all points «, 
(0-X/H^-X,/»...(^-X,/raj = O, 

that is, (0-\)^(0-X,)'' ... (0-M'' = 0. 

This is the identical equaticm. 

If the roots are all unequal, r = w, ^^ = «, = ..,=«„ = 1, and the 
equation is 

(0-Xi)(0-Xa)...(0-Xn) = O. 

8. We have 0a< = Xa,-, 
and therefore 0*"a< = X'^aj, 

and generally, if / is any function, not involving matrices other than 0, 

/(0)ai=/(^)«<- 
We have 0&i = X&i+a<, 

= X (X&i+a<) + Xai 

= X2&..+2\ai, 
and generally / (0) 6, = / (X) 6, +/ (X) a,. 

In the same way, if aj< is in the s^ group, 

/(0)a^,=/(X)aj,+ ...+/-»>(X)a,. 

9. Now let «! = Sj = ... r= g^ = 1 : then we have, if 

(A-X,)(\-X,)...(\-X,) = xX, 

^«=^(^-^ <^'' 

/ being any function not involving any matrix other than 0. 

The function XM 

0-X, . 

simply means 

(0-XO (0-X,) ... (^-x,.o (^-X,,0 ... (^-X,). 



^J 
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To prove (A), I denote tlie right-liand side of it by F(jf)y and I 
show that / (0) ej = F (^) e,, ej being any latent point. We have, 
if ej appertains to \y, 

= if tji 

= X'^ if i^j. 
Therefore F (<(>) ej = f (\j) Cj 

and, therefore, generally /(^) = F(<t>)*. 

If the 8 are not all equal to unity, the formula is much more com- 
plicated. * 

10. If we have r asyzygetic points c^, and no more, such that 0Cj=O, 
^ is said to be of nullity r. It follows, from what was proved in (6), 
that in this case (since 0c< = . Cj) r, at least, of the latent roots must 
vanish. But more than r may vanish ; and, accordingly, if 8 latent 
roots vanish, is said to be of vacuity 8, We see that the nullity of a 
matrix cannot be greater than its vacuity, but may be less. A point 
X, such that 0aj = 0, is called a null-point of : the r-point determined 
by the r asyzygetic null-points of a matrix of nullity r is called the 
null-space of the matrix. 

li Ci ... Cr are r asyzygetic null-points of a matrix of nullity r, it is 
obvious that 2 AjC, is also a null-point ; that is, every point in the null- 
space of a matrix is a null-point. Moreover, it is easy to see that every 
null-point must be in the null-space ; for, if there were a null-point 
Br+i not in [ejCj ... eJ, we should have (r-f-l) asyzygetic null-points, 
and the nullity of the matrix would be r+ 1. 

Applying what was proved in (6) above, to the case \ = 0, we see 

that we get d> = ^ f^ ^'•" . 

^ ^ a,b, c, ... 

We see that, if there are 8 groups a, 5, c ... and a, /3, y ... points, 
a„ hi, Ci ..., the nullity of ^ is a, and its vacuity a + /3-|-y ... ; the 
nullity of 0* is a -\-fi (since 0*6=0, 0'a=O), and its vacuity a-}-)8-}- y... ; 
the nullity of 0' is (aH-/3-|-y...), and its vacuity a-}-/3 + y... There- 
fore the nullity of 0' is equal to its vacuity : and, if we apply this to 

* (A) is Professor Sylvester's "interpolation formula,*' giving the standard form 
to which all functions of a matrix can be reduced : it appears above in what is, I 
think, a more general form than Professor Sylvester's. 
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the matrix 0— X^, where X^ is a latent root of ^ having Si gronps, we see 
that Si can be defined as the order of the lowest power of (^— X<) of 
which the nullity is eqnal to its vacuity. 

Consider the equation y = ^oj. Given aj, this determines y uniquely ; 
given y, X is not determinate unless the nullity of is zero : for, if 
we have 2/ = ^a? = ^aj', we have 

f» (aj-aj') = 0. 

Therefore (x—x) must be a null-point of ^ ; and, if ^ is of nullity r, the 
solution of the equation y = <px contains r arbitrary constants : if x 
is any solution, the general solution is 

r 

aj+SX^e,, 

1 

the e being r asyzygetic null-points, and the* X arbitrary scalars. 

11. Now, take as points of reference r asyzygetic null-points, e^ ... e^, 
and n—r points not in the null-space of ^ ; then, if 

n 

« = SajjCj, 

1 

r n ' 

(hx = Saj<0e<+Sa?j0e<, 

1 r+l 

n 

= Sa;,.^c<, 

r + l 

since 0Cj = ^e, = ... = 06^ = : therefore the point 0aj is in a certain 
(w— r) point; viz., the (n—r) point 

This product does not vanish ; for, if it did, there would be a relation 

that is, ^Sc^ej = 0. 

Therefore there would be a null-point of ^ in [e^+i ... e„], which is con- 
trary to the hypothesis. 

The (n^r) point II is called the latent space of : it is obvious that 
it contains all the latent points for which X does not vanish. 

If the vacuity of ^ is greater than r, it follows, from what was 
proved above, that the latent space of will contain some or all of its 
null-points. 

12. Let ^, X he two matrices of nullities r, s respectively : it is 
required to find the nullity of ^x. I shall show that, if th^ null-a 
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of intersects the latent space of x i^^ a f-point, the nullity of ^x 

is 8+t* 

Intake as points of reference, e^ ... e^.,, being (?i — «) asyzygetic points, 
not situate in the null-space of x, and e„_,+i ... e,» asyzygetic null-points 
of X ; let the null- space of ^ cut the latent space of x ^^ t^e ^-point 
[^i...^«], where the E are, of course, supposed to be asyzygetic; 
lastly, let x^i = ^<- ^^^ ^ = 2^1, e^ be any point : then 

n 

XA = S J.x«< 

1 

since ei-,+i = ... = ei = ; therefore 

0X^ = S-4<0e-. 

But we can select from e{ ... en-,, w— s— ^ points, asyzygetic. with the E, 
and then we have 



n~§ 



e; = S/3«JE;,H-2a<,e;(i = 1...0 (X). 

*-l J-<+l 

Therefore, since ^JEJ* = (since the JE7 are in the null-space of 0), 

and 0x^ = 20e; (^,+2a<,^i)- 

Therefore all points 0, Xj A are in the (n—s^t) point [0e/+i ... 0e„_,] ; 
and, to show that this is actually the latent space of 9x> ^^ ^^ve only 
to show that these (n^s—t) points are asyzygetic : but if they were 
not asyzygetic, and we had 

= 02c<eJ^f, 

we must have SCjeJ^.< = SX/JET,, 

which is contrary to the supposition on which ej^.i, &c. were selected. 
Therefore the latent space of ^x ^s an (n—s—t) point, and therefore 
its nullity is (s+0 > and it can be shown without difficulty that its 
null space is the (s + 1) point joining the null space of x to the ^-point 
in its latent space, which x transforms into [E^ ...^J. 

13. In all that follows, I shall assntne that, in the notation of 
(7), 5i = 5, = 5, = 1. 1 

• Cf. Phil, Mag., Nov. 1884. 

t That is, that all latent points are a's : Case (2) of (6). 
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Now let it be proposed to find a non-vacuous* matrix \p such that 
;//0 = 0^, ^ being a given matrix. 

Let Cx ... e,j be the latent points of (p. Let e, appertain to X, ; suppose 
Xj = X, = ,„ = \ai = Xi, <fcc. ; lastly, let 

^pei = Sa^e^-. 
Then 0\//e< = Sa^^^j 

= Sa^Xyej. 
But \p(pei = ifX^ej 

= Xi^aifSj, 
Therefore, since yj/ip = 0^//, and i// is supposed non-vacuous, we have 

aijXj = a^.\. 

Therefore, unless X^ = X^, a^^ = ; and it follows that \p transforms all 
latent points appertaining to the same latent root X^ into points of 
the same c^-point, if a^ is the multiplicity of X^ ; we therefore have 

^ = S^f, 
where ij/i is a matrix of nullity w— a^, having [e^ ... e ] as its latent space, 

and therefore transforming every latent point appertaining to X^ into 
another latent point appertaining to X^. 

If ttj = oa = ... rr a^ = 1, we can go further than this, and can assign 
the form of if/ ; for in this case it is obvious that xf^ must transform every 
latent point into itself ; that is, 

But ^*=sXM.^, 

using the same notation as in (9). This can be proved by the method 
there employed. Therefore _we can 8ay_ that, if 0i// = \//0, and if \p is 
non-vacuous, and the latent roots of ^ are all different, i// is a function 
of 0, of order (w— 1), and with scalar coefficients ; viz., we have 

* A matrix is vacuous if its vacuity > 1. 
VOL XVI.— NO. 238. G 
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where the A are scalars, and x^ is the latent function of 0, viz., 

x^ = {}^-\)...(\-K).* 

We can apply a similar method to the equation 0\j!/ = An/^) Jc a scalar. 
We shall find that kiBB.nn^ root of unity, and that, if it is a primitive 
m^ root of unity, \p is equivalent to a substitution operating on the 
n latent points of ^ ; viz., if n = mm\ i// is the product of m' cyclic 
substitutions, each cycle being of order m, 

14. As a last example of the methods of this paper, I ttCke the 
solution of the general unilateral equation. 

Let the given equation be 

where the A are known matrices of order n, and a; is an unknown 
matrix of the same order. 

Let \i ... X„ be the latent roots of a; ; e^, . . e^ its latent points. Since 
F (x) = 0, we have 

= JP(aj)e< 

Therefore e^ must be a null-point of F (A^) ; F (X^) must be vacuous, 
and therefore, if we take n points of reference o^, we must have 

n[2?'(X,)a,] = 0t (t=l...n), 
i-i 

that is, the latent roots of x must be roots of this equation of order 
mn, and, if we take any set of n roots, the latent point of x appertain- 
ing to a root \i is a null-point of JPX<, and x is thus completely 
determined. 



• Cf. Clifford's Math. Papers, 339. 

t This equation is simply Bet (^n) = 0. 
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General Outline. 

The following note is an attempt to further develope the theory in 
qnestion, which is based on the assumption that a ti^ansformation- 
equation is composed of two or more equations of lower degree. 

o 2 
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forms hitherto used by me are practically identical with the follow- 
ing, viz., 

1. y = am(e+A+B+0+...), 



where sin6 = aj; cos-d = — f — 4-r — > sm-d = — = ^r 

1— aV l—aV 



2a'aj\/l-a;« 



«<>«-"- i-ip^ ' «"'^- i_/3V ' '^•' 
and the coefficients are of the forms 

a = Ac sn — y a = an y p = A; sn — , y = Ac sn — , &c., 

n n n n 

if n be the order of the transformation, and ^ (n— 1) the number of 
coefficients. 

2. y = sin (L+^+^+ 04- ...)• 

This is an irrational transformation-equation, wherein 

1— aV 1— aV 

a = A; sn — , a = dn — ; 6 = A; sn ==, &c. : 
» n n 

2ti the order of the transformation, and w — 1 the number of coefficients. 
Intimately connected with (2) is an equation (3), viz., 

y = cos (^+5+0+...); 

i.e., y = rational and integral fanction of » -t- ditto of the same degree. 

But, besides the forms in question, there is also a remarkable one 
which may be called the complementary equation ; this is 

t2/ = tan(Z+-X:i+Xa+...) (4), 

X, Xj, Xg, &0. being functions of », A?, and * = \/— 1. 

The note is divided into Parts I. and II. In the former it is shown 
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that the formula (4) includes not only Jacobi's rational transf orma- 

tion-equation y = !j * ^s^^n-i) (^ ^^ ^^^ number), but also others of 
{1, X ) . 

interest. In Part II. the theory of composition is applied to the 

transformation of 9-functions, and a multiplication theorem, not 

hitherto noticed, is proved. 

It is convenient to state here some lemmas used in the sequel. 

Lemma 1. — If 

tan X = ixy tan X^ = 2iaiX -t- (1 + aj«'), 
tan Xj = 2ia^x -r- (1 + alx^), &c., i = \/— 1, 

then aan(Z+Z,+ ...+XJ = 7^^^, 

^1, X ) 

where (1, »*)"• denotes a rational and integral function of »* of the 
degree m. 



Here sinZ = taj -7-\/l— a;*, cos Z = 1 -r vT— »' ; 

sin Xi = 2iaiX -7- 1 — aj »', cos Zj = 1 + aj a' -r 1 — a\x\ <fcc., 
and, therefore, 

yr^sin (X+ZO = ix(l+2a,+ayj -^ l-aj»«, 



v/l-aj«cos (Z+ZO = l-h(ai + 2ai) x^ -h l-d'cB* ; 
similarly 

yr^ sin (Z+Zi+Z,) = ix(l, s^y-h (l-ajaj«)(l-a^aj'), 
v/r=^ cos (Z+Zi+Zj) = (1, aj')* -^ (1 -a' ;B')(l-a>«). 
Generally, by a process of induction, it is inferred that 
^/^^ sin (Z+Z, + . .. +ZJ =tu(l, ^r -^ (l-^xa^O ... (l-««.i»0, 



%/1-aj'cos (Z+Z,+ ... +ZJ = (1, xY - (l-^>') ... (1-aU'). 
Lemma 2. — If 

then itan (X+X,+ ... +X„) = i^/^^^,. 
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Here sin X = t (l+h) x -5- \/l-»M -*;•««, 



cos X = 1 +Jcx* -5- yi-oj' . 1-A;*aj», 
sin Xi = 2i&iaj -f- 1—6? a?*, cos Z^ = l+ftjaj* -5- 1— &i«*, &c. 
Hence it is inferred that 



•l-oj' . l-'Vx^ sin (X+Xi+ ...+XJ = ix (1, »«)"• -f-, 



v/l-ajM-fc»»'cos(Z+Xi+...+XJ= (1, »«)*»** -?-, 
denominator = (1 — 04 »') (1 — aj «*) ... (1 — ajn »*) • 
Lemma 3. — If 

tan Z = iy tan Z^ = 2{ai -4- (1 +aj), tan Z, = 210, -5- (1+aJ), &c., 
then tan (X+X^+ ... +Z«) = i. 

Here tan (Z+Z,) = i (l+ -?5i.) ^ 1+ J^ = ,-. 

^ 1+a/ l+a 

similarly, tan (Z+Z^-f Z,) = *, 

and so, generally, tan (Z + Z^ + . . . + Z,„) = i. 

Lemma 4. — If ty = tan (ZH-Zi+ ...) 



and iMj^:p^ = n/I-oj' . I-AjV S ^ 

VI— 2/' £i« 

(where Jif is a constant, and X^X^ ... are functions of «, Jfc, t = \/— 1) 
be two forms of the same integral relation between y and », then this 
relation must giYQ rise to the differential equation 

dy Mdx 

The lemma may be proved without difficulty ; we have, by differentia- 
tion, 

idy = see' (Z+Zi+ ...) S ^ c?aj, t.e., ^^ = ^ ^ ^^' 
or (^y _ Mdx 



V 1— F ^ 
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This may, at first sight, not appear to be of nmch practical use in the 
problem of transjformation, but the sequel will show that some forms 
of X, Zi, <fec. satisfy the required conditions. 

Part I. 
Section 1«t— Jacobi's rational transformation-equation 

This equation is given by the formula 

iy = tan (X+X,+ ... +Z4(„.i)), 
where tan Z = ia;, 

tanXi = 2iaiaj-f-(l+a5aj») ..., 
tanXj(„_i) = 2ia4(„.i)aj -5- (l + ajtn- !)«*). 
Here, by Lemma 1, we have 

2/ = »(!,»»)* ("-^^■^(l,aJ•)*^"-^ 



yi-y' = sec(Z+Zi + ...4-Xj(„.i)) 

=v/i:i^«(i-a>») ... (i-a^«.i)««) -5- (1, <^y^^-\ 

and also ^ = M , (by Lemma 4), 

provided that 

V 1— 2/* c?aj 

i.e., since -y- = ^ -5- 1— »', -^ = 21% -r- (1— aj»^), &o., 
the condition is reduced to 



If \/l— XV = \/l--yaj' X rational function of a?*. 

This, in effect, leads to Jacobi*s method (see Prof. Cayley'g 
" Elliptic Functions," Chap. 7). 

As a particular cose, I note that Jacobi's^r^^ transformation may be 
written in either of the forms 

2/ = sin (6+^+5+...) 
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[see General OutKne], or 

(-)i(-i) iy = tan (X-X,+X,- ... T= Zjc,.8) ± :?*(«.!)), 
where tan Z = mi, tan Z^ = 2ia^aj -^ (1 +a^aj'). 
As regards the coefficients aj ... a^(n-i)) the equation 



enables ns at once to identify them, and write 



or, generally. 



en — en K 

n n 

dnM 

n 
a. = . 

en 



The two forms in question give some interesting relations between 
the coefficients ; for example, 

(-.)*(n-i) Ji+22dn?^| = (-)i(-i)Jlf = l+2S(-)'dn i^X'). 

where 8 is an integer from 1 to ^(w— 1), and n an odd prime. 
In particular, if A? = 0, then 

l+22(-)'sec^=(-)*^''-^^n. 
n 

Again, 

n \ n / L n ) 

Section 2, — Deduction of a rational transformation-equation from 

(See General Outline.) 

Lemma 5. — Given a transformation-equation y = f (j^y h), and the 
complementary one 2/' = (*> ^') > then, if the former be considered 
as a primary transformation, there is a secondary form z = <p (a, h), 
which is the exact analogue of y' = 0' (x\ /c'), and also a secondary 
complementary transformation z =f (»', Aj'), which is the analogue of 
y=f(x,k). 
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For example, from Jacobi*s first transformation and its comple- 
mentary form, we deduce tlie modular relations 

nA = J[f.E' and A' = M.jr; 
hence there is a second transformation in which the module^, equa- 
tions are A^=^Mi.K and nA[=z Mi^K", 

Here A^^ M^.K is derived from the j)rimary complementary rela- 
tion A' = M,K' hj changing \', k\ M into Xj, k, M^, 
Similarly nAj =z Mi*K' is derived from nA = M,K, 

V, In accordance with this lemma, it is necessary to consider the 
complementary form of 

2/=sin(L+^+^ + ...), 

where cos L = l=il±E^, sin L = (i±^)j^^ ; 

. l-(l + a'»)«^ « 
cos A = — ^ o^— > &c. 

(See General Outline.) 



Here ^/l-y^ = cos (L+^+^+...) 

= rational function of « -5- \/l— Zf'aj*, 

and 3fyr:j^=yr=^{i+j-^,+2Sj-^}. 

This last equation is, in fact, the condition that the integral form 

y = Bin {L+A+B+...) 
shall give the differential equation 

dy IT dx 




if X'+X'' = l = &»+&". 
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To find the integral relation between y' and x', write 



_2 



yr-7 



taa(L+A+B+...), 



where tanX = ^K+^^J-f = *(^+r>/. 

x^ ,_ 2aa)-/l-a»' _ 2*oV 
l-(l+«'')iB«~l+aV 

l-(H-6'»)»' l+6'«a,'" **'• 
Hence the required relation is 

iy' = tun (X'+Y'+Z' +...), 

where tan Z' = iii±^^' 

tan y- ^^'''' tar, <7>- 20. V . 

This gives, aa we have seen above, 

Change y\ x\ \\ k\ M into z, «, y, &, N^ and the coeflScients a', b\ Ac. 
into Oj, a,, &c., then 

^5 T^ ^ 

if i«= tan(X+Zi+XjH-...), 

where tanZ = *l§L+^, 

tanZ,= ^^, tanZ. = -2^,&c., 

and the coefficients are of the type-form 

a, = dn ( — , h' j , 
2n being the order of the transformation and s an integer from 1 to 
In other words, given a primary transformation-equation (irra- 
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tional), viz., y = sin (Zf+^+ ...), 

there is a secondary equation (rational) of the form 
ta? = tan (X+X2+...). 
Here (see Lemma 2), 



y/l—sf = \/l — »* . 1— A?** X rational function of x^ 
and consequently, by Lemma 4, 



V'l— yV = rational function of x. 

2°. The modular relations for the primary and secondary forms in 
question are 

2nA=iM.K, A'^M.K'; TzzzN.K, ^T'^^N.K . 

(order of transformation = 2n). 

These may be proved without difficulty. 

Let y = 8in0, aj = sin0, sin X = (^ +/> «^^ ^ ^^« ^ 

^ ^ /l-ysin»e ' . 

. J _ 2a' sin cos ^^„ . _ l-(l+a'« ) sin* d . 

^-^ = T « ' 8/i » cos -4= — } > 1 / 8 ^ — > *c., 

1— a'sm'^ 1— a*sm'0 ' 



sm. 



then 0=:L+4+J5+..., 

giving cZ^ ^jtf ^ 

® -/1-X*sin»0 yi-A;»sin'6 

Again, let ^ ^ T' 

t.e., L?=2.-|-=il=J?, Ac, = 2n.-^, 

then r" , ^ = 3f r-7=a=. 

or 2»A = Jlf,^. 

In the complementary form 

iy' = t&a(T+T +...'), 

which gives , ^ =s 3f . , 
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let »' = 1, and, consequentlj, 

tanr = i, tanr=-^, Ac; 

then (bj Lemma 3) 

2^ = 1, t.e., A'^M.K'. 

Hence, hy the principle of duality, 

r=:N.K and 2nr = ^'.Z'. 

3°. Multiplication by 2n. 

The two transformations considered above — viz., an irrational, or 
primary, and a rational, or secondary, transformation — lead to complete 
multiplication by 2n in exactly the same way as do Jacobi's first and 
second transformations. (Compare pp. 174, 175 of Prof. Cay ley's 
" EUiptic Functions.") 

Section 3. — Composition of linear forms. Application of the 
formula iy = tAn(X'^Xi + ...) to the quadric transformations of 
Abel, &o. 

Taking the two linear forms 

_. ax + h ax+h' 

^ cx'\-d' c'»+(r' 

we may say that a quadric transformation is 

l+yz' 
or, what is a more convenient formula to work with, 
it* = tan(X+Z'), 

where tanX = t^, tanX = i?^. 

cx + d cx+d' 

This, when written at length, gives 

^_. aj^±ayX±a^ 

where a^, o^, ... are functions of a, h, <&c. 

In order that iu = tan (X+X') may lead to the differential equation 
du z=z M' ^ 



y/l^u' . 1 - W v'l-ajM-feV' 



1884.] a Theory of Tramsformation of Elliptic Functions. 93 
we must have," by the present, method, since 



dX . ad — he 



dx (cx+dy-(ax+bf 



V l-*»* LB M ) 

where B = (cz+dy-(ax+hy, B' = {c'x+dy-{ax + hy. 
Also there is no difficulty in finding 

/<i r ^^B^ 



{ax + 6) {a'x + &') + (caj + d) (c'aj -f d') 



Hence M vT^XV = Vl^x\l-Vx^ • (a?) -?- ^^E^/ (»), 
where (a?) = (ad-6c) E'+ (a'd'-Vc') E, 

/(oj) = (aaj+6)(a'a;+6') + (c»+^)(c'i»+0. 
The different kinds of results will depend npon the different forms 
of \/l— XV as a function of a?. For example, suppose 

\/l — W = rational function of « ; 

then EE'=(l-.aj»)(l-A;'ajO 

to a constant factor jpres. This condition is satisfied by taking 
B = {ax+iy-^ix+ay = (l-a»)(l-ar'»), 
B!^ (akx'-'iy-Ca-kxy = (l-.a«)(l-fc»ajO- 
Hence iu = tan (Z+Z'), 

OiB + l 



where tan X = i, 



»H-a 



l+feB* 

Let » = -7T. then « = i ^^^r^, 

and therefore ^ = T^' Jif = l+fc. 

(See Prof. Cayley's " Elliptic Functions," p. 374.) 



ff 
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I write down a few of the principal forms. 

(1) tanZ = i.=i±#, tanr=t.A±^ 

l-^iv^kx 1+i^/kx' 

m = tan(Z+X) or 1*=^^* '' 



H-A;»«- 



(2) tanZ=i.-4±^^, taiir=i.^^ 



aj+2-6' •aj-2H-fe' 



i« = 



2-26+6»-aj»' 



(3) tanZ=t.— ?^±1— , tanr = t\— i^±i— -, 
(2-a)aj+r — (2+a)aj+r 



w = — - — 



(4) 



^ + ^ + 4 (a«-l)(a-/3)a,+ ^'-/3 
tanZ = K /^ / , tanX = t. ^^ , 

/? = eighth root of 16V, a»-l = i/3*, 

The above are some of the principal forms of the Abelian quadric 
transformations. (See Prof. Cayley's " Elliptic Functions," p. 374.) 

From the results just obtained and those of Sections 1, 2, it is 
inferred that the method of composition of linear forms is applicable 
to the rational transformations of any order which are considered in 
this note. 

For example, Jacobi's quintic equation may be written 
i2/=tan(Z+Zi+Z(+Z,+Z2), if tanX = taj, 

tan Xi = i* - — T-^— , tan Ai = i . / — , 

1 — tOjO! H-M»,a! 
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Generally, iu = tan (X+X'+ ...), 

where tan Z = i . ^ . _ , tan X' = i . ^^ . _, , &c., 

caj+a cx+a 

gives rise to 3bhe differential equation 

cZi* -tM- dx 



%/l-i*M-XV %/l-»M-A;»aj» 



V l^M jk 

where \/l— «' = y/BB',,, -f- rational ftinction of a?, 

and E = (cx+dy—(ax+b)\ &c. 

For example, 

m= tan (Z+r+Z'O or tt == ?4fi4f4±f4 

includes all the possible rational transformations of order 3. The 
complete determination of the actual forms would, however, be some- 
what difficult. 

I append one of them. 

If U.nX = ikx, tanr=f. ?""\ , tan^ = ^.i^* 

— laaj + l iaaj + 1 



I l + (a»+2aA!)a>» ) 

Let x = l, therefore 

1 _„^ 2a + (l+a')fe 
X l+o*+2ofc ■ 



I 



'i 
I 



96 Mr. J. Griffiths on [Nov. IS, 

Let »« = _^5±^, then L = JT l^^±]i] . 
aA!(o+2A;)' \ V « \a + 2k/ 

Hence, if & = /la, the ultimate results are 

if X = v*, ^ = w*. Also 

For a quartic transformation, one form is 

m = tan(Z+r+Z+Tr), 

where tanZ = i. — —-, tanY=t. — ; , 

aj+a — A-aj-j-a 

* _ 

tan Z = i . 7"^= — - — , tan Ty = % . ^ -• 

%vhx'\-l — ivAjojH-l 

This rives ^^ {l + ^yhYxq + W) 

misgives «-i+2>/A(l + ^//fc+fc)a!'+ft'»*' 

^/I^ = yi-as'.l-iV (1-A»') -i-, 
yl^xV = 1-2^*1(1 -v/fc+&)a!'+A^a!« -5-, 
the denominator being the same as in u. 

dl* -mj dX 




Another quartic form is 

iw=tan(Z+r+Z+Tr), 
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l-(l+a')/3'i8'+(a'+/y-l)ffla,« 
l-(3-a»)/?a.»+(-a'+/3' + l) /3V 

Here, it constant factors be omitted, 

(^ + l)W-{(fi-l)x+2y = (l-xXl+l3x), 

03 +I)«a,«-{(^_1) a,-2}» = (l+x)(l-/3a,), 

{(2-a)^« + l}»-{a^ai+l}' = a!(l+/3iB), • 

{-(2 + a) l3x + lY-{alix + l}* = xi\-lh)). 



So that V'l— m' = x-/l—^x rational fonction of sb*. 



and -/l- XV = -• 1 - &»»' x ditto. 

If we put a*=l+2^/h', 0' = l + k', 

the actual form of u is 

_ 1-2(1 + '/k'Xl+k') x'+(l + ^k ')* (l+k')x' 
" ~ 1-2 (1 - ^k')il+k') x*+(l - s^k'Y (I + Aj') »♦■ 

This gives 

^ . = - (1 + y&')' ^ 



v/I-mM-XV ^ ^ v'l-aiM-fcV' 

l-v/fc 



V\ = 



1 + ^/A'• 



The above pair of qnartic forms may be combined together so as to 
lead to multiplication by —4. 

Thus y = (1 + Vkyxil + kx^) -t- l+2-/k (1 + V'Jfc +*)«'+ Jfa* 
gives ^y = (1 + -/ik)« , '^ 

Where yx'=i^, 

and *=:l-2(l+v/X')(H-X')2/' + (l+yx')=(l+X')y« 

-J- l-2(l-yx')(l + X')y'+(l-yx')' (1+X')y* 

VOL. XVI. — NO. 239. H 
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dz 
gives 

V X — «" . 1 — iCZr 

^ 

Part II. 

Sect. 1. — Transformation of the fiinction 0. (Jaoobi's first trans- 
formation.) 

It has been shown by the foregoing results that the present theory- 
can be nsed with advantage in the transformation or partial mnltipli- 
cation of Hie elliptic functions sn, en, <&c. The question arises 
whether it can be applied to the 0-function. Practically, it has been 
already carried by me in a former note up to this point. (See Proc. 
Lond, Math, Soc, Dec. 1883.) By a differentiation with respect to k, 
the equation 

2/ = sin(0+^+J5+...), 

where sin = x, cobA= "^^ %% t ^^-i 

leads to the relation 

da 
_ o ^^^'^ sn (u, k) en (u, k) ^ dk 



M^ dn(v,\) l-a»sn«KA;) 

if we write for shortness 

E (v, \) -X^'t^-X' s^(^>^)/n(t;,X) ^ ^ ^ ^^ 
^ ' ^ dn(i;,X) J ^ > ^^ 

V being equal to Mu. 



Let u=^ K, then v = MK = wA, and we have 



,dM 



JS7(nA,X)-X'«nA = ^{^(jS:,A;)-A;'»Z"} + XX'«^^, 
M d\ 

or E (A, X) -X-'A = i { J? (E, k) -h'^K} + XX" ^ ^. 

Jjd n d\ 

Introducing Jacobi's Z (u) function, i.e., writing 
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the above becomes 

A an (v, A) 



M^ dn(v,\) 

or Z (v, \)-\» sn(t;\)cn(i;,X) 

dn (v, \) 

— ^ f (7 /,, l.^ 7j sn w en w ") o ^^'^ sn w en tt ^ 

if G=E(A,X) 

and ^„_X"^=iLf^„_r«)+X\'»«^, 

A M \ K I oK 

i,e., if (^ - \'«A = 4 (E-^k'^K) + X\'2 ^ ^, 

M n d\ 

since v = Mu and riA = JfZ^. 

Again, introducing tbe 0-f unction, i.e., writing 

we have Jif -^ log («, \) + Jif -^ log dn (v, X) 

cm; av 

= nf {log9WH-logdnz.}^2^fefe-»^g-^^i; ^ f ,• , 

i.e., J log {0 {vy X) dn (v, X)} = 71 ^ log {0 (w) dn (u)]- ... 

Now, since i; = M.u and dn (t;, X) is a function of sn u, it follows 
that the expression 

da 
^ 9 _2L l-l-'s snt*_cnw « eg A; 

Jlf dn (v, X) l—a* sn^ w 

is a function of u. Denoting this, for a moment, by ^-7\ » ^^ obtain 

^ (w) 

the result {y, X) dn (v, X) = {0 (w) dn %iY (^0> 

to a constant factor pres, or, what is the same thing, 

(vH- A, X) = 0" {u-vK) (w). ^ 

H 2 
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If w be changed into u+K, and, consequently, v into v+nA (first 
transformation), this gives 

e (v+w+l A, X) = 0- (u+2K) (u+K), 
or, since n+l is an even number, 

0(v, \) = e"(t*)0(w+^). 
Hence e(t;-hA, \) ^ 9" (i^+g) »(u) 

dn(.,X)=(dn.r^J^, 

to a constant factor pres. 

Finally, then, by comparing this with the known expression for 
dn (v, X), viz., 

dn (v, X) = dn t* [l-y sn« (Z- ?^) sn« t*] 

-S-fl-ysn'^^sn^J, 
it is inferred that 

0(t*) = ri-Ai»sn«?£^sn'»(t*H-Z)], 

where [ ] denotes the product arising from the different values of the 
integer s extending from 1-to -J- (w— 1). 

[For the value of dn {Mu, X) in terms of dn w, &c., here used, see 
Prof. Cayley's "Elliptic Functions,'' p. 263.] 

It appears, then, that we may take 

(v+A, X) = 0.0" (u-^K) fl-^y sn'* ^sn« (u-^K)\ 

where C7 is a constant, and consequently 

9 (Mu, X) = 0. 0" (w) h-V sn» — sn« J , 

which is the formula given by Prof. Cayley. (See " Elliptic Func- 
tions," p. 307.) 

Since (w) = [1 — a^sn^ (t*4-£^)], and consequently 

.... a'fsn'iu+K) 
^ (m) _ _ ^ du 
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the above method leads to the equation 

^^ 7. dim ^ dk _ 2 ^ 

M dn(v, \) 1— a^Bn't* dn^u — a^cn^u 

or, in other words, to the identity 

— IlikS- r 2—= (l+Sr f g ) 5l-^ ^^ ^. 

Hence the different coefficients a, /3, &c. mnst satisfy difEerential 
equations of the type-form 

Sect. 2. — Transformation of the function 9 corresponding to an 
imaginary root of the modular equation. 

Since the other transformations, as well as the case of complete 
multiplication, are all included in the formula 

/(t^,X)=^/KA^)H-&c., 

we have an important theorem for the multiplication of 9-functions, 
which, so far as I know, has not been hithferto noticed ; viz., 

0(0, \) ^ G'^^^O' 

where 11 denotes the product arising from the w+l roots of the 
modular equation, and /i is a constant which will presently be deter- 
mined. 

If in an imaginary transformation it be assumed that 

MK=aA-{-2hiA' 

(a an odd number), the above formula gives 

e'-^O. 9 (Mu, X) -5-0"t* = iJ^^e'^^n (l-a^sn^t*), 
where a = kBn^^+^'^^', 
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m and m' being certain integers, and 

irhiMK vdbi n A' 

i.e., e"'* is reducible to a g-fnnction (gr = e' a ), 

This includes the case of a real transformation, as may be seen by 
putting 6 = 0, i.e. /i = 0. 

Sect. 3. — Expression for (wt*), — complete multiplication. 
The equation referred to above, viz., 

(see Sect. 1, Part IT.), is a most important one as regards the theory 
of multiplication. 

Supposing \ = A; to be a possible root of the modular equation, 

then, since ]\p='n^^, 

lip becomes equal to n, and the relation in question reduces to 

E { \/n .u, k} = \/w . E (w, k) H- an algebraical function of sn w, 

the terms involving v and u having vanished owing to the fact that 
V = ss/n.u^ and M. is now independent of k. 
But, having regard to the addition theorem 

B {u-\-v) =: E (u)-\-E (v) + algebraical function of sn u and sn v, 

it is seen that this result can only be true when n is a square number. 

Given, therefore, that when w is a square number (odd) \ = k is a 
root of the modular equation, it follows that 

Q(^n.u,k) = O.0~(w)[l-a2sn«t*]; 
where a = fe sn ^^^+^^^^^, 

i.e.y where the different coefficients a, /?, &c. include all the roots of 
sn y/n.u = 0, and not some only, as in the case of a transformation or 
partial multiplication. 

If we write n^ for n, we have 

(nu, k) = a.0*''' {u) [1-a' sn» w] ; 

o = A; sn , 

n 

and (7 = a constant. 
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The complete multiplication by n, therefore, includes all the co- 
efficients which occur in the different transformations or partial 
multiplications of order w, and hence there must be the theorem 

jj 9 (Mu, \) _ -SAt~ en^9**ti 
(0, \) " ^ e-^^o ' 

where 11 denotes the product arising from the wH- 1 different roots of 
the modular equation, and 

'*" 2A • 

Sect, 4. — Transformation of the function for the irrational equa- 
tion y = sin (L'\'A-\-B-\-G+ ...). (See General Outline.) 

Here the question suggests itself, what are the corresponding 
results for (Mu, \) and (nu, k) in the case of the even irrational 
transformation or analogue of y = sin 2nu ? As regards the former 
function, I have arrived, from the expression 

y = sin(2; + 5^), 

in a similar manner to the above, at the f ormulse 

(« + A, \) = Oi.0^'» (u+K) .n ( 1-A;»sn» ?^^ Xsn' (u-hK) } , 

' (v, \) = aa.0^(f*) dnw.n ( 1-A;»sn« ^sn^t*! , 

where v = Mu, Oi, 0, constants, s an integer from 1 to w— 1, and t an 
integer from 1 to w ; also 

dn (v, \) = dn t* . IT ^ 



1 — A; sn' — sn^iA 
n 

Since there is here no root X = A; of the modular equation, the case 
of complete multiplication is different. This can be accounted for by 
the fact that an irrational transformation cannot of itself lead to com- 
plete multiplication. The most convenient formula that occurs to me 
is one derived from the secondary transformation noticed in Section 2, 
Part I. For example, 

am (2t*, k)=^ X^ + X,, 

where sin X, = ^^ +f > «f " , sin Z, = ii^^I^Li?. 

' 1 + A!sn'«' ' l-kBr?u 
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Hence, by a differentiation with respect to Aj, we have, after some i?6- 
ductions, 9 (2u) = 0.0* (u) (1-A;*sn*t*). 

For 2n = 4, the formula is 

am (4«, A;) = X^-^ X^-^ X^-h X^, 

where sm Zj = (1 + V^A;)'' ,.0/7/1. /7 . 7\ — » . 7j — 4~-» 

IH- 2 -v/ Aj (IH- -/A; H- A;) sn' t* + Ar sn* t* 

sin X - n 4- /A:V sn^q + fesn't^) 

smA,-ti + v//t; l-2yA;(l-yfeH-fe)sn't*H-ysn*t*' 

. y _ /i /7.\a snt^(l + A;sn^t^) 

sinA3-^i '^''^ 1 + 2^^(1+ y;bH-Aj)sn«t* + A;«sn*i*' 

. XT _ /-I _ /T.\2 sn^(l + A;sn't?) 

smA,- (,1 v^«; l-2^/A;(l-^/A;^-A;)sn»t^^-A;^sn*t*• 

But, with the exception of the case of the prime number 2, these 
functions are of only secondary interest, and I do not consider the 
subject further than to remark that there seems to be the formula 

9 (2nu) = O.e*"" (u) n (l-a«sn»t*), 
where a= fesn ^^^+y +^)^^ , = 1 ^ 0*"'-^ (0). 

Appendix. 
On a Problem in Jacohi's ^' Fundament a Nova,** p, 75. 

It appears to me that the principle of duality referred to in 
Lemma 5, Sect. 2, Part I., of the present Note, throws light on a 
problem which seems to have engaged Jacobi's attention, but to have 
been left unsolved by him. (See Fundamenta Nova, p. 75.) 

This is the problem of determining the integers which present 
themselves in the relation between A and K corresponding to any 
imaginary transformation of an odd order, viz., 

J (1, x^^--'^ • 

When n is an odd prime, the equation which gives \ in terms of Ic 
(Aj<1) is known to be of the n-\-V^ degree, having only two real 
values of X< 1. To these correspondifeal transformations, and to the 
^remaining roots w— 1 imaginary transformations. 
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For the first transformation, or the real root \, the modular equa- 
tion is w -— = ~, and for the second real root Xj, it is w ^ = 77. 

These are derived from the equations nA = Jlf . £", A' == M,K', and 
wAj = Ml . X', Aj = ilfj . K, which show that the first and second 
transformations in question may be combined together so as to give 
complete multiplication by n; i.e., that \, k, ilf can be changed into k, 

X,, and ^, respectively, or X^, k, M into k, X, ^. 
Ml M 

But for a pair of imaginary transformations this is not always the 
case. For example, when A; = or 1, there can be no multiplication, 
since the pair then reduce to y = x. 

Excluding, then, the cases of non-multiplication, and taking X, and 
X3 to be a conjugate pair of imaginary roots, we may assume rela- 
tions of the form, 

M^E= aAj+iftAi I MsK=aA^+ih'Ai^ 

M^K'= aAi-hib'A^ ' M^K'= aA^ -\-ihA^ ) ' 

or (aa -h hV) A, = M^ {aK-ihK')-) (aa+ hV) A, = M^ {aK- ih'K')-) 
(aa'+hV) AJ = M^iaK'-iVK)) ' (aa+hV) Aj = M^ (a'K-ihK)) 

where a, a' are odd, and fe, V even numbers. 

That there are relations of the above form may be inferred from 

the equation y= ^ij^2yin~i) - 



Here y/l — y' = v^l— »' X rational function of x, 

so that, if aj = 1, then y=±l, and 

Jo v^l-2/'-l-^j/ Jov^l-ajM-AjV 

or sn (aAj+i&Aj, Xj) = ± 1, 

if a be an odd, and h an even number. 

Again, changing Xj, k, If, into A;, Xj, M^ respectively, we have 

^ A3 = aK+ihr, ^ Aj = a'K+ib'K. 
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These values of A„ Aj are compatible with 

(aa-\-hh')A, = M^(aK-\-ibK') and (aa' + &60 AJ = M, (a'Z'-»6^), 

provided that aa + 66' = w, 6 + 6' = 0. 

Conversely, when these relations between the numbers a, a^b, V 
are satisfied, the pair of imaginary transformations may be so com- 
bined as to give the complete multiplication by n. 

It thus appears that 

M^.K^ -| (nil) A3+ i- (n=Fl) K^ 
M, . -Br'= - -^ (n=Fl) A,H- -|- (nil) K \ 
Jlfs . ^ = - - (^=Fl) Aj-h i (nil) A,^ 



i-(n±l)A^+| 



M^.K"^ 4(^±l)^3+-^(n=Fl)A3 



where the upper and lower signs are to be taken according as |(n-|- 1) 
or |(n— 1) is odd, is a possible solution. 

For a pair of imaginary roots (and complete multiplication) the 
modular equations, then, may be taken to be 





A,. 


-ibiC+a'K 


A,. 


aK+ib^ 




A^ 


aE^+ibK ' 


K 


-ibE+a'K' 


where 




aa'-b^ 


= ±». 


In particular, 


if 


K=iK', or k = 


■.k' = 


y2' ^^'"^ 



A, = a;, Ai = A„ i.e., X^+Xj = 1. 



There seems to be also a special form when n=a'-h6*, t.e., when 
n= 5, 13, 17, &c. 

In this case we may have 

Mj . jK'= aA2-f■^6A'2| M^.K^- ihA'^-haA^'^ 

(a an odd and 6 an even number), and when X' = ^, or A; = —p-, 
and also M^ ^ a+ib, ifg = a^ib, we have Aj = Ag, Ag = A3, or 
Xj = Xj = — - for a particular pair of roots. 
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It should be mentioned also that, since all the results of the present 
theory point to an addition theorem of the form 

±am (Mu, \) H-am (M^u^ XJ -hS am (M^u, Xj) =am (nw, A;) ±n am (w, A;), 

there must be another condition to be satisfied by the numbers a, 6, c. 
In fact, we must have 

where the summation applies to the ^ (n— 1) pairs of imaginary 
roots Xj, Xj, Ac. 

The following are possible forms for » = 3 and 5. I have also 
considered the case of n = 7, but, as there are here six imaginary 
roots, the results are somewhat long to write down. I content myself 
with giving a pair. 

Modular equations corresponding to the imaginary transformations 

_ X (1, a?»)*t"-^^ 
^ "■ (1, aj*)*t»-^) ' 
when n = 3, 6, and 7. 

Case of w = 3. 

If J . JS:'= -. 2iA^ + a;) ' Ma . E'= A$ -h 2^8 1 

3 
Change Xj into h, k into Xj, and M^ into — — , then 

A$ = -^»(-2tjr+x'). 

3 

Change \ into k, k into Xg, and M^ into — -—, then 

We have also am"(A,+2tA^, X,)+am (A,-2iA$, X,) = 2 — . 

♦ In the proof of the above addition theorem for « = 3, it was assumed in a former 
paper that M^,K=A2 ^'^^ M^.K—A^. This assumption is too special, and, 
indeed, is not necessary for the argument. All that is necessary is that 

am (Jfj.iT, A2) +am(if3. iT, Aj) = 2 -J, 

2 
in the case (» = 3) referred to. 



J 
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Case of n = 5. 

M,.K'=^ (2iA,-hA0i ' lf3.ir=- Aj+2iA8) ' 

(/3) lf,.JS:=: 3A,+2iA;) lf5.JK: = -2iAj+3A5| 

M^.Kzsi - 2iA^-h3Ai ) Ms . K'=z 3Ai-h2tA5 ) ' 

am(-Aj-2iAj, Xj)-ham (2iA3-Aj, \8)+am (3A4-h2iAi, XJ 
+am (3A5-2tAj) = 4 -|-. 

5 
Change \ into Aj, A; into Xj, and Jlf, into — , then 

-A, = ^»(j:+2iJr)^ 

-AJ = ^« (21^+^0)' 
and so on for the other roots. 

Case of n = 7. 

M^.E'= - 4iAa-3A;3 ' M,.K'=: « SAj+^iAj) 

7 
Change X^ into k, h into Xj, and M^ into — — , then 

-~A,=-3^+4tZ' 
Mg 



and so on. 



-~Aj=-4iJS:-3Z' 
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On SpherO'Oyelides. By Henry M. Jbffbry, F.R.S. 

[Bead Nov. Uth, 1884.] 

1. These spherical quartics are the lines of intersection of spheres 
both with cyclides and quadrics. M. Laguerre, who first pointed out 
their genesis (infra, §4), designated them Anallagmatic Spherical 
Curves, because they are unaltered, when inverted from any of its 
four poles of inversion. (Chasles, "Rapport sur les progr^s de la 
G-eometrie," p. 315.) Under the name of sphero-quartics, their pro- 
perties have been studied by Dr. Casey ("Cyclides and Sphero- 
Quartics," Phil, Trans., 1871, pp. 585 — 721). But, since they are 
only a species of spherical 'biiiodal quartics, and do not include all 
the intersections of quartia'«brfaces with spheres, their name is here 
altered. They might bS nho called spherical quadro-quadrics or 
sphero-quadrics (§6). 

2. Sphero-cy elides, being binodal, are curves of the eighth class, 
and have two double, and four single, foci : the former are the two 
single foci of the dirigent or focal sphero-conics, from which they are 
generated. If the two double foci coincide in a quadruple focus, the 
cyclide is known as a Sphere- Cartesian (Casey, p. 677). These curves 
may have an additional node or cusp, whereby the class is reduced to 
the sixth or fifth respectively. 

3. Sphero-cyclides have two double cyclic arcs, which are the single 
cyclic arcs of the complementary or polar conies, of which cyclic arcs 
the single foci of the focal conies or the double foci of the sphero- 
cyclides are the spherical centres or quadrantal poles. Sphero- 
Cartesians have each a quadruple cyclic arc, whose spherical centre 
is the quadruple focus, or centre of the dirigent circle, from which it 
is generated. This conjugate property of double arcs and double 
cyclic arcs is common to all spherical curves (Quarterly Math. Journal^ 
Vol. XV., p. 140). 

4. A sphero-cyclide may be generated in four different ways, as 
the envelope of a variable small circle, whose centre moves on a 
dirigent or focal sphero-conic (F), and which cuts a fixed small circle 
(«7) orthogonally. (Laguerre, Bulletin de la. Societe Philcmiathique, 1867 ; 
Casey, §41, Cor.) 

These dirigent conies (JP) are doubly conf ocal ; and the fixed circles 
(/) are mutually orthotomic, and all the eight figures are inter- 
dependent. The centres of the four (/) circles are the vertices of the 
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quadrangle, in wliicli any / and F pair intersect, and, taken three and 
three together, are the angular points of triangles, which are self- 
conjngate with respect both to the (J^) conies and (J) circles. Each 
triad of centres has the fourth for the orthocentre of the triangle 
constituted by them ; and each of these four triangles is self -con jugate 
in respect to one of the four circles and its corresponding focal conic. 

The confocal conies are thus also interdependent. The twelve points 
in which the sides of the quadrilateral circumscribed about any pair 
J and J^ intersect, lie by tetrads on the three remaining (F) focal 
conies. 

The line of nodes in the sphero-cyclide is the polar of the centre of 
any (J) circle with respect to the corresponding (F) focal conic. 

5. The three anallagmatic congeners, the cyclide, the sphero-cyclide, 
and the bicircular quartic, constitute a geometrical trilogy, as 
exhibited by Professor Casey in his two classical memoirs. 

Dr. Hart has shown analytically how the bicircular is generated 
from each of the four (F) conies {Proceedings, Vol. xi., pp. 143 — 161), 
and has promised this Society the corresponding memoir on the Five 
Focal Quadrics of a Cyclide (Vol. xii., p. 109), the MS. of which he 
has allowed me to see and copy. It is hoped he will shortly pub- 
lish it. 

Following his steps, I have investigated by spherical coordinates 
the generation of the sphero-cyclide from each of its four focal sphero- 
conics, and thereby hope to complete the series of the trilogy. 

The singular forms of the curve will be considered, and a method 
given for finding its points of undulation, and therefrom its points of 
inflexion generally. 

6. The equation to the sphero-cyclide is derived from those to the 
cyclide and quadric, by transformation of coordinates. 

Let OAB be an octant of a sphere, whose centre is any origin of 
coordinates for the cyclide, and whose radius is unity. 

Take for the origin of spherical coordinates 
in Gudermann's system. 

BF = 0, ^M= : Oif = X, 0N= r, OF=B, 

Cartesian coordinates are thus transformed to 
spherical : 

X = sin Q cos = tan X cos E, 

y = sin B sin = cos jB, 

z = cos Q = tan Ycos B, 

(tan X, tan Y are usually written X, Y, for brevity). 




N\ 
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Tlie equation to the cyclide in Cartesian coordinates is 

a(aj'+2/*4-i5*)*+6(»'-h2/'4-«')K+'Wo) + V2+Vi+Vo=0, 

where v, ; Vi, u^ ; v^, u^ denote qaadric and linear functions of .u, y, 2?, 
and constants. 

Let the same symbols v%, ... denote the same functions of 
tanX, 1, tanY. 

a sec'i2 + 6 sec E (wI+Wq sec 1?) 4- V2+V1 sec E+vJ sec' E = 0. 

After dropping the accents, we obtain the transformed equation to 
the sphero-cyclide 

{(a+6t*o-hro)sec^E-hv3}* = sec'E (ftt^i + vjl 

The curve is binodal, and is touched by the imaginary great circle 
(sec' E = 1 + tan' X+ tan' T = 0) in four points sec' E = 0, with 
Vj = ; it has for two nodes the two points 6t*i+i;i = 0, with 
(a-h6t*oH"^o) sec' E+Vj = 0. 

The equation to the quadric is derived from that to the cyclide, 
when a = 0, 6 = ; for the corresponding sphero-cyclide, 

K(l4-X'+Y') + t;J' = (l + X'4-Y')t;5, 

If Vi = 0, or the quadric is referred to its centre as origin, the 
sphero-cyclide becomes two coincident sphero-conics. 

Cor. — If Vj = c (aj'4-;g') -|- dy', or the cyclide has the imaginary circle 
at infinity as a cuspidal edge, it is called by Dr. Casey a Sphero- 
Cartesian. Its equation in spherical coordinates becomes 

{K+c)(i+z'+ r;+d-c}' = v\ (i+z'+ r). 

It is thus recognised to be the intersection of a sphere and a 
quadric of revolution (Casey, §235). 

The following theorems are preliminary ; and it is necessary 
to premise that, in two-point coordinated, i», y denote tan a?, 
tan y, and in the three-point system a, /3, y ; p, gr, r denote the 
sines of those arcs ; a, h, c also represent the sines of the arcs of the 
triangle of reference : — 

7. Two spherical small circles are mutually orthotomic, if 
cos pi cos pj = cos J) ; where the symbols denote their spherical radii 
and the mutual distance of their centres. For in that case the centres 
and either point of intersection constitute a right angle. 

8. To find the condition that two small circles intersect ortho- 
gonally. First, let their equations in three-point coordinates be 

da-^-ep+fy = gr, la-j-mfi+ny = h. 
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Then cos pi \/S (cP — 2e/cos A) = g; cos p, /S (P — 2mn cos ^) = ^ ; 
cosD v^S ((P— 26/ cos ^) . yS (P— 2mw cos -4) 
= dQ^mcoa 0— ncosB) + ... 
The required condition is 

gh= dl + em -^fn — (en +/m) cos A—(fl-\- dn) cos B — {dm + el) cos (7. 
Next, let their equations in^ two-point (Gndermann's) coordinates be 

l + aaj + % = ^A/(l4-»Hy'), l + caj+<«2/ = ^A/(l + «' + 2/')^ 
For mutual orthotomy, it is necessary that 
l-|-ac4-6c?= gh. 

9. If ABC be a spherical triangle, and its orthocentre, then the 
four small circles which have -4, JB, (7, for their centres are mutu- 
ally orthotomic, if 

cos a cos ^1 = cos h cos \ = cos c cos ^5 = -v/(cos a cos h cos c), 

cos ^4 v/S (tan' -4+2 tan J? tan G cos a) 

= tan A tan JB tan G \/(cos a cos 6 cos c). 

The radii are denoted by ^i, 5g, c^g, h^. 

The propositions in the first line are evident from § 7. 

In like manner, 

cos a cos ^4 = cos BO cos ^8 = cos GO cos ^3 = \/(cos a cos BO cos (70). 

The proposition in the second line is established by knowing the dis- 
tance {h) between two points from the formula 

sin* h sin* c svp^A cos 5 = 2 (aoj sin* a) + 2 [sin 5 sin c cos a (/3yi +/3i7)]. 

At the orthocentre 

a cos J. = /3 cos JB = y cos G, 

Hence cos -4 -v/2 (tan* -4 -f 2 tan B tan (7 cos a) 

= tan -4 -I- tan B cos c+ tan cos 6 = tan A tan^ tan G cos & cos c. 
By symmetry, 

cos a cos ^0 = cos h cos BO = cos c cos 00. 
Hence cos ^4 = sec \ cos JLO = sec ^j cos JBO = sec ^ cos 00, 
and the circles are mutually orthotomic. Since 

2 (tan*^ -I- 2 tan B tan cos a) = /x* tan* JL tan* B tan* 0, 
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where ^' = 2 cos a cos 5 cos c— 1 + (QVy coseo' A coseo* B cosec* 0, 

fjL cos AO = cos h cos c, 
and ^ cos ^4 = v^(cos a cos b cos c). 

The analogne to this theorem for Plane Geometry is given by Dr. 
Casey (Sequel to Euclid^ p. 108). 

Note, — By 6F will be hereinafter denoted six times the volame of 
a ceilbdn tetrahedron constituted by three radii of the sphere, and the 
connectors of their extremities, so that the fundamental relation is 

6Fs= Jcsiuil = \/S (aV+26c/3ycosa). 

10. To find the discriminant of the binary quartic 

(fixf+2ga^+hyy = (ux'+2w'xy+vy^)i8X+ty)\ 
Let Af Bhe invariants of single quadrics 

A = fh-gS B = uv-'W'^. 
Cf 2>, E are invariants of systems of two quadrics 

= ^V'-28tw+fu, B = «»A-2s^^+^/, 
E = uh^2w'g-\'vf, 
also F = u (sh'rtgy'-2w {sh-tgXsg-^tj^+v (sg-tfY = DE-AO. 
The function F occurs in investigating J^ by symbolical methods, 

= |_4 (F+iAO). 

If J4, J, denote the qnartic and sextic invariants of the given quai'tic, 
they can be expressed in terms of the subordinate invariants : 

3I« = 4(^+iO)'-3DJ?, 

27I, = 8(A+iOy^WEiA+iG)+3J.Biy, 

(l4)'-27 (!,)» =z Il'[(A+iGy-I>E-\-4>B(A+iGy+^BDE {A+iG) 

This factorial form will be employed to prove that sphero-cyclides 
have two double and four single foci. 
TOl. XTI.— MO. 240. I 
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11. To transform from a sphero-conic to a sphero-cyclide. 

I. If be any origin of coordinates, p the perpendicular arc drawn 
from it on any tangent arc of tlie conic, its equation in two-line 
coordinates is 

(u cos' 6+2ty cos sin O+t? sin' 6) cot'jp 

+ 2 (t*' sin e+v' cobB) coip+w = 0. 

Let r denote a corresponding arc of the sphero-cyclide, and B a 
constant. The formulas of quadric transformation may take either of 
the forms (Casey, § 24), 

coQp = oo8(p^r)ooaif coti}= — ^^\ — - (1). 

seer sec 0—1 ^ 

The transformed equation denotes the sphero-cyclide in two-point 
coordinates, 

ug^+2w'xy +vy^+2 (uy+vx) (sec r sec 5—1) +w (seer sec 5—1)', 

(sec'r = 1+tan'r = l+aj'-f-y'). 

Formulae of inversion are derived from (1), 

sec 5 = cos r-hsin r tan^?. 

Denote by r^, r, the vector arcs of two conjugate points Pj, Pj, 

cos rj cos r, = sec' i cos'i?— sin'i?, cos Vi + cos r, = 2 sec 5 cos' j? ; 

tan:?itan-?i=?2^i=l=tan'-A (2); 

2 2 8ec5 + l 2 ^^' 

is therefore a centre of inversion, such that the curve and its equa- 
tion are unaltered, when cot — tan' — is substituted for tan -^. 

The centre of inversion and the radius c are arbitrary ; but, when 
they are once fixed, the other centres A, B, 0, and the other constants 
^i> K9 ^8 ^T^ mutually related by the coorthotomic conditions of § 9. 

The two conjugate points P^, Pj are the points of intersection in 
two consecutive^ positions of the generating circle, which cuts 
orthogonally the four fixed (J) circles, whose centres are -4, P, 0, 0. 

II. Dr. Casey has also assigned a remarkably elegant mode of 
transformation for three-point coordinates. (Casey, § 40.) 

If 17, F, W denote in three-point coordinates the fixed coorthotomic 
circles Z^, /,, J^^ and if the dirigent focal sphero-conic (F) be defined 
by the tangential equation 

(a, ^c,/,flf, A][i?,gr,r)'=0, 
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then the sphero-cyclide, thence generated, has the identical form of 

equation (a, 5, c, f, g^h'^, U, F, TT)' = 0. 

The triangle of reference is constituted by the centres of the (/) 
circles. It shonld be premised that, if the coordinates denote a point 
not on a circle 17, 

?7= C0S-4P— cos^i. 

This follows from the equation to a circle, whose centre is (I, w), 

It denotes the distance of that point from the plane of the small 
circle. 

To prove that pi qlr :: U: V: W. Let JP be a dirigent focal 
conic, the corresponding centre of in- 
version ; so that, by § 11 (I.), 

cos OT = cos B cos PT = cos B cos PT. 




Fig. 2. 



Let this be written 

cosP = cos5cos(P-r22) (1). 

Let A be the centre, and ^i the radius of 
(/i), one of the other three centres of in- 
version ; -4^ = p : TO, AN, when produced, form an angle 6. 

oosilO = sinPsinjjH-cosPcosjjcosO, 

C0S-4P = sinp sin (P— £) -^coap cos (P — B) cOs B. 

Eliminate by the aid of (1), 

cosilOsecP— cos-4Psec (P— E) = sinjjsinEsecPsecCP— B). 

Hence U = cos^P— cos^i = cos^P— cosilOseo^, from orthotomy (§ 9), 

= cos ilP— cos A cos (P —22) sec P 

= — sin^ sin B sec P, 

V, TF are like multiples of ainq, sinr; so that, after dropping the 
word sin, as stated in § 6> the formulae for quadric transformation are 

p:q:r=:U:V:W. 

I. On the Oeneral Form of SpherO'Cydides, 

12. To determine the equations to the four fixed co-orth< 

I 2 
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small circles /, /„ /„ /j, and the correspondiiig doubly oonfocal diri- 
gent and focal sphero-conics (F)^ by means of which the sphero- 
cyclide is generated in four different ways. 

Let 0, -4, B, 0, the orthocentres of the spherical triangles ABO, 
BOOt 00 A, AOB, be the centres of four fixed coorthotomic circles J, 
«^i> «^» «^«« The same centres, taken by triads, are the angular points of 
triangles, which are self -conjugate with respect to the four (/) circles, 
and to the four corresponding (F) dirigent sphero-conics. 

Let ABO be first taken as the triangle of reference ; then the equa- 
tion in spherics to the circle (c7), with respect to which it is self- 
conjugate, is 

(J) a' cos 4 tan a+jS* cos B tan 64-7* cos Otanc = 0, 

or, by the aid of the fundamental relation 

(6F)« = S (aV+2&o /3y cos a), 

(/) atana+/3tan5+ytanc = 6F-/(sec a sec 6 seoc). 

In like manner (/J, one of the other three circles, may be denoted 
in four different forms of the same equation : 

(/i) a' cos il tan a+ jS* cos jB tan 5+y' cos tan c 
—2a cos ^ (a tan a+i3 tan &+y tan c) -f-a' cos* il tan a tan & tan c = 0, 

(/i) a tan a-hj3 tan 6-hy tan c— 6F\/(sec a sec 5 secc) 
-f-a tan a tan h tan ccoaA = 0, 

(Ji) aa-|-6i3cosc+cycos6 = 6Fseca\/(cosacos5cos6), 

(/j) a = sec cp-x/(cos a cos & cos c), 

if a , jS', y denote the coordinates of a point in (/j), with respect to 
the polar triangle of ABO. 

This last form determines independently the radius of the (Ji) 
circle given in § 9, 

cos a cos Si = \/(cos a cos & cos c). 

Li like forms the equations to the two remaining circles J^^ J^ may 
be written. From the forms of all four equations to these circles, it 
is recognised that, of their twenty-four points of intersection, twelve 
lie on the perpendiculars OA, OB, 00, BO, OA, AB, These arcs are 
therefore their radical axes ; anA 0, A, B, are the radical centres of 
the four triads of circles. 

The equation to some one dirigent conic (F), that corresponding to 
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the (/) circle, is assumed to be 

ZaV+m6'j3»+wcV = 0, 
or, in three-line coordinates, 

The equations to the confocal conies will be expressed in terms of 
(F) in § 16. 

13. To find the equation to the sphero-cyclide, by considering it as 
the envelope of a circle, whose centre moves on the focal conic (F), 
and which cats the circle (J) orthogonally. 

Let (X, /i, y) be the centre of the variable circle ; its equation is (§ 9) 
(6Vy cos r =i a\ (aa+hfi cos c+cy cos 6) + ..., 
or, if it be referred to the polar triangle of ABG^ 
67 cos r = aXa + IfiP + cvy. 
For the fixed (J) circle (§ 12), 

atana+/3tan& + y tanc = 6F\/(seca sec6secc). 
Prom the condition of orthotomy (§ 8) 
(1) \tana+^tan6-t-vtano = 6Fcosry(secasec6secc) 

= (aXa + 6^/y + cvy') ^/(seo a sec 6 seo c). 
The centre moves on the dirigent (F), 

(2) Za«X«+m6y+nc*i^ = 0. 

The equation to the sphero-cyclide^ as the envelope of (1), subject 
to the condition (2), is 

r-^ {aa' \/(sec a sec I sec c) — tan a}* 

H — 75 {&/3' ^/(sec a seo h sec c) — tan 5}* 

H — i{cy'\/(secasec6secc)— tanc}* = 0. 
n<j 

If we revert to the primitive triangle of reference ABO^ it is written 
S -5- {aa+ft/J cos c+cy cos 5— 6Fsec a\/(cos a cos 5 cos c)}' = 
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14. If U, 7, W denote, as in §11, the /„ /» /, circles, the equation 
to the sphero-cyclide takes the form ^ 

I m n 
If this form be compared with the tangential equation of (F)^ 

I m n * 

as in §11, p:q:r:: UiViW. 

The equation to the sphero-cyclide was anticipated from Dr. Casey's 
theorem. 

15. To express the three focal sphero-conics JPj, JPj, F^ in terms of 
their confocal F. 

Being given jp = -^ + ii-|-il=:0, 

if ABC be the triangle of reference, to determine the coefficients, 
if OBO be the new triangle, in the assumed equation 

P denotes the perpendicular from (acos^ =/3cosjB = y cosO) 
on any tangent arc, so that 

PS (tanM+2tan J? tan cosa) = (j? tan A+q tan J5+r tan 0)« 
= tan A tan B tan (p^ tan J. cos a + g' tan Bcosb+t^ tan cos c) 
— 2 (p* sin' A'-'2qr cos A sin B sin 0) sec A sec 5 sec 0, 

Make this substitution, and denote by ^, as in § 9, the ratio 

S (tanM+2 tanJ5tan Ocosa) = ^» tanM tan* J5 tan« 0, 

Fj^ = — 2 cot A cot J5 cot (p^ tan 4 Qos a + q^ tan J? cos & + r* tan G cos c) 
- ^ cot 4 cot^cot 0+ -2- 4- — . 



% 



Since F and JF\ are doubly confocal conies, they must be identical, if 

the constant term be omitted. Write for — j-cot^ cot J? cot 0, and 
uate coefficients. '^ . 
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10 \ G 1 

-L=:--tan^cosa, ^=z^imBcoBh+ — -^ 
I Li m li fii 

1 Q 1 

— = -z- tan (7 cos cH . 

n ii mi 

Substitute this yaltie for 6 inTPi, _ — 

I m n I 
JRi, jPg liave similar forms. 

16. The following identity connects the several (/) forms of § 12 : 

tan^ cosa{aa+&/3cosc+cyoos&— 6Fseca\/(coga cost cose)}* 
+tan ^ cos & {aa cos c+h(i +cy cos a— 6Fseo h \/(cos a cos & cos*c)}' 
+tanOcosc {aacos 6 + 6/3cosa+cy— 6Fsecc\/(cosa cos& cose)}* 
= cos* a cos' ^ cos* c tan il tan ^ tan 

X {a tan a+fi tan h+y tan c— 6F\/(sec a sec h sec c}*. 

The proof depends upon identities of the type 

tan ilH- tan B cose H- tan (7 cos 6 = cos 6 cos c tan J. tan ^ tan 0. 

Hence it may be shown that the equation to the sphero-cyclide may 
be obtained from any other pair of circles (Ji) and dirigent conies 

When referred to tangential coordinates, OBO being the triangle 
considered, 

l^l ill w^ 

By Prof. Casey's theorem, cited in § 11, II., the equation is deduced 
to the sphero-cyclide 

7* r* 7* 

li rii mi 
But, from this article, 

T2 4 2^ 

— = tanilcosat/'i+tanjBcos6t/',+tanOcoscJ,, 
if — - = cos* a cos* h cOs'c tan -4 tan jB tan 0. 

If this value of J* be substituted, and the result compared with 
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former equation -7^ + -* + "* = 0, 

it is seen that 

-L = — -taniloosa, — = -7- tan B cos 6+ — , 
I li m . li fh 

. . — = -ptanOcosc+ — . 

These relations are those given in § 15. 

17. If a spherical quadrilateral be circumscribed about a circle of 
inversion and its corresponding dirigent conic, the other three con- 
focal dirigent conies pass through the three quartets of opposite in- 
tersections. (Casey on " Oyclides," § 124.) 

The tangential equations to such a (J) circle and (F) conic (§ 12) 
are (/) p'tan-Acosa+g'tanJScosi+r'tan Ocosc = 0, 

The triangle of reference is constituted by the three vertices of the 
quadrangle of intersection, as before. Whence 

^S ^ Jl 

^- : -^ : -r- :: m tan B cos 6— n tan cos c 
I m n 

: ntanOcosc — Ztan'-4cosa 
: Z tan ^ cos a — mtanJ9cos&. 

The spherical quadrilateral, thus constituted, is defined by the linear 
equations aap db ft/Jgf ± cyr = 0. 

Two points of intersection, as well as their two antipodal points, lie 
on the arc BOj which passes through two vertices of the quadrangle 

of intersection, a = 0, 6'/3Y = c^y^r'. 

Since the line-equation to F^ (by § 15) is 

(Fi) -f + -S^+-- ^^^ V S(ay-26(5grcosil)=0, 

* •" w 6FZtanilcosa ^ ^ ^ ' 
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the transformed point-equation is 

o*cos-4(/ii'— cos'-4) ^cosJ3cosOsin^(ntan(7oosc— Zcosatan^) 

en ' 

— ^ cos J9 cos sin^ (m tan J3 cos h^l cos a tan il) 
ufn 

+2a/3 COS B (sinM-sin* 0)+2ay cos (sinM— sin'B) = 0, 
if (1-f*) h^rn = (l-y) (?n = 6FZ tan 4 cos a. 

When a = 
mVI? (n tan cos c— ?cos a tan^) = ncV (^^osatanil—mcos h tanJ?), 
or V^q' = c?y»r*. 

The arc BO therefore meets the conic (Fi) in the preceding points. 

Similarly, the other two conies (^,), (Fj) may be shown to pass 
through the other intersections of the quadrilateral. 

18. To find the equation to the sphero-cyclide in two-point coordi- 
nates, the origin being the centre of a dirigent focal conic. 

The coordinates in Gudermann's system represent tangents of arcs, 
so that x^yi a^h represent 

tanaj, tany; tana, tan6; secV = l+aj*+y'. 

The equation to a (/) circle, whose centre is (/, g) is 

(/) coBi^(l+f+g')y(l+x^+f) = l+fx+gy, 

or 1+fx+gy = cos3seci2secr = ^secr, 

where t denotes the secant of the tangent arc drawn from the origin. 
The equation to the generating circle, whose centre is (a, j3) is 
l+ax+(iy = Tsecr. 
The condition of orthotomy (§ 8) gives the relation 

l+a/+/Jgr = ^r. 
For the generating circle, when T is eliminated, 

t(l+ax+liy) = (l+a/+/3flf)secr (1). 

For the dirigent conic 

iF) ^+^ = 1 (2)- 
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The circle (1) varies, subject to tlie condition (2) ; hence 

(/sec r—tx) da+{g sec r^ty) d^ = 0, 

ada , (id0 _ ^ 
a« "^ &« "" 

The required equation to the sphero-cyclide is 

(^— seer)' = a* (/sec r^^txY-hVig sec r— fy)*. 

When rationalised, 

{(ay^+6y-l) secV+^ (aV+6V-l)P = 4^secV(ay»+6Vy-l)*. 

If this be combined with the imaginary great circle sec^ r = 0, 

(aV+iy-iy-O or {(a'*-&«)aj2-(l + &*)4-6^(l+«'+t^')}' = 0. 

The sphero-cyclide has two double cyclic arcs, which are the single 
cyclic arcs of the polar or complementary conic of (F) the focal conic. 
The line through the nodes is the polar of (/, g) with respect to this 
polar conic (aV + ^V = !)• 

The formul89 of quadric transformation from the tangential equa- 
tion of (F) (a»?+&V = 1) are seen to be 

J : 1? : 1 =f sec r—tx : g sec r—ty : it— seer, 
where * = cos 5 -/(l +f+g^)» 

19. If the four (F) conies are given, to determine the four corres- 
ponding (/) circles. 

The equation to the sphero-cyclide may take other three forms of 
the above type, 

(*i— sec ry = (h(fi sec r-t^xy + h\ (g^ sec r-t^yy. 

For the confocal conies, 

(7, 8 being a common centre and focus of the confocal conies. 
By equating coeflBicients in the identical forms, when developed, 

^(aY + hy^l + aV) =l^^alfl+h\g\^l + a\t\) 
* h 
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ay = aj/x = aj/j = aj/j = X suppose, 

h^g = hlg^ = ftjflf, = h\g^ = fi. 

The line throngh the nodes (a^fx+Vgy = 1) is fixed and seen to be 
the polar of the centre of each (J) circle with respect to the polar 
conic of its corresponding (F) conic. 

(a'+l) t = (aJ+1) ^1 = ... = y snppose, 

(6«+l)*=(5;+l)^,= ... = j^. 
(1) may be written 

This is simplified to the condition of orthotomj, 



aa^ 0^ 
By symmetry, ffi+99%-^'^= ^k- 

By subtraction, 

K + ii2. = L or -^ + -J^ = 1. 

2 2~^2,2 "^» " ^2 2^2 J.2,2,2 

\* a* 

By symmetry, -m + TiTiTS = 1- 

Hence XV = a'a^aj. J^= -6^6j&;6j. 

,.' (l+y') = (a'+l) (a;+ 1) (aj+l) (aj+l). 

Thus the radii (5) and the centres (/, gr) of the (/) circles have been 
determined in terms of the axes of the {F) sphero-conics. 

OoB, — If the centres of the (/) circles are coUinear, the foci of the 
sphero-cyclide are also coUinear. In this case, three, and not four, 
pairs of {F) focal conies and (/) circles are necessary ; if fl' = S'l = fl'j 
= ^, = 0, X^ = d?a\a\, y^ = (aHl)(aj4.1)(a^+l). 

20. To determine the two double and four single foci of the sphero- 
cyclide, and its equivalent class- octavic. 

Its equation is taken from § 19, when m is written for a'/^ + Sy — 1, 

{m(a^+i/«+l) + ? (aV+6V-l)F = 4^ (aj'+yHl)(a>+6Vy-; 
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The equivalent class-equation is found by combining it with an arbi- 
trary tangent (ajf+yi?— 1); the resulting binary quartio must have 
two equal roots, in which case (IJ*— 27 (Iq)' = 0, as in § 10. 
The resulting binary quartic is 

= 4? [(?+l) ^+2ir,^+(fi'+l) f] [(ay-0 x+iVg^v) y]\ 
Then the system of invariants, given in § 10, has the following values : 
A = (m+aV)(m+6'0 + (m-<*) [(m+aV) ri^+(m+hH^) ^] 
= ^(a' + l)(6»+l) + (**-m?)(a»?+&V-l) 

+ [**+m<»(a«+&'-l)+mT (P+iy*+l), 

In determining the foci, B and all other terms, which involve 
(?+»?*+ 1) as a factor, are neglected, since the foci are obtained by 
the intersections of common tangents to the quartic and this imaginary 
great circle. 

^ = («»/-{)»+ (6V-'»)'+(«'/'»-6W 

g = (m+?>'O(»y-0'+('»+a'O(6V-'»)*+(w-O(ayi-6W 

= e [(6'+l)(ay-£)'+(a»+l)(6V-'»)']+(<'-'»)(a'/?+6V'7+l)' 
-(<'-m)(ay»+6V+l)(?+'»'+l). 
^ = (?+l) [m+hV+im-e) n']-2?n' im-f) 

+ (,»+!) [«» + aV+(m-<»)f] 

= -«»(o»?+l>V-l) + [2«»+(a' + 6'-l) n (? + ';'+l). 

If these values be substituted in the expression for (IJ*— 27 (I,)' in 
§ 10, the equivalent class octavic may be obtained. 

The foci are found by rejecting B, and therefore the last three 
terms. For the double foci, 

B» = <«(o»4»+6V-l)'. 

They are therefore the single foci of (J^ the focal conic, from which 
the sphero-cyclide was generated. 

The four single foci are those of the olass-quartic 



i^-ir- 



BE. 
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COE. — The two double foci nnite in a quadruple focns, when a = 6, 
or (F) becomes a circle. This sphero-cyclide is called by Dr. Casey 
a sphere- Cartesian. 

21. The sphero-cyclide has in all 28 foci, real and imaginary. 

Prof. Cayley remarks that this quartic has two nodes, and, besides, 
tenches the imaginary circle S(a5^+y'+l = 0) in four points. The 
number of its class is thus 4 . 3 — 2 . 2, or 8 ; and the number of com- 
mon tangents to the quartic and the circle 8 would thus be 2.8 or 
16 ; but among these are included the four lines touching along the 
points of contact, each twice ; the number of common tangents is 
thusie— 2.4, or8. 

(8 7\ 
= r-^ J points, which are the foci 

ot tnis quartic. 

II. On 8phero-cy elides with OolUnear Foci, 

22. Their equations have been deduced in § 19, Cor., from the 
general form ; but they are here also investigated, when a focus of 
the focal conic is the origin, and the constants determined in terms 
of the directrices. 

There are only three (F) focal sphero-conics, 

(F,) \(aj«+y«)-(aj-a)* = 0, (F,) a* («'+2/')-(«^-&)* = 0, 

There are three corresponding coorthotomic circles of inversion, 

(Ji) l+/» = PiSecr, (Jj) H-5raj= pjsecr, (Ji) l + hx = p^seor. 
Let the generating circle for the first pair be 

l+ax+(iy = y (l+oj'+y^)* = y seer. 

The condition of orthotomy (§ 8) is 

l + af—p^y. 
The envelope is required of the variable circle 

Pi (1 +aaj+/3y) = (1 + a/) sec r, 
subject to the dirigent condition, that its centre moves on the conic, 

-X(a«+/30-(a-a)^ = (F,). 

The equation to the envelope is found, as in § 19, to be 

{(1+a/) secr-pi<l+a»)P4-aVj2/' = X (secr-pO». 
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But, since the dirigent conies are donbly confocal, 8, H being the 
common foci, 

i(\-l + a')=i(/x-H-6«) = i(i.-l+cO = d = -cotSir. 

The preceding equation to the sphero-cyclide may be written 

{«(p;+/'+l) + 2/-2c?}sec«r 

+ 2pi {2c?-(l + a/) «-/-a} sec r+2pj (os-c?) = 0. 

The quadrantal polars of the origin (1 = 0), and of the other common 
focus (x = d), are double cyclic arcs of the sphero-cydlide. 

The line of nodes [(1 +af) x+f+a = 2d'] is the polar of the centre 
of (/) with respect to the polar conic of (^i), 



(aa,+l)»+a»(l-l)y« = \. 



k 



23. Two other forms may be written, in which pj, g, h\ p„ h, c take 
the place of pj, /, a. It is proposed to obtain thereby another form 
of the quartic, in which the coefficients shall be functions of a, h, c, 
the tangents of the distances of the directrices from that common 
focus, which is the origin of coordinates. 

Equate the coefficients in the preceding and the identical quartic 

+2&p» («-(«) = 0, 
1 ^ af+l ^ hg + 1 af+l-X ^ hg+l—fi _ H 

»yK Px 9% CLpi 6p, y/K' 

The symbols H, K are introduced for subsequent use. 
These relations may be combined, so as to express pj in terms of / : 

Pi ^ (tt~&)Ca/-fl)+6X 
Pi o,H' 

After reduction, 

/'P!+/'(a6-l-2a<?)-2/(a-6)+a6-l-26rf = (1). 
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By symmetry, 

»'pj+/'(ac-l-2a(i)~2/(a-c) + ac-l-2cdj = (2). 

The symbols A, /x, v are retained, for convenience, as known functions 
of a, &, c, and d. 

Subtract (2) from (1), and reject the factor (6— c). 
(a/+l)«-\-.apJ (6+C-2C?) = 0, 
or (a/+iy+aVJ-X = (XpJ(a+6 + c-2(i). 

Multiply (1) bj^c, and (2) by h ; subtract, and reject the factor (& — c). 

(H-&c)pJ = (l + a/)«+\/». 
By eliminating pj, there results a quadratic, which indicates two ( Ji) 
circles, /*[— a&c— a+&+c+2(i (a6 + ac— 1)— 4acP] 

+ 2/(— 6c+a&+ac-l-2aci)-a6c-a+6 + c4-26(^ = 0. 
For brevity, write this quadratic 

4f«+25/+0 = 0. 
The following relations connect the coefficients : 

2Bd^A-0, B'-AO^^XfAv. 
Whence Af+B =^/(\fiv), 

A (af+l) =zA-aB+aV(\fiy) = X (h+c^2d)+a^(\fiv), 
— (l-X)-B = —Xb+c^2d'-A) = \+\ (h-2d) (e-2d) 
= \+A(l-;.)(l-v). 

We have the proportion above stated 

i^ ^\-L(i i!—\-TT 

a \ af+ll b \ bg + l! 

Substitute the preceding value of af+l, and a similar value of bg+l, 
H= [^(1-A») (!-»') +X + v'(XAtv)] [X(6+c-2d) + a^(V»')]-* 
= [£(!-") (l-X)+/«+ y(XH] |>(c+a-2<i)+6v'(Vr)]-'. 
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Dividendo, = lli:!:rA(i_^)_±. (i_x)] +\-A 

= {-(o-2d) (6-2i) (c-2d)-a-6-c+4i} 

wliicli is a symmetrical fniictioii. 
By the aid of this proportion, the coefficients may fce expressed. 
From the former proportions, 

(af+iy-\ = ap\(b+e-2d), and l(l-^)=H. 
' a \ aj+i/ 

Hence K = p\ (af+1)-* = — (b+e-2d)-^ [l-\ (a/+ 1)-»] 



= 1 (&+o-2i)-» [1- i (aH-1)'], 
by symmetry, 

= -1. (c+o-2i)-' [1- i- (6ff-l)'], 
dividendo, 

= [(7-T)^-M7-f)^+7-T](-'>-(-^)- 

= i (c-2d)-» [-(2a6d+o+6) Jff«+2 (a6+l) E+2d-a-b], 

by symmetry, 
=5 1. (o_2d)-i [-(26o(i+6+c) H»+2 (6c+l) ff+2<i-6-c], 

dividendo, 

= ?:i£ [_(26i+l) fl'+26H-l] [X (c-2d)-i' (a-2d)]-» 

= i [(26d+l) H'-26ir+l] fn- i (1-X) (1-v)] "', 
/x L ac J 
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by symmetry, 

= 1- [(-icd+l) H'-2cF+l] [l+ ^(1-x) (1 -A,)] '\ 

diyidendOy 

= 2ff(-cfH+l)[i(l-X)(l-,x)(l-.)+-^(l-^)+y(l-M) 

+ l(l-v) + 2cij"\ 

The equation to the sphero-cyclide may therefore be thus expressed 
symmetrically in terms of the tangents of the distances of the 
directrices of the focal conies : 

•i-(a+5 + c-2c«)sec'r ^(aj+^)secr+aj-d = 0. 

OoR. 1. — li a+h+c=i2d, the satellite-conic degenerates into the 
cyclic arcs. 

Cob. 2. — If K = 0, the sphero-cyclide degenerates into the line of 
nodes twice repeated, and the imaginary great circle. 

Cob. 3.— If JK:= 00, or (a-2ci)(6-2d)(c-2(i) + a4-& + c-4(^, the 
sphero-cyclide degenerates into two coincident conies, but retains the 
same cyclic arcs. 

III. On Sphero- Cartesians, 
24, To generate a Sphere- Cartesian by Laguerre's method. 
There are three concentric dirigent circles, 

<^+f = a\ (F,), x'+f=< W. <»'+y' = <h (-P'.)- 

And to these there correspond three co-orthotomic circles of inversion, 

1-jrfiX = ^isecr (Jj), l+f^x = t^secr (J,), 

l+fiX = tiBecr (Jj), 

where /i, /g, /g denote the coordinates of their centres, and ^i, ^j, ^3 the 
secants of the touching arcs drawn from the origin. 

The equation to the cyclide is found, as in § 18, or deduced from it, 
as the envelope of a variable circle, which cuts the (/) circles j 
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orthogonally, 

{A+t\- \) sec'r+2<, (/,»- -L) seor-<J (l+ \) = 0. 

Similar forms involve the constants /,, flfj, t^ ; /,, Og, ^g. 
By equating the coefficients of like terms in the equivalent forms, 

/> 2 ^2 /r 2 

1^1 = /,«, = /ga, = Oiajag, 

«i (aj-hl) = t, (aJ+1) = fg (a:+l) = y{(a?+l) (aj+l) (aj+l)}, 

o2a2, 22, 22, 22 . 

= 2aia,ag+a,ag+agaj+aia,— 1. 

The sphero-Cartesian can now be expressed in terms of the radii of 
the (F) dirigent circles 

{2a\a\a\^-a\a\^a\a\^-a\a\'^\) sec* r-(aj -hi) («,+!) (aJ+1) 
+ 2y{(a'+l) (aJ+1) (aj+l)} (aia,ag«-.l) seer. 

25. To express the radii of the (/) circles of inversion in terms of 
those of the {F) dirigent circles. (Casey on " Oyclides," § 244.) 

Let ^1, ^„ ^g denote the radii of the {J) circles i 

sec» ^, = 1±^ = (1+ 5^) (oj+l) (ol+l)-' («:+!)->, 
f, V a, / 

a, l+a, l+ttg 

This may be also expressed in terms of the distances pi, /)„ pg of the 
centres of the (/) circles 

tan'Ji = 1^^ . :f^^ = tan (p^-p,) tan (pi-pg). 

IV. On the Singularities of Sphero-cyclides. 

26. There is in all cases a pair of nodes, which may be real crunodes, 
or imaginary nodes; not acnodes. Thns sphero-cyclides are dis- 
criminated from other spherical binodal qnartics. 

When certain mntnal relations exist between the parameters, which 
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enter into their equations, there may be another node, crunode, or 
acnode, which unite in a cusp. 

Moreover, the two nodes in the line of nodes may unite in a tac- ' 
node ; and the two nodes (which are imaginary) may coalesce with a 
third (acnode) to form a triple point, of Salmon's special form 5°. 
{Higher Plane Gv/rves, § 243.) See below, § 30. 

Lastly, these two singularities, the tacnode and the triple point, 
may (in a special case) coalesce, and form a compound singularity, 
called a tacnode-cusp, of Salmon's special form 4°. 

27. To determine the mutual relation which subsists between the 
parameters in the equation to a family of sphero-cyclides, which have 
the same line of nodes and the same double cyclic arcs, when the 
sphero-cyclides are trinodal. 

This relation will be drawn as a first discriminating curve (DO* 




Fig. 3. 



Let this equation take the form 

= «:(l + (^aj) — (H-7?MJ+2?2/) secr-hXsec'r = 0, 

where ir, X are parameters, sec*r = l-faj' + y* in Gudermann's system, 

(1 = 0, l + c?aj = 0) denote the cyclic arcs, and (l+wuB+py = 0) the 

line of nodes. 

At a singular point, 

^ = 0, ^=0. ^^ 

dx dy • ,^H 

K 2 
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For the sphero-cyclide, 

Kd=:m seor+aj (l+mx+;py) cosr+2X{B, 
0= paecr+y(l'\-mx+py)co8r+2\y; 

whence K(2+dx)^ seer + (l+inx+py)coBr+2\, 

and Kdy = (my —px) sec r, 

•:(2+cto)= (l-^) seer. 
All the nodes in the family lie on the sphero-conic 

p \ a mf a 

The locus of (ic, X) may be drawn by points for snccessive values of 
X from +00 to —00. This curve (Dj) has a Newtonian centre, since 
the expressions for «:, \ both contain sec r or (1+ a?' +!/')*. 

It has six asymptotes \±j? = 0, 

1, 12 

when aj = -j. 

m d 

Kd'-2\x±m(lWy±x(l'\'mx)(l+x^y^^0, 

where x has two values from the quadratic 



It has a pair of points 



a 



which correspond to the infinite values of x, y (myszpx). It has 
four pairs of cusps. 

The line of nodes (l+mx+py = 0) will touch the'sphero-conic 

ic(l+cte)-X(l+aj»+2/»)=0, 
if (PpV+4 (m'+p'-^dm) a = 4 (m^'+p^ + l) \\ 

The two lines thus defined, as functions of k and X, both touch and 
cut the curve (DJ, as shown in Fig. 3. See remarks on FQ in § 28. 
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28. To determine the relation be-. ^ ^V^ /c 

tween the parameters, when sphere- . -^ , 

cyclides with coUinear foci are trinodal. 
(Curve A.) 

In § 27, jp = ; and the equation to a 
family of such quartics is 

K(l+dx) = (H-maj)secr+Xseo'r. 

The sphero-conic (§ 27), on which all the 

third nodes lie, is resolved into two great circles 

(L)y = 0, (II.)«=1— |. 

The Curve (Dj) in this case consists of two parts, according as 
(I.) y — 0, or (II.) l-fmaj + 2\ sec r = 0. 

I. When y = 0, if, X have the following values : 
K (dx^+^x-d) = (aj-m) (l+a;^)*, 
\ ((^»'+2aj-c?) (l+Q?y+md7?'\-2.m^+x+m-d = 0. 
Two pairs of linear asymptotes are given by the equation 

<c(l+c?aj) = (H-maj)(l+»')*+^ (!+«'), 
where x has two values given by the quadratic 

(2aj»+2aj-d = 0. 

A pair of cusps is determined by the value of x, which satisfies both 

the conditions ^ = 0, ^ = 0. 

dx dx 

By taking the logarithmic diflferential of ir, 
2dx + 2 __ 1 . . « 



(?aj'+2aj — (Z x—m l+aj'* 

Thatis, 2(aj+m) + c?(waj«-3aj^+3maj-l) = (A). 

Its discriminant is 4 ((P+l) {(m*— 1) d'\-2mY = 0. 

Let (? = 5, or tan^ = tan2ii, that is, let the distance 

1— w 
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the origin of the arc of nodes be half that of the cyclic arc 
Kd (aj-m) (x+—)- (aj-m) (1 +»*)*, 

2Xm(a5-m) (x+—) (1 -!-»')» 4- (»-m) (2mV+2waj+m«+l) = 0. 

There is but one solution applicable, viz., x = m, y = ; and conse- 
qnently it belongs to the subsequent Case II. The curve drawn with 
the values of ir, X, when the factor (x—m) is withdrawn, is in- 
applicable, and does not constitute a part of the Curve (D{). 

The cubic (A) has only one real solution ; it has no equal roots, 

when d = j, unless m = 1, and cZ = oo . Consequently, there is 

only one pair of cusps for each sphero-cyclide of this family. 
If the line of nodes (1+waj = 0) touch the sphero-conic 

*:(l + daj) a= Xsec'r, 

then mK (m^d) = (m'+l) X. 

If this ratio ic : X be substituted in their preceding values as functions 

of a?, (mx+iy {x(l+md)+m'^d} =: (B). 

Hence this line PQ ((c : X), in Figs. 3, 4, 5, both touches and cuts . 
Curve (A). 

To their point of contact there corresponds a sphero-cyclide with a 
triple point (see § 26) ; to their point of intersection, a quartic with 
a tacnode and crunode ; moreover, this line PQ discriminates quartics 
with real crunodes from those with imaginary nodes. 

II. For the second portion of Curve (Dj), when 

1 2 

a = r-, l+twaj+2Xsecr = 0, 

m d 

there results the hyperbola 

rn? dm' 

For all values of «c, X thus correlated, the quartic degenerates into two 
coincident circles, codiametral with the (a;) arc, 

l-|-waj+2X (l+aJ^+^z')* = 0. 

Cor. — For the sphere- Cartesian, the conditions for a third node 
other singularity are derived, when d = 0. (Fig. 5.) 



1884.] 



Mr. H. M. Jeffery on Sphero-Oyclides. 



135 



[29. To find the condition for a tacnode-cnsp in a sphero-cyclide. 

In this case the tangent at the cusp in the Cnrve (Dj) coincides 
with the line PQ, which therefore meets (Di) in three coincident 
points; the triple point unites with a cnsp in the corresponding 
qnartic. 

The valnes of d? in (B) are identical, if 2ind = w'— 1, or 

tan S+cot2/i = 0, or ^ + S = 2fi (p. 133). 

This value of d satisfies (A), the condition of a cnsp : 
(mx+l) {(mH3)aj«-4maj-|-(l-f-3m«)} = 0. 




Fig. 5. 
The two sphero-Cartesians 

sec'r=fc(l±a5) sec r = 2 
have each a tacnode-cnsp, when oj = =f 1 respectively.] 

30. To determine all the varieties of sphero-cyclides with coUinear 
foci by the aid of the first discriminating cnrve. (Figs. 4, 6.) 

Let the line POQ be first considered : for all valnes of the parameters 
If, X, for points above this line in the first quadrant, and below this 
line in the third quadrant, all such quartics have two crunodes ; for 
points on the other sides of this line, the two characteristic nodes are 
imaginary. At the points of inters.ection i?, /S, the quartics. 
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tacnode and crnnode ; at the points of contact P, Q, a triple point 
formed by tlie union of an acnode with two imaginary nodes.* 

To the cusp in this Curve (DJ there corresponds a cusp in the 
sphero-cyclide, besides the two imaginary nodes ; for points on (Dj) on 
either side olP the cusp, crunodes and acnodes correspond. 

For points (ic, X) on Curve (Di) above B, the Sphero- Cartesians are 
tricrunodal ; and for points beyond P, acnodal with two imaginary 
nodes. 

For points (ic, \) on either side of Curve (D,), the companion-curves 
become bipartite, or unipartite with folia. 

The outer lines in the second and fourth quadrants AB, OB are 
bounding lines : t.e., for points (if, X) thereon, the corresponding 
sphero-cyclides shrink to points; and for exterior points, none 
correspond. 

V. On the Points of Undulation in SpherO'Cy elides, 

31. To determine the mutual re- 
lation between the parameters, which 
enter into their equations, when 
sphero-cyclides have points of undu- 
lation, or the second discriminating 
curve (Da). 

At a foliitm-point, or point of un- 

dulation, f^ = 0, pL = 0. 
dx? dof 

Let these tests be applied to this quartic in its most general form 

(§27) Xsec'r-if(l + £Za?+ey) = (l+w«)secr (1). 

DifEerentiate thrice successively, and let 




Fig. 6. 



V- 



^§y 



dx 



2X (x+py)-'K(d+ep) = mseGr+{x+py)(l+mx) cosr (2), 

2X(H-i)«) 
=2m(aj+j9y) cosr+(l -|-j9')(l +maj) cosr— (aj+2)z/)' (H-maj)cos'r... (3), 

= m (l+p*) cos r-^m (x'\-pyy cos'r— (l+p*) (x+py)(i+rnx) cos' r 
+ (1 + mx) (x +pyy cos* r. 



• [This triple point discrimiiiates sphero-cyclides from other binodal quartics.. In 
the quartic K{l + dx)^ (1 +ma:)-v/(l +«'-y*) +X (1 +«^-y'), 

the triple point for the same critical values of k and X, as in the text, has one real, and 
two real coincident branches, caused by the union of a crunode with two real nodes.] 
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This last condition may be resolved into two factors 

(l+jp^)aec^r—(x+yp)\ and mBeo^r-(x+py)(l+mx) ...(4). 
The former factor is rejected, as it should be from its form 

' l+p^+(px^y)\ 

since sec' r = 1 + »' + y '. 

The second factor (4) gives the real condition : when substituted 
in (2) and (3), 

2\(x+py)'^K (d+ep) = 27nsecr (2), 

2\il+p^) seer = m {x+py)+{l+p^) (l+mx) (3). 

The elimination of k and X from (1), (2), and (3) gives another con- 
dition, (d+ep) sec'r [m (x+py) + (l+p*) (1+wkb)] 
-2 (x+py) (1+dx+ey) [m(x+py) + (l+p') (l+maj)] 
+2 (1 +p^) sec' r [2m (l+dx + ey)- (d+ep) (1+»/wj)] = 0. 

By the aid of (4) this eliminant may take the form 

2m{l+dx+ey) [(l+jp') secV-(aj+^y)'] 
= (d + ep)Qec^r [(l+p^) (l+wia?)— w(aj+i3y)], 

or a still simpler form by the aid of (4), 

2m(l+dai+ey)-(d+ep)(l+mx)=i0 (6). 

By eliminating p from (4) and (5), the locus of the points of undula- 
tion in a family of sphero-cyclides is seen to be a sphero-conic. 

2m^d+mdx+2iney = — [wi(l+y^)— »] (6). 

By giving y successive values from -|-c» to —oo , single values of a?, 
and therefrom of k, X, so that the required discriminating curve (Dj) is 
drawn. The curve (Dj) has the origin for a Newtonian centre, since 
If, X are determined as factors of seer or (l-f-aj'^ + 2/^)*. 

It has an asymptote, when 

d+ep=0; 
and 1+dx+ey = 0, ex+{m—d) y = me. 

For these values ic = oo , and X is known from (3). 
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It has a second asymptote, also parallel to the («) axis, when 
mdy + e = Of aj = oo, and ep=zd; 



for these values 



IC = 00, 



2X((P+e') = m(cP+2e^), 



There is a node at the origin, corresponding to the value 
(1+mx = 0), since it yields two values of y. 
Only half of the curve is drawn in Fig. 6. 

32. To determine the mutual relation between the parameters, when 
sphero-cyclides with collinear foci have points of 
undulation. Curve (Dj). 

In this case e = in § 31 ; and the locus of the 
points of undulation in such a family is a great 
circle, co-diametral with the (y) arc, 

2m—d+mdx = (6). 

The limiting values of y are oo and ; negative 
values of y give the same negative value oip from 
(4), and therefore the same points, since k and X 
are functions of 




(»+yp) and (1+JP')- 



Fig. 7. 



When y = 00 , ^ = 00 ; and ic = = X determines the origin. 
When y = 0, ^ = 00 ; and ic, X have these finite values, 



(3) 2\(l+x^y=l+mx; 



(2) 2Xm,i±^-c?if = 2m (1 +«»)*; 
1 + mx 



and the curve (D,) terminates abruptly. The origin is its centre. 

If d= 0^ the form fails, since (2) and (3) are incompatible, and 
by (6) m = 0. Sphere- Cartesians have therefore no point of undu- 
lation. 

The points of undulation are limiting forms of folia or depressions, 
characterised by two points of inflexion. Accordingly, for values of 
(k, X) on one side or the other of the Curves (Dj), in Figs. 6, 7, the 
companion sphero-cyclides have two points of inflexion or none. 



VI. On the Sphero-du'Cyclide, 

33. This is the polar or complementary curve of the sphero-cyclide ; 
its modes of generation and the forms of its equations are derived at 
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once by dualising (§ 36). It is a class-qnartic with two bitangents, 
real or imaginary, and therefore of the eighth order. 

The sphero-dn-cyclide has two double foci, which are the single foci 
of the focal conic of the sphero-cyclide. 

It is generated in four ways, as the envelope of a variable small 
circle, whose concentric great circle roUs on a dirigent sphero-conic 
(F), and which small circle is so related to a fixed small circle (tT), 
that their common tangents are quadrants in length. 

The four dirigent conies (F) are doubly concyclic ; their two com- 
mon cyclic arcs are double in the sphero-du-cyclide, thence generated. 

34. Def. — The quadranto-circle of a spherical triangle ABG has the 
common orthocentre of ABG and its polar triangle A'ffO' for its own 
pole, and is such that two corresponding sides BG, BtGf of the primi- 
tive and polar triangles meet each other and the quadranto-circle in 
points -4", Al\ which are 90° distant from A. 

The great circles, which are concentric with the four (/) small 
circles, taken by threes, constitute four spherical triangles, which are 
self -conjugate with respect both to the {F) conies and the (eT") circles. 
Bach triad has the fourth great circle for its quadranto-circle. 

The other properties of the du-cyclide are in like manner readily 
derived from those of the sphero-cyclide. 

35. The transformations of § 11 have their counter-part, in trans- 
forming from a sphero-conic to a sphero-du-cyclide. 

I. The dual formulsB (1), (2) become 

sinr= cos (r— ») sin J, tanr= 2 — - — - m 

cosecj9coseco— 1 

and of anallagmatic inversion 



l--tan£L 1-tan^ (l-tan-|.V 



.(2). 



l+tan-^ 1+tan^ (l+tani- 

II. If 17, F, TT denote the fixed circles Ji, /j, Jj, which have the 
property that their common tangent arcs are quadrants in length, 
and if the dirigent conic (F) be denoted by the point equation 

(a, 6, c,/, sr, A]j;a,fty)« = 0, 
then the sphero-du-cyclide, thence generated (§ 33), has an equation of 
the same form (a, &, c, /, g', ^ J 27, F, TT)' = 0. 
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The symbol U has the dual form of that given in § 11, 

17= cos ^P— cos ^j. 

AP now denotes the inclination of an arbitrary circle (£, >?) to the 
great circle (Z, w) concentric with (eT^), whose radins is -^r — ^i, and 

36. Universally in Analytical Spherics, the formulae of any curve 
are applicable to its dual or polar curve, by writing p\ q\ r, the line- 
coordinates of a great circle referred to A'B^C^ the polar triangle, for 
«> fiy y> *^6 point-coordinates of the dual point or spherical centre 
referred to ABO, the primitive triangle. 

In Grudermann's system, where the triangles ABGy A'B'G' coincide, 
being tri-quadrantal, — J, — i? must be substituted for oj, y, in dualising. 

All the equations in this memoir are equally applicable to this dual 
curve, when the point and line-coordinates are thus transformed. 

VII. On Doubly Bi-confocal Sphero-cyclides, 

37. Dr. Casey has Jipplied the methods of sphero-conics to sphero- 
cyclides by the transformation given in § 11. (" On Cyclides," 
§§ 270—273, 308—311.) 

I will apply it to transform the general equation of conf ocal sphero- 
conics Ip^+mq^+nr^+X (opP+hqQ+crB) = 0, 

and to prove that all sphero-cyclides, which have the same pair of 
double foci, but different single foci, pass through four concircular 
points, which lie on a small circle, whose pole or spherical centre is 
the orthocentre of the triangle of reference, or centre of the J circle 
from which it is generated.* 
We have to interpret 

a^lP-hb^V^+c^W^-2hcVWcoaa'-2caWUcosh'^2ahUVooBCy 



* [Doubly bi-confocal bicircular quartics and cyclides do not intersect. The 
function (ajpP+J^Q + ^i?), when quadrically transformed, gives the centre of /or 
the orthocentre of the centres of /j, /g* «^8 as a point-circle 

2 (aV cos^ A - 2befiy cos A cos j5 cos C^, 

not situate on the curve. A system of doubly bi-confocal Cartesians and Cartesian 
cyclides is expressed by the relation 8 <x D, where iS' is a circle or sphere, and D the 
distance of a point on the locus from the centre of the (F) focal circle or sphere.] 
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where, by § 11, II., in Dr. Casey's notation, 

p a Uo: cos at^coa aPcx, /a sec a— a , 
q a Fa /i sec 6-/3', r a Tfoc /Lt sec c— y'. 
For brevity, fx stands for y (cos a cos 6 cos c), 

6va = aa + &/3 cos c + cy cos 6. 
Hence P = a])— feg^ cos 0— cr cos Boofjtv cos B cos 0— 6t;a, 
QcK fjiv cos (7 cos ^ — 6t;/3, Bcc fxv cos -4 cos 5— Guy. 
Here also, for brevity, v denotes tan a tan & tan c, 6v = a& sin G, 

apP+ hqQ+crB a a (fi sec a—a) (jjtv cos JB cos 0-^6va) 
+ 6 (fi sec 6-/3') {fiv cos cos -4— 6v/3) 
+c (fJL sec c— y') (/uv cos A cos B— Gvy) 

a (6vy + ahc (tan a cos B cos 0+ tan h cos cos ^ + tan c cos ^ cos JB) 
— 12v>/(cos a cos 6 cos c) (a tan a+/3 tan 6+y tan c). 

This is the equation to a small circle, concentric with the J circle 
of §13. 

ahc S (tan a cos B cos 0) = (6t;)'— a&c tana tan h tan c cos -4 cos B cos 0. 
The reductions nsed here depend on the identity 

tan h cos 0+ tan c cos B = tan a (1 —tan h tan c cos 1? cos G), 
The transformed equation to this family of sphero-cyclides is 
I (/u sec a — a')'^+w (/* sec h—^'y+n (/u sec c — y')' 
+X {2 (6vy+ahc tan a tan h tan c cos -4 cos B cos (7 

+ 12v/i (atana+/3tan6+ytanc)}^ 

The small circle intersects the sphero-cyclide in four points, and 
not in eight, unless the antipodal points be added, since, by expressing 
the constants in terms of 2 a tan a, the first line becomes a sphero- 
conic. 

[38. Sphero-cyclides are cut by planes in four concircular points. 
As in § 37, any sphero-cyclide (§6) 

a sec* B+(bui+Vi) Bee E-\-v^= 
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is intersected by any circle, 

BecB = lx+my-\-n = w, 
in the same four points as the sphero-conic 

aw\+(hui+Vi) Wi-hv^ = 0.] 



Errata.— In § 4, read " The line of nodes in the sphero-cyclide is the polar of 
the centre of any {J) circle with respect to the polar conic of the corresponding {F) 
focal conic." 

In § 6, Cor., read ** If the cyclide has the imaginary circle at infinity as a cuspidal 
edge, or iiv^ = e {z^ + z^ + di/^, the generated sphero-cyclide is called by Dr. Casey 
a Sphero -Cartesian .' ' 

Prof. Hart has already published his Memoir on the " Five Focal Quadrics of a 
Cyclide," in the Meisenger of Mathematics, Vol. xnr., pp. 1 — 8. See § 6. 



On the Limits of Multiple Integrals* By Hugh MacColl, B.A. 

[Read November Uthy 1884.] 

In my first paper on the ** Calculus of Equivalent Statements " 
(Proceedings, Vol. ix., Nos. 124, 126), I showed how the limits of in- 
tegration in a multiple integral might always be ascertained whenever 
we had enough data for the purpose. I now propose to show how the 
expression of the limits thus ascertained may often be simplified and 
reduced to a form more convenient for integration. 

Definition. — When we have an elementary statement of the form 
^rn'.n or ym\n^r*.$ Or Zm'.nVr'.t ^uWf &0., presenting the nearest limits (or 
true limits of integration), we may, for brevity's sake, take any of 
these symbols to denote, not the statement itself, but the integral 
which has the limits of integration indicated by the statement. 

Thus ym'.n^r'.i wiU be a mere abbreviation for 






dx. 
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From this definition we get the following self-evident rules : 



JbtULE 1: 




^m'.n= — «n'.w, 


and so on. 


y«' 


.n ^K* = — J/n'.m «r'.« = Vn'.m ».'.r , 


Rule 2 : 




a^n'.. = 0. 


Rule 3 : 




^m'.n + ^r'.B = »m'.« + »r'.n ; 



and, generally, in adding any number of integrals of the same func- 
tion and variable, the superior limits may interchange their inferior 
limits in any order. 

and so on for any number of terms. 
As an example of the application of these rules, take 

VvA (aJsM + »a'. + (2/3'. i + Vr. *) »i'. a- 
Applying Rule 3 to the bracket integrals, the expression becomes 

VsfA (%.4 + «2'.l) + (2/3.4 + 2/2'. l) «1'.3 = 2/3MaJs'.4 + 2/2M«l'.2; 

for the two terms omitted cancel each other by Rule 1. 

As another example, take 

^v. yv. ^2'. + «i'. yy. ^v. 2 + ^2'. 2/r. 2 ^v. 2 • 

By Rule 4, we can put this into the form 

Zv. Vv. (»2'. 1 + »i'. 0) + «i'. (2/2'. 1+2/1'. 0) »i'. 2 + («2'. 1 + ssv. 0) yr. 2 «i'. 2 . 

Multiplying out and cancelling (as in the preceding example) those 
terms which destroy each other by Rule 1, we get 

^1'. y\\ ^v, — «i'. 2 y 1'. a ^1'. 2 • . 

When the data from which we have to find the limits of integration 
involve literal constants, this circumstance often gives rise to different 
cases, the solution being different for each case. 

When we have found the limits of the variahhsy we must then 
apply the same process to the constants^ and determine their 
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also. In this way we shall separate the cases. Suppose, for 
example, the final result to be 

in which 17, F, ^^^ ^ are each expressions of the form 

while a is a constant. Multiply the above final result by ai+ai,y and 
we get ai {U+W) + a^. ( F+ Tf). 

This asserts that 27+ W is the proper expression for the integra- 
tion when a>ai, but that F+ W is the proper expression when a is 
less than o^. 

Next, suppose the final expression to be 

Multiply by (01+ a^) {a^+ch')} and we get 

ai,2(V+W+Z)+a,.,iiW+Z) + ai..2iV+Z)+a2',i.iU+Z). 

This asserts that V+ W+ Z is the proper expression for the integra- 
tion when Oi and a, are both inferior limitg^.Qf a ; that W+Z is the 
proper expression when a is greater than o^ and less than a, ; and 
so on. " 

The cases Oj/. 1 and ai/. 2 in the above example are contradictory. 
When mere inspection of the table of limits is not sufficient to show 
which case must be expunged as impossible, we must have recourse to 
the formula »„»/.„ :p (a — a^). 

Since the transformations and simplifications, founded on Eules 1, 
2, 3, 4 of this paper, are independent of any particular table of limits, 
it is evident that they may often be greatly facilitated by diagrams 
representing merely rectangular areas or volumes, without having 
recourse to curves or representations of curved surfaces. One or two 
simple examples will sufficiently illustrate my meaning. Take the 

expression yj'. 1 «i'. + ^j/r. \^\\+ J/v. «2'. 1 • 

Fig. 1 makes it evident that this is identical with the simpler ex- 
pression 1/2'. 1 »a . + Vr. «2'. 1 > 
the elementary area containing the double plus representing the 
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middle term of the original expression. Suppose we had taken the 






+ + + 



Xq Xi X^ 

Pig. 1. 





- 


+ 


yo ■ 








- 


+ 




+ 


+ 


yi 







^2 ^0 

Pig. 2. 



a?i 



order of the limiting lines given in Fig. 2, we should have obtained 
our signQ thus : 

Observing the usual convention as to signs in regard to lines and 
areas, the first term yj/.i ^v.o of the original expression directs us to 
insert a phis in each of the right-hand two elementary areas which 
make up the whole positive area y2'.i i»i'.o« The second term 2y2M»2/.i 
directs us to insert twice a mimis sign in each of the four elementary- 
areas which make up the whole negative area y2M«'2M» The third 
term 2/i/.oi»2M directs us to insert a,plti^ sign in each of the two bottom 
elementary areas which make up the whole positive area yi/.o a52'. !• The 
whole collection of signs will then appear as in Fig. 2. Cancelling 
now the double sign ± wherever found, Fig. 2 will then assume the 
simpler form exhibited in Fig. 3, which makes it evident (as before) 
that the simplest expression for the area is the two-term expression 

2/2-^. 1 ^'. + 2/2'. ^2M • 

It is also clear, from Fig. 3, that the expression may also be put into 
the form 2y2'.o ^2'. o+yiro ^o\ 2 + 2/2'. o ^o'. 1 > 

which is not so clear from Fig. 1. 



yo- 
yi- 



a?2 iPo 
Pig. 3. 



- + 

+ + 



a?i 



a?2 a?3 
Pig. 4. 



«4 



Take next the expression illustrated in Fig. 4. At first 
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does not look as if this could be expressed in fewer than four terms ; 
but place a double sign ± in the central blank elementary area, and 
it then becomes evident at once that the expression may be put into 
the simpler form 

2/£Mi»4'.2+2/l'.8»l'.8. 

Of course, all simplifications thus obtained by mere inspection of 
rectangular areas, or (without the aid of diagrams) by the preceding 
symbolical rules of reduction, hold good for all possible tables of 
limits, and therefore for limits the true representations of which 
would be curves, and not straight lines. It sometimes happens, how- 
ever, when we come to actual integration, that, of two equivalent ex- 
pressions, the one involves imaginary quantities, while the other does 
not. The final result, however, will be the same, whatever expression 
we take ; for, in such cases, when imaginary quantities enter into our 
integration, they will always be found to vanish afterwards by can- 
celling. 

In the case of three variables, as the elementary volumes which 
collectively represent the whole integration cannot generally be all 
exhibited to the eye, we cannot adopt the plus and minus system of 
marking which has just been illustrated in the case of areas. The 
following method is the best substitute that I can think of. 

Let the symbol m'n'r marked on the top block of a pile indicate 
that the m^\ n^, and r^ blocks of that pile (counting upwards from 
the bottom) form parts of the integration, but that no other block of 
that pile (or column) forms part of it. A dot above a number asserts 
that the block indicated by that number is to be taken positively, while 
a dot hehw a number asserts that the block indicated by that number 

is to be taken negatively. For example, 3*4*5 
(which refers to blocks of the same column ; see 
Fig. 5) asserts that the third block (counting up- 
wards) is taken twice positively and once nega- 
tively ; that the fourth block is taken three times 
positively and twice negatively ; and that the 
fifth block is taken once positively and once 
negatively. Evidently, therefore, the above 
symbol may be replaced by 3-4, which asserts 
that the third and fourth blocks (shaded in Fig. 6) 
enter positively into the integration, the other 
blocks of the column being left out of account. 




Fig. 6. 



As an illustration, let it be required to simplify the expression 



^s'.o yy.o^Ks +%o yr.8«i'.8+«8'.oyi'.o»8'.o« 
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Considering upward, eastward, 
and northward as tlie positive 
directions, and their opposites as 
the negative, we shall obtain the 
result given in Fig. 6. Cancelling 
the double-signed (and therefore 
zero) volumes 1 * 2 and 1, we shall 

have left the positive column 1 • 2 
and the negative block 2, expressed 

^J %. y 1'. ^V. — «^3'. 1 2/8'. 1 %. 1 J 

which is the utmost simplification 

of which the given expression is 

capable. The same result may, of 

course, be obtained, without the aid of a diagram, by the preceding 

rules, but, I think, less readily. 

Note, — In evaluating multiple integrals of the form z^'.nyr'.t^u'.v 
and (», y, z) Zm'.nyf.s ^w.v, the following notation would, I think, be 
convenient : 

Let the symbols («) x^'.n and x^'.n^ (a?)* which differ only in ar- 
rangement, have different meanings by virtue of this difference of ar- 
rangement. Let the former denote the value of the integral \dx(^ (oj), 
when taken between the higher limit x,^ and the lower limit x^ ; and 
let the latter denote ^ (»„,) — <p (Xn)- 

For example, let J c^a? (x) = \p (x). According to the proposed 
convention, we should have 

(i») af„^,,n = i^tn'.n ^ (^) = ^ W — «A (»n) • 

As a simple illustration, suppose we are required to evaluate 
Zv.2 yv.2^i'.o with reference to the accompanying table. 



^1 = 2/ 



2/i = » 

2/2 = & 



»! = a 



The full process would be as follows : 

«i'.22/i'.2a5r.o = (y—c) 2/r.2 a?i'.o 

— yv.2(hy^—cy)xi.,o 

= ii^^—cx - ^h^ + he) aJr.o 

= iKi'.o dx^—^cx^ — ih^x+hcop) 

= i^' — 1 aV — ^ah^ + dbc» 
l2 
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The ordinary symbols of integration might tlms be dispensed with, 
while the successive steps of the integration would be exhibited in 
their natural order and without a break. 



On Quadric Tramsformations.^ By Mr. W. Spottiswoode, P.R.S. 

A quantio is said to be transformed when the variables originally 
contained in it are replaced by others, and the transformation is called 
linear, or quadratic, or of a higher degree, according as the equations 
connecting the two sets of variables are of the first, or second, or of 
higher degrees. The transformations usually considered are linear, 
whereby, for example, a rational homogeneous function 27 of », y, is 
transformed into another of the same degree in {, ly, either by a sub- 
stitution of the form 

{ : >/ = Ix + my : tx'\-rny, 

or by a substitution of the form 

The theory of linear transformations has, as is well known, been in- 
vestigated by Boole, by Sylvester, by Cay ley, and by many others ; 
and notably by the last-mentioned mathematician in his classical 
"Memoirs on Quantics *' (Phil, Trans., 1866, et seqq.), 

Tchimhausen's transformation is an instance of one of a higher 
degree ; and the substitution is of the first form, viz., it is as follows : 

^:„ = 7:r, 

where F, V are homogeneous functions of x, y, of a given degree n. 
And, if 27 be the given function of a?, y, which is to be the subject of 
transformation, the process is effected by eliminating aj, y from the 

equations Z7=0, i;F-4F=0; 



* Some papers by the late Mr. W. Spottiswoode, P.R.S., which had apparently 
been written with a view to their being brought before this Society, were, at the 
instance of the Council, submitted to Prof. Cayley for him to report upon the 
advisability of their being printed in the Proceedings, In accordance with Prof. 
Cayley' s report, the following portions, which have been kindly edited by him, are 
printed here. 
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and the result, say ^ = 0, will clearly be of the same degree in J, tj 
as was U in x, y. This done, we may calcnlate the derivatives (in- 
variants and covariants) of TT, and examine the relations between the 
derivatives in question and those of 17, F, V\ taken separately or 
in combination. 

But, precisely as in linear transformations there are two forms, one 
in which J, rj are expressed in terms of oj, y, and the other in which 
X, y are expressed in terms of {, rj (which forms may be termed com- 
plementary to one another) ; so also in higher transformations there 
are two forms, one expressed, as above, by Tchirnhausen's formula, 
and the other by the formula 

x:y = Y:Y\ 

where Y, Y' are homogeneous functions of {, % of a given degree. 
And, even although there be not at present any applications of the 
latter method whose utility is immediately apparent, it may still be 
a legitimate problem to calculate the derivatives of W, and to examine 
their relation to those of U, Y, V. This is the subject proposed in 
the present communication, wherein, however, I confine myself to 
quadratic transformations, and in fact to an elementary instance of 
such. 

The question, in the case of a Tchimhausen transformation, was 
noticed by Prof. Cayley in a paper entitled " An Example of the 
Higher Transformation of a Binary Form *' (Mathematische Annalen, 
vol. IV., p. 359), and it was more fully investigated, especially with 
reference to quadratic transformations, by Gordan, in a paper, " TJeber 
die Invarianten binaren Formen bei hoheren Transformationen '' 
(OreZZe, vol. Lxvii., p. 164). In connexion with the same subject, the 
following Memoirs may also be mentioned : — Hermite, " Sur quelques 
th^or^mes d'algebre, et la resolution de T equation du quatrieme 
degre" (Gomptes Bend/us, vol. xlvi., p. 961, 1868) ; also, Cayley, " On 
Tchimhausen's Transformation " (Orelle, vol. lviii., pp. 259-262, 263- 
269, 1868, and Phil Trans,, 1862, pp. 566-678). 

The case which we first propose to examine is the simplest, viz., 
the quadratic transformation of the quadric. Let the quadratic be 

U=ia,b,c)(x,yy (1), 

and the equation of transformation, or the transformant, 

ai : y = (a, /?, V)(«, VY : («', ^, y') («, vT, = V: V (2). 

But, before proceeding to the actual transformation, it will be 
venient to enumerate in detail the quadrics in x, y ', as well aa 
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in {, ij ; together with the several derivatives which will occur in the 
seqnel. 
Adopting the following notation, 

Z) = oc— 6', 

2A' = ay'+a'y-2j3/3', 
A" = «V-|3^, 
D = 4 (AA"-A'»), 
B:=aA+26A'+cA", 
then D is the discriminant of Z7, 

A ,. „ y, 
A" „ „ r, 

2A' is tHe intermediate of A, A", 
D is the resultant of F, V\ 
K is the intermediate of D, D; 

D is also the discriminant of a qnantic U\ to be hereafter 
particularised. 



Further, putting 
we have the relations 



a,i3',y'i 



= A, B, G, 







aA + fiB + yG= 0, 




a'A+li'B+y'C = 0, 


and 


MC-ff = 4 (AA"-A«) = D ; 


also, putting 




c, -26, a 
A, 2A', A" 


= P, Q, R, 



we have the relations cP— 2&Q+aJB =0, 

AP+2A'G+A"E = 0, 

and PE-Q« = Dn-JS:^. 

This being premised, if we write the transformant in the follow- 
ing form, 

(ay—a% /52/-/3'aj, yy—yx) (4, t;)' = 0, 
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and then form its discriminant V with respect to {, i;, we shall find 

which is in fact the function, whose discriminant is JQ, mentioned 
above. 

Following the course pursued bj Cajley in his " Fifth Memoir on 
Quantics," and considering first the quantics in aj, y, we have the two 
quadrics U, IT; their discriminants I>, JD ; the connective of D, Q, 
viz., K\ the resultant of the two quadrics, 8 ; their Jacobian ; an 
intermediate Y ; and, lastly, the discriminant of the intermediate. 
Among these, the values of U, 17', D, Q , JK" have been given above. 
Also it will be found that 

= l(P,Q,E)(aj,y)«,. 
and, if the intermediate be 

Y = (Xa+iuA", \&-/iA', Xc+/xA) (», y)', 
then its discriminant will be 

If the two quadrics are harmonically related ; that is, if their four 
roots are harmonically related ; then 

-s: = o. 

If they have a common factor, then 

and the latter form expresses also the condition that the Jacobian shall 
be a perfect square, as was shown in the case of any two quadrics 
harmonically related, by Oayley in the Memoir above quoted. 

Turning now to the quantics in $, ??, we have the three quadrics, 

viz., F=(a,i3,y)({,i;)», 

r = (a, /3', /)({,!;)', 

F"= {ay-ax, Py-fix, yy-yx)(i, ri)\ 
and, since the invariant of these, viz.. 



a, a , ay — ax 
(i, ly, liy-li'x 

y. /. yy— y'» 



= 0, 
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yanislies identically, it follows that there is a sjzygetic relation be- 
twden T, F', V ; and therefore each quadric may be considered as an 
intermediate of the other two. The three qnadrics are then said to 
be in involution ; that is, the six roots of the three qnadrics are in 
involution. 
K to these three qnadrics we add the Jacobian of F, F, viz., 

we shall have four qnadrics. Further, if the roots of these be repre- 
sented by p, p' ; q, q' ; r, / ; 8, s' ; then the sets p, g^, r, 5 ; p\ q\ r', 8 
will be homographic, if 

IjP*/* pp' =0. 

1, r, /, rr 

1, «, «', 88' 

which condition may be wntten also in the following form, 
V-V\ 1> i>+i>', pp' = 0. 

q-i, 1, q^q, qi 

r^r\ 1, r+T^ rr" 

8-^8% 1, « + /, 88* 

But, multiplying the four lines of this determinant by o, o', ay —ax, 
(7, respectively, and substituting from the expressions for F, F', F", O, 
the condition takes the form : 

= 0. 



x/Za, 



i3, 



y 
r 



y-A", a, 

\/^^', ay-o'aj, /32/-/3'a>, yy— ya; 



^/-D, 0, 



-^, 



Then, writing for (line 3), -y (line 1) +aj (line 2) + (line 3), the deter- 
minant may be reduced to the following form: 



(-yy-A-f.ajy-A"+v'-ir) 



= 0, 



or 



li^^rstf 



a, -p, .1 

(-y^/ZA4.a,V^=^'+^/^^^) D = 0. 
it factor vanishes, we may transpose the last term, and then 
sides of the equation. We shall then obtain the following 
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expression : 

2/*A - 2xy V^Er + aj«A"= ^/'A- 2aj2/A' + aj*A", 
whence also AA"- A'^ = J D = 0. 

Therefore, the condition that the roots of the four qnadrics may form 
a homographic system is D = 0; that is, the qnadrics F, Y must 
have a common factor. 

To calculate the anharmonic ratio of F, F', F", O. From the 
quadratic equations for j?, q^ r, s respectively, we have 

q^{'-P+^r^l :a, 

s = i(P+\/^) :(7, 

and whence 



q—r = {— /3'(a2/— aaj)+a (j3y— /3'aj) + (ay— aaj)\/— A"— aV— U"} 

: a (ay— ax) 
= {-(72/ + (ay-o»)\/-A''-aV-^} : a (a2/-a'aj), 

r-p = {—a (/jy— /J'aj)+/3(ttt/— aoj) — (ay— o'aj)^— A+oV^— Z7'} 

: a (ay— ax) 

= { Oaj-(a2/-a'aj)y-A + ay-ir'} : a (ay-ax), 

jp-g= {(7+o'\/^-aV'^=rA^} : aa, 

= {2aA'- 2o'A + 20\/^-a\/^=^} : 2aO, 



g-5 = {-20/3' + 2ay^^-a:B-aV^Ha} : 2o'a 

= {2aA"-2a'A'+ 20\/^=^'- a V^D } : 2a'0, 

r-«=={-2a(i%-/3'aj) + 20y:rp'_p(ay-a«)-(oy-a'aj)y^ 

: 2(7(a2/— o'a?) 



= {2(aA'-aA")y + 2(aA'-.o'A)aj+20y-Z7-(a2/-aaj)v'^Ha} 

: 2G (ay-ax); 

and the anharmonic ratio will be expressed by any of the following 
ratios : 

(q-r) (jp-8) : (r-p) (q-s) : (p-q) (r-s). 
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EacH of these products has for its denominator the quantity 

2aa(ay — ax), 

which may therefore be discarded. Taking the first two of the above 
products, we shall have as the expression for the anharmonic ratio 
the following : 

{ - ^2/ + (ay - o ») V^^^' - a V^^} 



X {2aA"- 2a A' + 20y ;=^'-aV^^}. 
If the system be homographic, then, as was shown above, D = 0, and, 

±G =av/^-.ay-A", 

± y-_ [r=: y vdA-ojy— A" ; 



and, if we take G with the negative sign and ^/—U' with the positive, 
we shall find that each of the factors of the anharmonic ratio will 
vanish, as they should, because the four quadrics have a common 
factor, i.e., p = q= r=^ s. 

If we give the positive sign, retaining also the positive sign for 
v—U\ we shall find that 

-Gy + (ay - a'aj)y^rA^'-a v^^r^'= 2y (aV^^^A^'-aV^), 

^Gx+(ay-ax)^^ -o a/- 17'= 2x (av/^^'-a-/^), 



\ 



2 (aA' - a A + 0^- A) -a V'^ = 4 (aA'-a A), 

2 (aA"-a'A'+Ov^^^^')-« V^^= 4(aA"-a'A'). 
Hence the anharmonic ratio of the roots not common to the four 
quadrics will be 

= — 2/ (aA'— a A) : x (aA"— a'A') 
= y («' , JS', y) 03, -a)« : X (a, ^, y) (^, -a')'. 
We now proceed to the transformed quantio itself. If we substitute 
in - 'U={a,l,c){x,y)\ 

by means of the transformant 

» : y = (a, /3, y) (J, .,)' : (a'. /3', y') (?, ,)' = 7 : r, 
we shall obtain the result 

W= (a, b, c) {(a, /3, y) ({, ,)', («', /y, y') («, ,)'}', 
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and, if this be developed according to powers of 5, v, we shall find 
W=z (a, &, c) (a, a )* P 

+4 (a, 6, c) (o, a') (i3, Z^') «„ 

-h2{(a, &, c) (a, a') (y, /)+2(a, &, c) ()3, /?)«} {«„' 
+4 (a,&,c)(/3,/3')(y,y) 4 .,» 

+ (a, &, c) (y, y )• i?*. 

It is proposed to calculate tlie invariants and covariants of TF, and 
to express them in terms of those of IT, F, V. 

Writing W = (a, b, c, d, e) ({, j?)*, 

and putting 

(a. h, c) (P,iyy = B, (a, 6) (fi, (¥) = £;, (&, c) (/3, /T) = 5J, 

we have a = (a, 6, c) (a, a')', 

h = Bia+B'ia', 
o = B+iK, 
i=B,y+B{y'. 
e = (a, &, c) (y/)'. 
Now ae = a» (A+i3»)'+4*» (A+/3»)(A"+/S'») +6* (A'+iS^)' 

+4a6 (A+ZSOCA'+jS/T) +46c (A"+/3^)(A'+^/3') 
+ 2ac{(A'+/3/3')'-2 (A+/3') (A"+|3'«)} 
= {a (A+/?)+2/3 (A'+/3i3')+c (A"+D}' 

-4 iac-V) {(A+|3')(A"+|3'»)-(A'+/3|3')«} 
= (ir+B)'-4D(AA"-A''+A/3^-2A'jSj3'+A"i8»); 
-4M = -4 {^ (A+|3») +25,BJ (A'+iS/y) +5;^ (A-M-ZS-^)} 
= -4{A^+2A'5,£J+A"P?+£'}; 
8o» = 3B»+255:+i^. 

Hence 
ae-4bd+3o' = iK'+4BK-W (AA"-A'»+Ai3'»-2A'j3/3'+ A"/3») 

-4(A^+2A'5,5,'+A"B?). ^ 
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But A55 + 2A'BiB;+ A''^;* = A (a'/3»+2a6 /3/r+6'/3'^) 

+ 2A' (ab ^+iae+ b*) /3/3' + bcfi'') + A" (b'(i' + 2ic/3/3' + c»/3'*) 
= (aA + 26 A'+ cA") (aj3' +26/3/3' + 0(3") - {ac -b')(A"l?- 2A'jS/3' + A/3'') 

= 5£:-D (A/3''-2A'/3/3'+ A"/3»). 
Hence ae-4bd+8c» = |£?'-DD. 

We next come to the qnarticovariant, -which may be thus expressed : 

(ao-V), 2(ad-bc), ae+2bd-3<^, 2(be-cd), (ce-d»5 (f, ,)*. 
Now 

ac-b' = ia^+2haa'+ca'*) iB+iK)-iB\a?+2BiB[aa'+B?a'^) 
= D(a/3'-a'i3)'+iZa. 

Next ad— be ; this is 

= (aa'+2baa'+ea'^ (.B,y+B[y') - (B,a+B{a) (B+^E) 

= aB, (A+/3')o+aBi (2A'+2j3/3'-a'y)a 
+ 26S, (A+j3') a'+2bB{ (A"+/3'») a 
+ cB, (2A'+2/3/3'-a/) a'+cBJ (A"+^'=) a' 
- B,iB+\K)a-B{(B+\K)a' 

= aBi (A+/3») a+2aB'r (A'+^/3') a-aS; (A+/3») a' 

+2bB, (A+/3') a'+26JBKA"+|3'') a 

+26£i (A'+/3/3') a' + cB; (A"+i3'') a'-cB, (A"+/3'») a 

-Bi (£+i£^ a-£; (£ + J£^ a' 
= {aP, (A+/3') +2aB( (A'+/3/3') +26£| (A"+)3'>) 

-cB,(A"+/3'')-A(5+iZ)}« 
+ {-aJ5I (A+/3»)+26Bi (A+/3»)+2cB, (A'+/3/3') 

+ cBJ (A"+/3'^)-B,' (5+i^)} a'. 
But 2bB'i-cBi = 6P,'-D/3, 

26B,-aB; = 6B,-2)j3'. 
Hence aPi/3»+2aB,'/3/3'+26B;j3'»-cB,/3'»-BiB 

= a (B,/3+5;/3') /3+B.5,'/3' -Dpfi'^-B,B 
= afiB+bl3'B-BiB = 0. 
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Hence the expression in question 

= {aBiA+2aB;A'+6B|A"-I>/3A"-|ZB,} o 

= {(a''A+2a6A'+6'A"-DA"-i&)/3 

+ (o5A + 2a<5 A' + 6cA" - ^Eb) j3'} a 
+ {(6cA"+2acA'+a&A-|JS2.)j3 * 

+ (c»A"+26cA'+6'A-DA-iZc) /3'} o' 
= 2 {(ia£:-DA") /3+(i6Jr+2)A') /3'} o 
+2 {iftj: + DA') |3 + (icK- DA) 13} a' 
= 2(iaS:-Z)A", i6£:+DA', icET-DA) (o, a') (/3, ^') 
= -2J>{Aa'jS'-A (u/3'+a'j3) + A''a/3} +120), 
or, finally, ad-bc = -2I>(a/3'-a'j3) (ya'-y'a)+|Z6. 

Next ae+2bd-3o'; 

here ae = (B+Ky~Da -4D (A/3'»-2A'/3/3'+ A"/?), 

2bd = 2BK + 2F -2D(Aj3^-2A'/3/3'+A"j3«), 
-3c' = - Sff-2BK-iK'. 
Hence 

ae+2bd-3c» = |S:'+2BS:-I>n -6I> (A/3'»-2A'/3/3'+ A"/?') 
= - 4D (AA"-A'»+A/3''-2A'j3/3'+A"/3') + 2c^ 
= I>{(ya'-y'a)»+2(o/3'-a'/3)03y'-j3'y)}+i6c£:. 

The remaining terms be— cd, ce— d' are of coarse obtained by a mere 
interchange of letters ; and, substituting the foregoing values, we find 



Quarticovariant = D 



*+iKW 



«, p, y 

where, as above, H is the Jaeobian of F, V. 

The next derivative which we have to calculate is the cubinvariant, 
ace— ad'— b'e+2bcd— c*. 
This, multiplied by 3, may also be written thus : 
e (ac-W)-2d (ad-be) +c (ae+2bd-3c0-2b (be-cd) +a (ce-d*), 
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and, substituting herein the valnes fonnd above, this expression will 
become 

= e(ac-b»)(a/3'-a'i8)» +i&eK 

+2d (ac-b*) (aiy-a'0) (ya'-y'o) -fbdS: 

+ c (ao-V) {(ya'-y'a)»+2 (a/3'-a'/3) (/3y'-/3V)} + 2c»Z 
+ 2b (ac-V) (/Sy'-ZTy) (ya'-y'a) -ihdK 

+ a iac-b*) (/3y'-/3'y)' +iaeK 

= D (a, c, e, d, c, b) (.1, B, Cl)*+^K(iE}-Dn). 
But (a, 0, e, d, o, b) (A, B, 0)* 

= (aJ.+hB+oO) A+(hA+cB+dO) B+icA+AB+eO) 0, 

and AA+hB+cG= (a, &, c) (o, o')' A 

+ ia,b,c)(a,a')(l3,(3:)B 
+ (a,b,c)(a,a')(y,y')0 
-i {(«, b, c)(«, «')(y, y')-(a. &, c)03, /J-)*} 
.=-iKG; 

and, following the same process with the other terms, we should find 
that the whole expression 

= -iK(4A.0-B^=- iKD . 

Hence, finally, the cubinTariant in question 

= -^E (8E*-3I)n). * 
The cubicoyariant may be written thus : 

{a (ad-be) -2b (ao- V) } ? 

+ {a(ae+2bd-3c»)-6c(ac-b')} fij 

+ {a (be-cd) - 2d (ac-V) } W 

+ {-d (ad-be) +b(be-cd)} ^q* 

+ { -e (ad - be) + 2b (ce- d»} ?v* 
+ {-e (ae+2bd-3c')+6o(oe-d')} «7' 

+ {-e (be-cd) +2d(ce-d')} v 
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Now, referring to former values ; 
a(ad-be)-2b(ac-b') 

= -DG(,a.B+2hG), 
a (ae+2bd-3c')-6c (ac-b*) 

= aZ) {B'+2ACI) +2a(iK-6oDCP-2aoK 
= D {-a.(U.G-B') + 6C {&A-0OJ} 
= QBG i&A - cO) - aPD , 

a(be-cd)-2d(ac-b') 

= -aD4B+|adZ-2dI»(?-iad£: 
= -Z)(ailB+2d(P), 

-d (ad-be) +b (be-cd) 

= BABG-\hdiK-BhAB+\hdiK 

- BB idiG-hA), 
-e(ad-be) + 2b(ce-d*) 

= DeB(7-|beJK:+ 2D b^' + i\»K 

= D(eJ5C+2b^'), 

-e (ae + 2bd-3c') + 60 (ce- d^ 

= -Z)e (^+2^0)-2oe£:+6cI>^»+2ceS: 
= - QBA (eO- cA)+eBn, 

-e (be-cd) + 2d (ce-d") 

= eBAB-ic6K+2iBA'+^oeK 
= BA (eB+2d4). 

But it will further be found that 
2hG+&B=(P,Q,B)(a,ay, 
eG-&A = (P, Q, B) (a, a') ((i, /3') +iGK, 
2dG'+&AB = (P, Q, B) (/3, fi'f-B (P, Q, B) (a, a) (/J, /T). 

b^-dCf = -(P,Q,E)(/3,/3')^ 
2b4HeP0 =-4 (P, Q, E)(/3, /3y+P (P, Q, B)(/3. f3')(y, y'), 
d-eO = - (P, Q, E) (|3, /3') (y, y')+iAK, 
2iA+eB = -(P,Q,B)(y,yy. 
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Hence the cnbicoTariant = — D X 

(P, Q, B) (a, ay «• 

+ 60 (P, Q, B) (a, a') (^, /T) + 2CPZ +aD ^i 

+ 6a(P, Q, E) (fi, fiy-SB (P, Q, B) (a, a') (/3, /3') {V 

-10B(P,Q,B)(l3,liy W 

+ 54 (P, Q, B) C3, i3')'{',«-65 (P, Q, B)(fi, |3')(y . y ') ?-»* 

+ 64 (P, 41, B) OS, |3') (y, y')-24»£:-eD i rf 

+ 4 (P, Q, E) (y, /)' ,•. ■ 

Tte expression contains terms divisible by Aff^ Bin, On^ respectively, 
and also the terms 

(20'Z+aa){».|-(24»Z-+eD) «q'. 
Now, since 

(P, G. B) («, a') (y, y) -(P, Q, B) (/3, /3')' = 0, 

it follows that the coefficient of 0? in the covariant may be written 
thus: 

{(P. Q, B){a, n')'?+2 (P, G, E)(a, a')(/3, /T)!, 

+ (P,Q,E)(a,a')(y,y).»'}? 
+2 {(P, Q, B) (fi, iS') (a, a) |'+2 (P, Q, B) (ft, ft') iv 

+ (P,Q,E)(/3,/3')(y,y').»^}{, 
+ {(P, Q, E) (y, y') (a, «') {'+2 (P, Q, E) (y, y') (/J, /?') «, 

+ (P,Q,E)(y.y)N'}n' 
+ 2 (f , Q, E) (a, a') (/3, /T) ?,- (P, Q, E) («, «') (y, y') ?,» 

-4 (P, Q, E) (/3, /?-) (y, y') {,»- (P, Q, E) (y, y')' v* 
= (P, Q, E) (F, r)'- (P, G, E) (y, y') (F, D ,» 

+ 2 (P, G, B)(a, a') (ft, ft:) ^,,-2 (P, Q, B) (ft, ft;) (y, y') W'. 
Similarly the coefficient of Bl^ri is 

= - (p, G, E) (V, ry- (p, G, E) (fi, /T) (F, D {, 

+ (P, G, E) (a, a')' «*-2 (P, G, E) («, « ) (y, y') ?,'+ (P, G, E)(y, y')' r,\ 
and that of Atf is 

= (P, G, E) (F r)'- (P, G, E) (a, a') (F, F') ? 
+2 (P, G, E) (y, y'XA /J') V-2 (P, G, E) (a, a) (ft, ftT) 4»,. 

Multiplying each of these results by their respective factors and 
adding the products together, the first terms give 

* . 0(P, G,E)(FF)»; 
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the second terms give 

(P, Q, B) (F, D (Aa+B(i+Cy, 4a'+B(i'+Gy) =0; 
the. third terms give 

(P, Q, E) (i3, /3') (^a+5i3 + 0y, .la +Pi3'+Cfy) = 0; 
and there remain the terms 

{20 (P, Q, JB) (a, a') (/3, /3') +P (P, Q, E) (a, a')«+20'-B:+aD } ^v 
+ {2il (P, Q, B) (i3, /3') (y, /) +P (P, Q, B) (y, yO»-2^«Z-en } V- 

Now 20 (P, Q, E) (a, a') 03, i3') + P (P, Q, E) (a, aO*+aD 
= (P, Q, E) (a, a') (2(7/3+Pa, 20/3'+Po') + aD 
= 2 (P, Q, E) (a, a) (a'4-aA',a'A'-aA") + an 
= 2 X c. A .aa'A- aW+4a (AA"-A'«) 

-2&.2A'.a'»A- aW 

+ a. A^.a^A'-aa'A", 

which, on being developed, will be found to be = — 2K(P, Hence the 
terms in 4^9; and £17^ will vanish, and the cubicovariant in question 

finally found to be = - DO (P, Q, E) (F, F')'- 

Recapitulating, we have, for the derivatives of W 
the Quadrinvariant, I = ^E? — D D , 

the Quarticovariant, H=: DQ+^KW, 
the Oubinvariant, J" = ^V-K* (8Z^-3Dn), 

the Oubicovariant, ^ = - DO (P, Q, E) (F, VJ ; 

whence also for the Discriminant, we have 

J»-.27J^ = iDD (-32£:*+33Z'DD-9D"n'). 

If (P, Q, E) (F, F)' be regarded as a quartic in {, 17, then its 

Quadrinvariant = f (PA + 2QA' + EA") - D {PB - Q^), 

which, since PA+2QA'+EA" = 0, is 

= -n(DD-XO; 

Quarticovariant = O (DD — J^), 

Oubinvariant =0; 

Oubicovariant = - O (Dd - K") (P^, Qi, EO (F, F')', 

VOL. XVI.— NO. 243. M ^ 
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where Pj, Qi, Ej are quantities formed with P, Q, B, in the same way 
as were P, Q, E with a, &, c ; viz., 

A, 2A',A"! 

and, on developing these expressions, it will be found that 

P, = 2 {- a(AA"-A'2) + (aA'*+26A'A"+ cA"^)}, 
Qi = 2 {-26 (AA"-A'2)-(aAA'-|-26A'2+cA'A")}, . 
Ei=2{- c(AA"-A'*) + (aA*+26AA'+ cA'^)}; 

but aA'2 -|-26A'A"+cA"2 =^A"-iaD, 

aAA'+2&A'« +cA'A"=J^A', 

aA^ +2bAA' +cA'^ = ZA -JcD; 

hence P^ = 2^A" - a D , 

Qi = -2^A'-6n, 

Ei= 2XA -cD. 

But, on referring to the expression for W given on p. 165, and 
replacing a, 6, c by A", —A', A, respectively, it will be found that the 

coefficient of 4* = — (P, 

^n = 2P0, 

?i;' = -(210+P^), 

W= 2AB, 

1/* = - ^^ 

so that the whole coefficient of E" is = — (G^-^Biri+An^^. Hence 

(p„ Q„ E,) (F, r)» = -zn-2D (P, Q, B)(r, ry, 

and the cubicovariant in question 

= n(Dn-K'){K£h+2n (p, g, e)(f, f')*}. 

If the quartic W has a pair of equal roots, then 
P^27P = 0, and either D = 0, or (32, -33, 9) (Z«, JDq)* = 0. 
The condition Q » must, however, be excluded, since^ it implies 
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that V, V have a common factor ; in whicli case the transformation 
ceases to be quadratic. For this factor may be divided out from the 
transformant, and the transformation then becomes linear. 
If it has two pairs of eqnal roots, then 

* = 0, and either = 0, or (P, Q, B) (F, F')' = 0. 

If it has three equal roots, 

1=0, and /= 0, and then Z = 0, = 0, 

viz., we have here the excluded condition. 

If all the roots are equal, then 

H=0, and n = 0, K=zO. 

As regards the quartic (P, Q, B) (F, Vy, if JDD -^' = 0, i.e., if 
the two quadrics IT, IT" have a common factor, then all the invariants 
and cdvariants vanish, and all the roots of the quartic in question 
become equal ; viz., 

(p, Q, B) (F, vy = iVVP+ VWBy 

= {(av/P + aVE, /SyP+Zr^E, yv/P+yVE)(«, i?)'}'. 
But the discriminant of the last form 

= PA+2QA'+JSA"=0, 
or we have WP+ T y/B a perfect square, and hence the quantic 
= { ^/(a^/P + aVi^) «+ ^/(y \/P+yVB) i?}*- 



We now proceed to the cubic 

[7=(a,6,c,(i)(aj,y)*, 
which, if transformed by the same formula as was the quadratic, gives 

TF= ((X, 6, c, («)(a?+2/3{iy + yn», a?+2/3'«i; + yV)» 
and if we represent this by 

(a, b, c, d, e, f, g) ({, i;)", 
m2 
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we shall hare 

a = (a,...) (a, a')*, 

b = (a,...)(a,«)'(/3,/3'), 

o = (a,...)(«,a)(/3,/3')' + i{(a,...)(«,«T(y,r')-(«,-)(a,«')(/5^)'}. 

d = (a,...)(|3, /?')• + i{(«, ■••)(<«, -OC/J./^'Xy, y') - (a, ...)(/3, |30»}, 

e = (a....)(y.y')(/3,^)'+t {(». ..•)(«,a')(y. /)'-(«,■••) (/3,|3')' (y.y')}. 

f = (a,...) (y,y )'(/?, ^'), 

g = («,...) (y.y')*. 

Further, if we put 

h = (a, b, e, d) 03, j3')'. 

h, = (a, 6, c) 03. |3')*, hi = (6, c, d) (/3, /?')', 

h, = (a, 6) (|3, /T), hj = (6, c) (/J, i3'), hj' = (c, d) 03. ^3'), 

6A + 2cA'+dA''=Z;, 
(a6-6») ^ + (<wi-6c) A'+(6<?-6») £^" = K= JDA+lfA'+^A"; 
then a = (a, 6, c, i) (a, a')', 

b=(h„hi..hi')(a, a')', 

c = (h,+iir„h,'+iZO («.«'), 
d=h+f(Z^,/3+iir|/3'), 

e=(h,+i^„M+i^O(y,y'), 

f=(h„h^,hr)(y,y')'. 

g = (a, \ 0, d) (y, yO*. 

The quadriuTariant 

ag-6bf+15ce-10d', 

of this function is found to be 

= I {A2Cj+2A'jr,ZJ+A''i:;'-6E-(AA"-A'*)}. 



Given the Quantic 

U= (a, 6, c,/, jr, A) (as, y, »)' (1 
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and r=(a,(3,y,\,(i,y)ii,n,(y, 

and like valnes of 7', V", or, more briefly, say 

7= («, ...)(«. n, 0', r=ia\ ...)({,.», 0', r'=(«'', ...)(£, .;, 0'...(2), 

then IT may be transformed by tbe equations 

a. : y : 2 = 7 : r : 7" (3). 

The result is W=ia, ...)(V, F, 7")' (4), 

and, if we write for brevity 



.(5). 



• (6), 



(«)'= (a, ...)(«,«,«")' ) 

(a)03)=(a,...)(«,«',«'')C3.|3',/3")[ 

then F=(a)'5'+(/3)»i,«+(y)'^ . 

+4(^)(X) .7'f +4(y)(X)n? 
+4(y)(/i) ^{+4(a)(M)^? 
+4(«)(r) f, +4(/3)(r){,« 
+ 2[C3)(y) +2(X)»],'P 
+ 2C(y)(a) +2(/i)']r? 
+2 [(«)(/?) +2(r)']?,' 
+4[(«)(X) +2 0')W]?^ 
+4[(/3)(/«) +2(v)(X)]{,V 
+4[(y)(v) +2(X)0«)]{,^J 

It is proposed to express the invariants, &o. of W in terms of those 
of U, 7, V, V, If we write the above value of W in the following 

form W = (a, b, c, f , g, h, p, p', q, q', r, r', 1, m, n) ({, n, 0\ 

we shall have a=(a)», b = (j3)», c = (y)', 

8f = (/5)(y)+2(X)', 

3g=(y)(a) + 2(/.)', 

8h=(a)C8)+2W, 

p = (/3)(X), p'=(y)(X), 

q = (y) 0»). q' = (") (/*). 

r=(a)(r), r' = (^)W. 
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31 =(«)(\)+2(/.)(,'), 
3m=(/3)(^)+2(r)(X), 
3n =(y)W+2(X)(^), 
and the quantities which we have first to calculate are 
ii^ = bc+3f-4pp', 
IB = ca+3g»-4qq', 
(C =ab+3h'-4rr', 
IP =af +gh + 21' -2m-2q'm, 
® = bg+hf -i-2m«-2pl -2r'n, 
IHI = ch+fg -i-2n« — 2qm— 2pa, 
IL, = 2fl -mn-gp-hp'+qr', 
Jffl = 2gm-nl -hq - fq' +rp', 
JJ = 2hn -Im -fr -gr' +pq', 
IP = 3nq' -31g -ap H-qr, Ip' = 3mr-31h -ap+qV, 
(g) = 31r' -3mh-bq'+rp, ®' = 3np-3mf-.bq+ry, 
Ig, = 3mp'-3nf - cr' +pq, "^ = 31q - 3ng -cr +pV- 

[Mem. — Comparing the notation of Salmon's Higher Plane Curves 
with that used here, we have 

p = 6„ p' = c3, P=^3, P' = 0„ 

q = Ci, q' = a8, Q=Oi, Q' = A^, 

p = a2, r' = &i, B = A^, E' = JBi.] 

If we now put 

/xi/-a\=^, j/X-/3/i = G, X/x-yv = JT, 
and /3V-X'« = il', ... /)'y"4-i3V-2XV = ^\ ... 

ail + 6il'+c^"+2/ilH2^il^'+2^il'" = A, ... 

aF+hr+cF"'{-2fF'+2gr'+2hF'''=zT, 

hc-f=:% ca-g^^^, ab-V-% 
^ gh^af=d, hf^hg^®, fg-^ch = ^, 
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-339 (A"A-£'*)-6® (4"^il'-^X) 
- 36 iAA'-A"'*) -&e (£A'' -A"£''), 
J.6IP = BC+4P» , i.6(B=...,i.6E = -. 

-3a9(B"0+J3Cr-2B*^(r'+4jrj'-4F'') 

-36 (J30'+B'a-2JB*"(T"+4PF-4tF"') 

-65 (F'0"+£^''(y-JBO*-FO+ 4,r'F'"'-4,Fr ) 

-6® (5'"0'+F0"'-J5'(7'-F'C+4P"F-4FF' ) 

-6« (^B(T'+B"Cr-S^'(T'-S^''0"+4,F'r'-4>F'F''), 

J.12IL = AP+8GH , J.12Iffl=..■,i.l2M=.•• 

- 691 (il'JP"+X'JP'-a4^F+2G'ff"+2(?"ff'-4CrH') 

- 639 (A"F+AF'-2A''r'+2a'E+2GH"-4>a>'H'') 

- 6S (^l!'+4'J'-2.1"^F"+2Gffl"+2C?'ja--4Gr"ff^"), 

-125 (£'F''+A"''r'-AF-A'F+2Cr'E:"-' 

+2Cr'W-2GH'-2GfE) 

-12®(A"^F"+A'F'^-A'F''-A''F'+2CF''B:' 

+ 2^^'' - 2G'E' - 2(rW) 

- 12« {A'r+£'r-A"F'-'-£''F"+2aE' 

+2&'H'-2G"B'-^'^2Cr''H"), 

1 . 4IP = 4BP- 691 (S'F"+B"F'-2E T), f.4(Q=..., i.4E= - 

- 6^(B"F +BF"-2F'r') 

- 66 iBF +B'F -2J*"J^") 
-125 (B"J^"+jff"F'- J?F -£"J') 
-12® (B™F + FF^"— SF^ -ITF) 
-12J& {EF'^ + i"'^ -S''^"-£*J!'') 

J.4IF=4CP- &Si{jO'F"+G"F-2aF), 1.4®'=.-, I- 

- 639(0"^ +aj"'-2(?'J^^) 

- 66 iGF' + CJ" -2Cr*F") 
- 125 ((TF^ + (?'' P''— OF - (TF) 
-12® ((?"J^ + (TJ"'" - CF* - <7'J^) 
- 12^ {CF'^ + (TF^ — C'F^ - (7" J"')- 
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Again, the invariant (aiSl + 6lB + • • • ) 
= i (», b, c, f, g, h, f, g, Ar I, «, », h p, P, ♦» q, q', n, r, r ) (A, B, C, 2P, 20/2K)' 

-321 (a, 6, ;..) (^', BT, C, 21^, iff, 2H') (A", B" ...) -... 
+32t (a, 6, ...) iA\ £\ (T, 2r, 2Ct, W^)* +... 

+6& (a, 6, ...) (^ B, ...) (^\ F, ...) +... 



To find whether a quadratic transformation be possible haying the 
following property. 

, Given aj : y = (a, ...) ({, n? : («', ...) («, i?)' = Y : r, 

and { : i; = (a, ...) (aj, y)" : (a', ...) («, y)' = T : 17'. 

Then (ay-ax, ^y-^x, yy-yx) (17, I7y = 0, 

i.e., 0= (a?/-aaj){aV4-4a&ajV + *^(ac + 262)»y+46caJ2/» + cV ) 

+2 (%-/3'a;) {aaV+2 (a6'+a6) a^i/ + (ac'+a'c+466') ajy +2 (&c'+&'c) xy'+ccY] 

+ (yy-yaj){aVH-4aVaj»y + 2(aV+26'*)ajy+46Va^»+cV ] 

I.e., = 

{- (a.jS-, /)(«,«')' l** 

{-4(a',/3'.y')(a,a')(6,6') + (a,/3,y)(a,a')' la^j 

{-2(a',/3',y')(a,a')(c,<'')-4(a'./3',y')(6,6')'+4(a,/3,y)(a,a')(6,6') }aA( 

{ -4 (a; z^-, y')(6. 6') (c, c') +2(a,Ay)(a,a')(c,0 +4(a,/3,y)(6,67}ai»j, 

{- (a'./3',y')(c,0' +4(a,/3.y)(6,6')(c.O }«» 

{ + (a,Ay)(c,c')' } y 

If this is to hold good for all values of a; : ^, we must have 

0= (a',/3',y')(a,a')'. 

= 4(«',/3'.y')(a,a')(&,6') - (a,/3,y)(a,a')', 

= 2 (a', |3', y')(a, a')(c, c') +4 (a'./S', y')(6,6')'-4 (a, A y)(«, «')(&, &'). 

= 4 («'. ^, y')(6, 6') (c, c') -2 (o, A y)(a, «')(«, O -4 («, /3, y) (I. V) 

0= («',/3',y')(c,c')' -4(a,/3,y)(6,6')(c,c'), 

"i^ («,i3,y)(c,y)'. 
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Whence, eliminating a, (¥, y\ a, /J, y, we have = 

a', 2aa', a'*, . . ' . 

4a6, 4(a6'+a'6), 4a'6', a«, 2aa', a'' 

ac+26', ac'+a'c+4&6', aV-i-26'*, 2a6, 2 (a6'+a'6), 2a'6' 

26c, 2(6c'-i-6'c), 26V, ac+ 26', ac'4-a'c+466', aV-i-26'' 

c«, 2cc', c'', 46c, 4(6c'+6'c), 46V 

c*, 2cc', c^ 

Writing 2a' (col. 1)— a (col. 2) for col. 1, we obtain 



2a' 


(l)-a(2)= 


2a (3)- 


-a' (2) 


= 


-4oC 






4a'C 


-46a+oB 






46'0-a'B 


-4cC-2oil 






4c'C+2a'^ 


2cB 

Similarly, 






-2c'B 
0. 


2c'(4)-c(5)= 


2c (6)- 


-c'(5)- 


= 


-2o5 






2a'B 


2cO+4oJ 






-2c'0-4a'il 


- cJ?+46^ 






dB-^VA 


4c^ 







-4c'4 
0. 


Hence the whole determinant is 








= 


+4aO, 4a'0, 


-2aJB, 




-2a'B 




+460- aJ5, 46'0- a'B, 


2cO+4a^, 


+ 2c'0+4a'4 




+4cO+2ail, 4c'0+2a'J, 


- o5+46il, 


- c'5+40 




-2cB, -2c5, 




4c^, 


+4c'^ 



Now taking columns 1 and 2, then the union formed from lines 

1,2= 4aO 4a'(7 = 160», 

UG-aB Aib'O-aB 

1,3= 4aO 4a'0 =-16B0«, 

4^C+2aA 4icO+2a'A 
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1,4= iaO 4a'0 = BB'G, 

-2eB -2c'B 

2,3= UO-aB 4A'0-aB = 16AO'+8a'bAO-4>e'4iBO 
ieO+2aA ie'G+Za'A -SiiVAG+ica'BO 

= 8ACI*+*B'0, 

2,4= UO-aB WG-a'B =-%ABO-W, 
-2eB -2eB 

3,4= 4fiG+2aA 4fi'G+2a'A= 4uiff, 
-2oB -2c'B. 

Similarly, taking the last two ooltimns, 

l,2' = -2aB -2a'B = iE'G, 

2cG+4>aA 2c'(7+4o'^ 

1,3' = -2aB -2a'B = -2ff~8ABG, 

— eB+4ibA — eB+ih'A 

l,4,'=-2aB -2a' B = SAB*, 

4ieA 4ic'A 

2,3'= 2cG+4aA 2cG+4>a'A = 8A*G+4AE', 

- cJ?+464 - c'B+46'^ 

2,4'= 2aO+AaA 2e'G+4M'A =-164'!?, 
A>dA 4m'A 

3,4' = - cJB+46^ - c'S+46'4 = 164', 
AcA 4c'A. 

Hence, for the whole determinant, we have 

12.34'= leU'C, 
-13.24' = -16'J:'B»0», 
+ 14 . 23' = 32AB'G iB'+2AG), 
+ 23 . 14' = S2AB'G (B' + 2AG), 
-24 . 13' = - 4B» (B'+4>AGy, 
+34.12'= UAffG. 
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The sum of which, rejecting the common factor 4, is 
= 4»^«(7»-.4 . 4U»(? . ^'4-2 . 4ilO . 5* 

4- 4U«0«.F 

- 4?A^CP . 5»-2 . 4^0 . B*--B« ^ 
+ 440.5*, 
= 4«4»0»-3.4U«0«.JB»+3.4ilO.-B*-J5« 
= (440- J?«)'. 

Hence the condition sought is ^AG-^ff = 0; i.e., the two quadrics 
17, IT must have a common factor. Similarly, we should find that 
Y, V must have a common factor. In other words, throwing out this 
common factor in each case, we have 

£ : jy = wv : uv\ 

0? : y = WW : wv\ 

{ : i; = lx-\-my : Vx-\-m'y, 



The Differential Equations of Cylindrical and Annular Vortices. 
By M. J. M. Hill, M.A., Professor of Mathematics at Uni- 
versity College, London. 

[:Read January Sth, 1885.] 

Abstract. 

I. Cylindrical Vortices, 

The current function A of the motion of a fluid in two dimensions 
being known to satisfy the equation 

f±^d^ £_dAd\ /^ , ^\ _ Q 
\dt dy dx dx dyl \dx^ ^ dy^ ) * 
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it is shown in this paper how to obtain the equation satisfied by f , the 
molecular rotation. 



It is exhibited in the form 



\d^ '^ dy'l 1 ' 






(provided that ( be not constant throughout the fluid), where 
in the integral the expression in brackets is expressed as a function 
of X, (, t by eliminating y by means of the expression for f in terms 
of aj, y, t supposed known ; ancj the integration is performed with 
regard to x^ treating ^ and t as constant, so that the integral is arbi- 
trary to the extent of a function of ^ and t. 

Exhibited as an ordinary partial difEerential equation, this would 
be of the fourth order, but the form is interesting, because the integral 
represents the space passed over by an arc of the line C = const., as 
might be expected from the fact that the integral is the current 
function, and the line f = const, moves with the particles of the fluid. 

The study of the integral leads to a curious form for the equation 
of continuity which is given for motion in three dimensions thus : — 

Let X=const., /ti=const. v=const., be three surf aces always contain- 
ing the same particles. The motion of the fluid in the faces of the ele- 
ment of volume included between these three surfaces and the three 
consecutive surfaces X-H 8X, /w + 5^, v + ^v is considered. From the fact 
that the volume is invariable, it follows that 



mHm-hi'i)-'- 



l\\Al Bfi 
where A=: \^ \ \ 

Hz N H» 

^x Vy Vz 

2 denotes differentiation when X,)z, v, t are independent variables ; and 
the suffixes denote differentiation when x, y, «, t are independent 
variables. 

It is next shown that the equation in ^ can be simplified provided 
that the lines ( = const, do not change their form. The result is 

(provided that ( be not constant throughout the fluid), 

where F is an arbitrary function, and u) the angular velocity of rota- 
tion of the lines ( = const. 
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II. Annular Vortices, 

If \ = const, be the snrface of an annular vortex, r the distance of 
a point from the straight axis, z the distance from some fixed plane 
perpendicular to the straight axis, then must 

(excepting a particular case). 

If X be of the form / ( ^"I ,^ B^ (z—Z)U where B, Z are functions of 

i, so that if the aperture of the ring increases in any ratio, the breadth 
of the ring in the plane of the aperture increases in the same ratio, 
but the breadth of the ring parallel to the direction of the straight 
axis diminishes inversely as the square of the ratio (including the 
case where the vortex is of invariable form), then the equation be- 

(excepting a particular case). 

I. The Differential Equation of a Gylindrical Vortex. 

Let the normal section of the cylinders be taken as the plane ofx,y; 
let the motion be supposed to take place in this plane ; let u, u be the 
velocities parallel to the axes of coordinates at the point x, y at time t. 
Let p be the pressure, p the density supposed constant, and V the 
potential of the impressed forces. 

The equations of motion are 

dt dx dy dx\p I 

d^x dvi ^ — ^^/£_-lfW (T^ 

dt dx dy dy\p If * 

du ydo^ A 

dx dy "" 
From these equations it follows that 

(d_. d^. d\ldM^do\_^^ ,jy V 

dt dx dy) \dy dx) 

The third equation requires that there should exist a current func- 
tion A suQh .that u = ---, v = — --. 

dy doi 
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Substituting these values of u and v in (II.)> it becomes 

Ut'^dy dx dx dyl Kda? '^ dy' ) ^ '^' 

Thus the current function satisfies a differential equation of the 
third order. 

If a single symbol ( be put for -^, the molecular rotation, so 

"- ^=0+0 3^-). 

then it is possible to eliminate A from (HI.) and (IV.) • 

For, let (IV.) be differentiated with regard to x and y separately ; 
and let (HI.) be written 

d^^dAdi^_dAd^_Q 
dt dy dx dx dy ' 

and then differentiated with regard to x once, y once, x twice, x and y 
each once, and y twice. 

In this manner there will be obtained altogether nine equations, 
containing C and its differential coefficients as far as those of the third 

order ; but the equations are linear in the nine quantities r— , -— , 

dx dy 

(?A (PA (PA (i«A (PA d^X c2»A mi, ij ^^ a dK 

d^' d^y' d^' d^' d^' d^'' d^^' -^^^^^^^^^ ^ *^^ 5^ °^y 

be found in terms of ^ and its differential coefficients as far as those 

of the third order. Then, since # l~\ = ^ f^), i satisfies an 

dy \dx I dx \dy I 

equation of the fourth order. 

But an equation in ^ of a more manageable form may be obtained 
thus : supposing A is not such as to make K constant, treat 

^^dti.d^_d±dl_^ 
dt dy dx dx dy 

ny ny ny 

as a partial differential equation to find A, as if --^, •—, -^ were 

^ dt dx dy 

known functions of a;, y^ t, and, denoting the differential coefficients of 

i by suffixes, the auxiliary system is 

dx ^dy ^ dA 
As there are no differential coefficients of A with regard to t, and 
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as each member of the auxiliary system = ^' ^T *^ » it follows that 

^ = const, is an integral of the system. To obtain a second integral, 
express ^ as a function of Xy (, t, and substitute in the auxiliary 
system, then another integral is 

A— I —• (?» = const. 
The complete integral may then be expressed fully thus : - 

where i denotes differentiation with regard to the system of variables 

Xf (, t; and I ^^ ( 7r ) f denotes that y- is to be expressed as a func- 

tion of X, iy t by elimination of y, and the result integrated with 
regard to a?, treating f, t as constants. 

[The above form of A may be easily shown to satisfy the differential 
equation (III.)) whether the process adopted in obtaining it has 
resulted in the most general integral or not, thus : 

d\ «.^ . 2A^ 
dx 2x ^Z dx* 

dA_ iKdZ 

dy Bi dy 

therefore . ' ^A^.^^ = -^ ^^ = -fA^ 
dy dx dx dy dy ex dy ^y 

therefore 1^+ ^ ^^-. ^ ^ = 0, 

dt dy dx dx dy 

which is (in.).] 

Substituting the value found for A in (IV.), 

Observing that the arbitrary function F (^, t) is necessarily contained 
in the integral, the equation may be written more concisely 



i£'BHi)h' <^->- 
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(It should be remembered that this form has been obtained on the 
hypothesis that ( is not constant.) 

The form of this equation is interesting. The line i = const, 
always contains the same particles of fluid. Suppose that at the time 
t the point », y is on it ; and at time t^-St the point «, y+By is on it, 

then ( (aj, y, t) = ( («, y +^y, t+St), 

therefore = ^^ % + ^t St, 

therefore ^y = — ^ BL 

If now S be the area included between a small portion e of the 
axis of X, the ordinates at its extremities, and the line ^ = const, at 
time t ; and if iS+^iS^ be the area at time t-^-St; then 

SS^^e^Bt. 

If & be the small arc of the line ( = const, whose projection is c, 
and if the positive direction of the arc be such that the direction of 
motion of f = const, is across it from left to right, then c = — ^aj, 

therefore S8 = -j^Sx Bt. 

This, is the same as the flux of fluid across the line fixed in space 
with which h coincides at time t, since Z = const, moves with 

y 
the particles of fluid; therefore flux in unit time = ^Saj; there- 

fy '^y 

— Bx, where the integration must be 
^y 
extended along the line ^ = const., or, in the notation adopted above, 

the current function = j Ja? ( —-) C. 

This coincides with the result obtained by the method adopted for in- 
tegrating the partial differential equation (III.). 

The same form might be obtained by considering the flux of fluid 
normal to the arc &, and, as there is no advantage in confining the 
discussion to motion in two dimensions, the question may be 
generalised thus : — 

Let X = const., /x = const., v = const, be three surfaces which 
always contain the same particles of fluid. Then the volume described 
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by an element of area B8 situated on \ = const, in unit time 
= (normal velocity) SB, 

and this may be expressed in any of the equivalent forms 
—XtSylz _ —XtBzBx __ —\SxBy 

Ajj Ay "Aji 

Now consider the element of volume contained between the six 
surfaces X, /li, v, X-j-^Xj/x + ^/i, y+Sv. ~ 

Then B8 (normal distance between X and X+iX) 
= volume = 



s\ 


5/. 


Sy 


K 


\ 


K 


/«« 


t^y 


/*. 


"r 


".- 


y. 



and (normal distance between X and X + £X) 



whence 



^6' = 






Xar Xy A, 

A** hv h* 
Vt y^ Vz 



therefore volume described by ^S 

— X^ . SjjL, Bv 



Xx Xy Xjj 

hx hy hz 



If the determinant be replaced by A, and B8 be made in succession 
the six faces of the. element of volume, then, since the change in the 
volume is zero, 

m-m)-m)"> <^>. 



^X' 
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where S denotes differentiation when the independent variables are 
X, fi, V, ^. 

To verify this result, it will be reduced to a known form of the 
equation of continuity. 

The following equations are known to be truQ : 



d 

dx 



— = K^+fixT- + ^'' 









dz ' S\ * Sfi * Sy' 



Now let the reciprocal determinant of A be 

On °u ttis 
«81 Ojs Om 
«»i a« ««8 



then 



A 6 d . d . d 

A d . d , d 

> o d , d , d 

«»' da dy dz 



Therefore it is necessary to show tliat 

aiiXrt+a„\rt+ai,X., , x / d , d , d\ 1 

+ (a„X,+aa/i,+a„v,) ^ ( j) 
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But since \ + uK + v\ + wX, = 0, 

solving for w, v, ti;, and substituting in the equation to be verified, it 

becomes (^a-u^^+v^- 4-«^ ^-j^r = 0, 

\dt ax ay azi A 



therefore ( ^+« T" +^ T" +^ T) ^« ^v ^ 

\a^ ax ay dz/ 



which is equivalent to what is called the integral equation of con- 
tinuity in Thomson and Tait's " Natural Philosophy," Vol. i., Part i., 
Section 192. 
Since the flux of fluid across that part of the surface \ = const., 

which is cut out by the surfaces fi, v, ^4-^/*, v+By^ is — ^y ^ , the 

investigation seems to point to the existence of functions analogous 
to the current function, one for each of the surfaces X, /i, v. Calling 
them If, M, N, 

^fiBy A ' SyBX A ' SKSfi A ' 

The only property which the writer has succeeded in obtaining 
regarding them is that which follows from the new form of the equa- 
tion of continuity given in this paper. It is this : 

^' (Iy+Jtf+iV^) = (B). 



S\ Bfi B 



Returning now to the equations in A and (, they may both be very 
greatly simplified if the stream lines do not change their form during 
the motion. This is expressed by putting 

where »' = (» — X) cos w + (y — F) sin w, 

y' = — (»— jr)sinw-h(y— r)cosw, ^^ 

N 2 ^ 



r 



^ lb.lt.i.lLmLmSUMkmiM£Mfm/&Bu^ 



ivtusm Z^T, mwp^ fi Ti mmiw i£ i ibIj. 

ibf mt i§ 

4^4 4 

4r u ^ if 

^^^^ 4^ 4f 4** iy- 

4 



4t 



r_ 






"••'•"'^ 4t^ 49 4* 4*49 

- (i«r^± rin -+ Fee -+ g) ^. 

» /jA+^(«''+y^)+z(-i«m-+rco8-) 

-y'(i:co6-+r«m-)J£i 

-^ J A+ I (ar'+ir')+* (-i:8in-+roo6-) 

-y'(Xco8-+rsm-)}A 
3 dy 

dtl/ d_ d4' d 
dji'd»'~di'(h/' 

if ^ a A+ J (i/'+j^) +i<!'(-i:8in «+ tcos «)-y'(XcoBi#+ Fsm -). 

Therefore (III.) becomes 

rZi^ f/ /<PA . (PA\ d\l> d /(PA gA\ _ ^ 

rfy' ito' VjfB^ "^ dy" I dm' dy' \<fa!'* "*■ dyV ~ ' . 

therefor ^ = J.(0+|A.:4..- . 



1885.] Cylindrical and Annular VorUces. 181 

Returning to the original system of variables 

,/, = A+ -| (a'+y") -i: (y- Y) + rc*-^), 

dsB<» "*■ %" ~ das» "^ dy' ^ 

therefore (£« +^) ^<^' '> = ^+2" (^I). 

or else C = const., when the current function is to be obtained from 
(IV.). 

Exactly the same result would have been obtained if the investiga- 
tion had been based on the equation in { in the form (V.). 

II. The Bifferential Equation of an Annular Vortex, 

Let the straight axis of the annular vortices be the axis of z, let r 
be the distance of any point from the straight axis, with regard to 
which the motion is supposed to be symmetrical. 

Let r, w be the velocities in the directions of r, z respectively ; then 

iL+r^ +u,^ = -A (£.+ r)\ 
dt dr d» d/r\p I j 

|!+,f?f!+,,f£ = _|/^ + 7)f (l.'y 

at a/r dz dz\p / f 



(dr ^ dw\ 
. —)=<' (°'>- 

The third of the equations (I/) requires the existence of a function 

A V ,, . 1 dA 1 dA, 

A, such that r = — , zi; = — . 

r dz r dr 

Substituting in (11.^, it becomes 

(Ia.L^A^1. ^i\ J JL /^-L^-l ^\\ =0 riii'^ 
\dt'^ r dz dr r 4r dzlir^ \d^^d^ r dr I ) *"^ '^' 
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V&^^-Tf)-' •(■^■> 

Then (HI/) may be written 

r dz r dr 
therefore, supposing A is not snoh as to make X constant, it follows 

that A=[^r(^'^^+J'(X,0, 

"•■"»" ?(S-^-7£)^($)f =»■•••• <^-^' 

remembering that the arbitrary function is contained in the integral. 

If the ring-shaped surfaces X = const., do not alter their form 
throughout the motion, X =/(r— iB, «— Z), where B is constant, and 
Z a function of the time only. In this case, 

J^r(r^)I = |5r(-.rZ)I=-|.Z+2?»(X 0- 

A somewhat more general case is obtained by taking 

^=/(^. S?(.z-Z)), 

where E, Z are functions of t This will give annular vortices of 
invariable volume, for, when the circular axis of the ring increases in 
any ratio, the breadth of the ring in the direction of r increases in the 
same ratio, whilst its breadth in the direction of z diminishes inversely 
as the square of the ratio ; hence, by Guldinus' theorem, the volume is 
unaltered. 

Put for brevity 



r-E 



= {, B'(z^Z)=v, 
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In performing the integration, 2; is to be first expressed as a function 
of r, X, t by means of the equation 



X=/(^, l^iz-Z)), 



so that X, r, t are independent, and a the dependent variable. 
Differentiating with regard to r, 



therefore f^^ (§) ^=f ^^[2r(-^)i-i+i^|}^ 

Putting E = 0, this reduces to the case where the form of tte vortex 
is invariable. 

Therefore the equation is 

^(^+^41)'^')=* (^'-^^ 

or else X = const., when the current function is to be obtained from 
(IV'.). 

Note, — Some particular cases have been fully worked out in a paper 
by the writer entitled, " On the motion of fluid part of which is moving 
rotationally and part irrotationally," published in the Philosophical 
Transactions of the Boyal Society, Part 11., 1884. 



February 12th, 1885. 
J. W. L. GLAISHBR, Esq., F.R.S., President, in the Chair. 

Miss Emily Perrin, of Cheltenham Ladies' College (late of Girton 
College), was elected a member, and Mr. J. Griffiths was admitted 
into the Society. 
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Mr. Tucker read the following papers 4 — 

Snr lea figures semblablement variables : Prof. J. Neuberg, of 

Liege; 
On the Extension^ of Ivory's and Jacobi's Distance- Correspon- 
dences for Quadnc Surfaces: Prof. J. Larmor; and 
Some Properties of a Quadrilateral in a Circle the Rectangles 
under whose Opposite Sides are equal : Mr. Tucker. 
Messrs. Jenkins and S. Eoberts spoke on the subject of Prof. 
Neuberg's paper. ^ . 

The following presents were received : — 

Cabinet likeness of Mr. W. S. B. Woolhouse, and tw^o photographs of geometrical 
figures from Mr.' Woolhouse. 

** Educational Times," for February. 

** Physical Society of London — Proceedings," Vol. vi., Part in., September to 
December, 1884. 

"Johns Hopkins University Circulars," Vol. iv., No. 36, January, 1886. 

** Report of the Superintendent of the United States Naval Observatory," fOr the 
year ending October 30th, 1884, 8vo; Washington, 1884. 

** Bulletin de la Society Math^matique de France,". Tome xn., No. 5 ; Paris, 1884. 

<< Atti della E. Accademia dei Lincei," Serie quarta, Vol. i., F. I, 2, and 3 ; 
Roma, 1884, 1886. 

** Journal fiir die reine und angewandte Mathematik," B. xcviu., H. 1 ; Berlin, 
1885. 

** Annales do I'Ecole Polytechnique de Delft," 1" liv., 4to ; Leide, 1884. 

<< Bulletin des Sciences Math^matiquesetAstronomiques," T. ix., Jan. 1885 ; Paris. 

*^ Beibl^tter zu deii Annalen der Physik und Chemie," Bd.ix., St. 1. ; Leipzig, 1885. 

**Te8i8 leida en el Examen professional de ingeniero ge<5grafo," por J. de 
Mendizabal Tamborrel, 8vo ; Mexico, 1884. 

** Sitzungsberichte derphysikalisch-medicinischen Societatzu Erlangen," 16 Heffc, 
Oktober 1882— Oktober 1884. 

** American Journal of Mathematics," Vol. vii.. No. 2. 



8ur les figures semblablement variables. Par M. J. Nbuberg, 
Professeur h FUniversite de Lifege. 

[Head February 12M, 1885.] 

M. H. M. Taylor, dans les Froc. of the Lond, Math, Soc, Vol. xv., 
p. 122, a signale des relations fort interessantes entre les intersections 
d'nn cercle avec les e6t6s d'nn triangle. La pr^sente Note a ponr 
objet de pr^ciser et de completer ces relations en les . rattacliant i la 
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th^orie des figures semblablement variables et h celle des podaires 
obliques d*un foyer d'une conique, 

1. Soit a/3y un triangle variable sous les conditions de rester con- 
stant de forme et inscrit au triangle fixe ABC, Les cercles circon- 




scrits aux triangles -4/3y, J5ya, (7aj3 se coupent en un m^me point F^ 

telqu^ /5J^y = 7r-il, yJ^a = ir-J5, aFfi^n-O, 

BFO=^BFa-i'GFa=Bya + Gfia=:ir--B-Bay+ir-0-'Oali = A+a, 

^FO = 54-/3, AFB=:G+y. 

Ces egalites montrent que le point F est fixe par rapport au triangle 
donne ABG et par rapport au triangle mobile a/Jy. 

Done, lorsqu^un triangle a/Jy reste semhlahle a lui-meme et inscrU a un 
triangle f/xe ABG, il exist e un point du triangle mobile qui est f/xe; ce 
point est celui d'ou Von voit les cotes de a/3y sotis des angles supplementaires 
de ceux de ABG, et les cotes de ABG sous des angles respectivement egaux 
aux sommes des angles correspondants des deux triangles,* 

2. Menons FM, FN, FP perpendiculaires a BG, GA, AB. Le tri- 



• Voir Nouvellea Annalea^ t. xvii., p. 48 ; Nouv$lle Correspondance, t. vi., pp. 66, 
72, 219, 321 ; MathetiSy t. i., p. 106. ^ 
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angle MNP est nne position particuli^re de a/3y ; c'est le minimam 
de a/3y, 

Soit e Tangle aFM = PFN = yFP. Si Ton fait tonmer le syst^me 
des trois droites FM, FN, FP autour de F de Tangle d et qa'on 
prenne les intersections avec BG, GA, AB, on aura les sommets du 
triangle a/3y. 

Plus g^n^ralement, etant trac^es une figure 8 dans le plan MNP et 
la figure semblable tr dans le plan a/3y, on transf orme 8 en a en faisant 
toumer 8 de Tangle 6 autour de F et en modifiant les distances des 
points de 8 au point F dans le rapport cos : 1. 

Autrement dit, on passe de 8 k a en construisant, sur les droites 
joignant F aux differents points de *S, des triangles rectangles sem- 
blables ayant en J^ le meme angle 0, 

De 1^ r&ulte que, si D et d sont deux points homologues par rapport 
h MNP et a/3y, le triangle dFD est semblable a aFM. Done tout 
point du plan mobile MNP decrit une droite. En particulier, si D 
est le centre du cercle MNP, le centre d du cercle a/3y d6crit une 
droite perpendiculaire k FB. 

F est un centre permanent de similitude du triangle mobile ajSy. 

Deux lignes homologues quelconques des figures 8 et o sont dans 
le rapport cos0 ; 1. 

3. On sait qu'une tangente quelconque a une parabole, limit^e a 
deux tangentes fixes, est vue du foyer sous un angle suppl^mentaire 
de celui des tangentes fixes ; la r6ciproque de ce theoreme est egale- 
ment vraie. Si on applique cette proposition aux angles MFN, NFP, 
PFM toamant autour de JP, on voit que les cotes /3y, ya, a/J du triangle 
mobile a/3y enveloppent trois paraboles touchant deux cotes du triangle 
ABG et ayant pour foyer commun le point F; les sommets de ces 
courbes sont les projections de F sur les lignes NPy PM, MN. 

Plus generalement, toute droite de la figure 8 enveloppe une para- 
bole de foyer F; car deux points de cette droite decrivent des droites 
(2°), et la distance de ces points est vue de F sous un angle constant. 

4. Le cercle MNP rencontre les c6tes de ABO en trois nouveaux 
points M\ N, P', qui sont les projections du point F symetrique de 
F par rapport au centre D. Les points F, F* sont les foyers d'une 
conique TT inscrite au triangle ABG ; le cercle MNP est la podaire de 
2^et JF^ par rapport a If, le diam^tre EFE' du cercle est un axe de JJ \ 
le second axe de TJ est dirige suivant la droite Bd, 

Soient a, /3', y les intersections de BG, GA, AB avec le cercle aj3y. 
Le triangle «'/3V' reste toujours semblable a lui-meme, lorsque le tri- 
angle a/3y est constant de forme, car on a 
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a, />, etc. designanfc les angles des triangles a/Jy, a/J'y'. II est in» 
teressant d'observer que 

BFO=a+A=^wa\ GFA^w^fi\ AFB =: ir-y\ 

J?*' est le centre permanent de similitude du triangle afi'y\ 

Le cercle MNP est le lieu des projections des points F, F' sur les 
tangentes a la conique U (podaire de JPet JP'). Si Ton m^ne par F des 
droites faisant dans le meme sensavec les tangentes a TJ Tangle |^— d, 
le lieu des extr^mites de ces droites sera le cercle aj3y, dont le centre 
d est sur le second axe de JJ ; Tangle dFB = Q, Mais Tangle 
dFB = dF'D ; done le m6me cercle aj3ya')S'y' est aussi le lieu des 
projections de F' sur les tangentes a IT, les projetantes faisant avec 
ces tangentes Tangle ^ir—O. 

On pent enoncer autrement ces r6sultats : Si les triangles aj3y, a'/3'y' 
toument respectivement autour de F et F' avec la mimevitesse angulaire, 
mais en sens contraire^ leurs sommets sont toujours sur une meme drcon- 
ference. 

5. Le cercle afiyap^y a pour diametres les droites n\ KK\ qui 
passent par les foyers JP, F' et sont limitees aux tangentes menees par 
les sommets E, E' de Tellipse TJ, 

Je dis que ce cercle touche Tellipse Z7. En effet, soit dQ Tune des 
normales menees de dk U; cette droite est la bissectrice de Tangle 
FQF\ et la perpendiculaire ff a dQ par le point Q est tangente a U, 
La circonference circonscrite au triangle QFF" passe necessairement 
par d ; car les lignes dQ et dD passent toutes deux par le milieu de 
Tare sous-tendu par la corde FF^ de ce cercle. II en resulte que 

FQf = FdD=^-^e, rQf'=zrdD = ^'-e; 

done Q est la projection de F ou F' sur jf\ les projetantes faisant 
Tangle ~ —^ avecjj^; par suite Q est un point du cercle a/3y. 
D'apres cela, la conique' U est Venveloppe du cercle a/3ya'/3'y'. 

6. Examinons maintenant deux cas particuliers remarquables. 
I. Lorsque a = A, /3 = 5, y = 0, 

on a a=:ir-2A, /3' = ir-2B, y' = «•- 20, 

BFO = a+il = 2A, Bra = a'+^ = wA, etc. 
Le point F est le centre du cercle circonsorit a ABG et le point de . 
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concours des hauteurs de a)3y ; F^ est le point de conoonrs des hanteurs 
de ABO et le centre du cercle inscrit a a'/J'y- l^e cercle MNP est 
celui dea neuf points de ABO. 

II. Supposons a:=B,' li=^0, y = -4 ; 

alors a' = 0, jS' = ^, y' = B, 

5J^(7 = a-f^ = J5H-^ = ir-0, BF'0-a+A:=ir-B, etc., 

1^ et ^ sont les points de Brocard de ABO ; les points de contact de 
U avec BO, OA, AB sont les pieds des symedianes de ABO. F est ' 
aussi nn point de Brocard de a/3y, F' un point de Brocard de a/jy. 

7. Soient A'BfO' le triangle form^ par les droites a/3', ^y\ ya\ et 
^"J5"0" le triangle form6 par les droites ay', /3a', y/3'. M. Taylor a 
demontr6 que les directions des c6tes de ces triangles sont constantes, 
et que ces triangles ont, avec ABO, un memo centre d'homologie 0. 

Les distances de aux c6t6s de ABO sont inversement propor- 
tionnelles aux produits 

sin a sin a', sin /3 sin /3', sin y sin y'. 

Les droites AG, BO, 00 rencontrent BO, OA, AB aux points de. 
contact de 27 ; car on trouve ces points en faisant co'incider a avec a', 
/3 avec /3', y avec y'. 

Lorsque a=^B, /3 = (7, y = -4, 

est le centre des symedianes de ABO ; les c6t6s de A'B^Cf sont 
paralleles a ceux de ABO ; les cdt^s de A'S'ff' sont parall^les aux 
tangentes menees par A, B, au cercle ABO, 

Lorsque a = -4, p = B, y = 0, 

et que Ma, Mi^ M^, J3a> B** S^c sont les milieux des c6tes et les pieds 
des hauteurs du triangle ABO, les c6tes du triangle A'B'O' sont 
paralleles aux droites M^Hc, M,Ha, MaHb, et ceux de -4"2^"0" sont 
paralleles aux droites McHt, MaS^ M^Ha. Les distances du point O 
aux c6tes du triangle ABO sont inversement proportionnelles aux 
produits sin J. sin 2 A, sin B sin2£, sin sin 2(7. La ligne AO et le 
rayon du cercle ABO qui passe par A rencontrent BO a des distances 
6gales de M^, etc. 

Si les triangles A'B'O* ou A"B"0'* se reduisent ace point 0, on a le 
theoreme suivant : Par le point 0, on mene trois droites paralleles si 
M^Rc^ McSa, M^Hb (ou a McHb, M^He, Mi,Ha) ; les points d'intersec- 
tion de ces droites avec les cotes du triangle ABO sont situes, six 
sur une circonference et trois sur une droite. 



1885.] • On Ivory* 8 and Jacobins Distance-Correspondences. 189 



On the Extension of Ivory's and Jacobi's Distance^ Correspondences 
for Quad/ric Surfaces. By J. Larmob. 

[Read February Vlthy 1886.] 

1. The theorem of Ivory f or conf ocjal quadrics, — that, if P, Q be two 
points on a quadric and P', Q' the corresponding points on a confocal, 
then PQ'= P'Q, — is of a fundamental character in a general theory of 
distance relations. 

The correspondence between P and P' is determined by their lying 
on the same orthogonal trajectory of the system of confocals, which is 
of course a cxirve of intersection of two confocals of the other species. 
The correspondence is linear, each principal coordinate being 
proportional to the related semi-axis of its surface. 

By means of the theorem, Ivory established his very general result 
relating to the attractions of solids bounded by quadric surfaces, 
which is true, as Poisson pointed out, for all laws of attraction depend- 
ing only on the distance. 

Jacobi's focal relation, which affirms that a quadric may be specified 
as the locus of a point whose distances from any three points on a 
focal conic are respectively equal to the distances of any arbitrary 
point in a plane from three fixed points in that plane, also flows at 
once from Ivory's theorem (c/. Salmon's Oeometry of Three Dimensions). 
But it is important to remark that the proposition requires equality in 
the^ corresponding distances. If, as we sometimes find, it is only 
postulated that the same relations exist between the one set of dis- 
tances as between the other set, i.e., if only proportionality is required, 
there is no longer any locus. To obtain a locus, the comparison must 
then be instituted between four pairs of distances, as in the investi- 
gation given below. 

Confocal hyperboloids of one sheet may be considered as generated 
by two systems of mutually intersecting straight lines. On different 
confocals these lines clearly correspond to one another, as also do their 
points of intersection ; and their corresponding segments are equal. 
So that in fact, if the lines were two systems of jointed rods, they could 
be deformed into a confocal without straining.* Now, if we take 
ABGD a quadrilateral on the surface of a hyperboloid, and A'B*G'D' 

• The relations of this system, and of the corresponding system of three 
dimensions, which proves to be also flexible, are worked out in a paper in the Fro- 
ceedingt of the Cambridge Fhilosqphical Society, 1884, Vol. v., Part 2. 
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the corresponding one on a confocal, we see that corresponding sides 
are equal, and that there are also six relations of the form AB^=^ A'B^ 
AG'= A'C, and so on. Thus we have a prismoidal figure bounded by 
gfawcAe quadrilateral faces such that the corresponding sides of two oppo- 
site faces are equal, and the diagonals of any of the six faces or diagonal 
sections connecting them are also equal : it is easy to trace out in this 
way its relations, and also to see that any further relation of equality 
would make it a regular prism. 

Again, we may apply Ivory's theorem to the focal ellipse and hyper- 
bola of the confocal system : we thus come directly to the result that 
the distances of a variable point on either of these curves from any 
two fixed points on the other are equal to the distances of a variable 
point on a straight line from any two fixed points on that line. This 
is Dupin's theorem that each of these conies is the locus of the foci in 
space of the other, and that any two points on the locus possess the 
focal property. 

These examples illustrate the fundamental character of the 
theorem. The subject is, however, still treated as a special pro- 
perty of confocal quadrics, rather than as a part of a theory of dis- 
tances in general. The object of this paper is to discuss the question 
from the latter point of view.* It will be shown that a similar theory 
applies to a system of confocal cyclides. But it will also be seen that 
these are the only systems of surfaces for which such relations are 
true. 

2. Let 2, 3, 4 represent fixed points, and 1 any point in their plane, 
and let 23 represent the distance between 2 and 3; the relation 
satisfied by the distances of 1 from 2, 3, 4 is well known and easily 

* Sections 7 (a) and 9 (a) have been added since the paper was read. It was not, 
however, until it had been completed, that I' was able to see Darboux's Memoir 
**Sur les Theortoes d' Ivory, relatifs aux surfaces homofocales du second degr^,'* 
Mefnoires de Bordeaux^ T. viii., pp. 197^280. In this paper, Jacobi's transformation 
is discussed and applied in an elegant and elaborate manner ; so that the statement 
made above must be limited. Much of the results of the discussion given here is to 
be found in this Memoir, but the methods followed in it are usually different, and 
sometimes more analytical and special. On the other hand, some of the results given 
in this paper, such as (4), (10) and (11), lend themselves easily to an extension ol 
Darboux's theory. Of the problem of §8, a posthumous solution of Jacobi's for the 
case of conies has, it appears, been published by Hermes, and Darboux gives two 
solutions for the general case of quadrics. These are both different from the one 
indicated in §8, which possesses the advantage that it can be at once extended to the 
case of cyclides. 

M. Darboux considers also the generalization of the theory, in which the square of 
the distance of the point in question from a fixed point is replaced by the square of 
the length of the tangent drawn from it to a fixed sphere, i.e., by &e power of the 
sphere. It may be remarked that all that is given here may be at once extended to 
that case by making use of the well-known relations between the lengths of such 
tangents, which are identical in form with (2) and (3) (Salmon's Conie Seetums, 
§132a, Ex. 4), andj^fjmafhfsr similar relation which corresponds to (4). 
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foand^i and is 

24l2^24^4P = Se34«(12^34«-13^24>-14^23*) (1). 

We may invert this relation with respect to a point 6 ; this is done by 

12 

writing for 12 say, the expression — — — ; and the result is 

61 . 62 

2*12^ 24?. 41«. 63* = Se 6P. 62\ 34^(121 34«-13«. 24*-14^ 23')... (2). 

We have here a relation connecting the ratios of the distances of any 
point 6 on a plane from four fixed points 1, 2, 3, 4 on the plane. 

If we take the centre of inversion 6 to be out of the original plane, 
we see that the same relation is true also when the five points are on 
the surface of a sphere. 

3. This relation between the ratios of the distances of a point in a 
plane from four fixed points in the plane, as well as the corresponding 
theorem in space for five points, also flows readily from Prof. Cayley's 
method of multiplication of matrices (Salmon, Higher Algebra, Ch. ui., 
Ex. 7, 8). Thus, iixryr^r be the coordinates of the point r, and if 
the point 6 be the origin, and we write down the arrays 



61' 


asi 


Vi 


«i 
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-2x, 


-2j/. 


-2z, 


61' 


62' 


as, 


y% 
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-2x, 


-2y, 


-2«, 


62' 


63' 


Hh 


Vz 


»» 








-2x, 


-2y. 


-2z, 


63' 


64' 


i»* 


y* 
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-2x, 


-2^4 


-2z, 


64' 


65' 


«i 


Vi 


«» 








-2x, 


-2y. 


-2«, 


65' 


1 




























1 



their product is zero, as each has one row more than the number of 
columns ; therefore, by the ordinary rule, we have, as Prof. Cayley 

found. 






12' 


13' 


14' 


15' 




21' 





23' 


24' 


25' 




31' 


32» 





34' 


35' 




41' 


42« 


43' 





45' 




51' 


52' 


53' 


54' 







1 


1 


1 


1 


1 






= 0. 



(3), 



which is Prof. Cayley's form of Camot's relation connecting the dis- 
tances of five points in space. 

But if we invert the order of the last rows of the matrices, so that 
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the units may appear at the other ends, the product gives 






.12' 


13' 


14» 


15' 


16' 


21' 





23' 


24' 


25' 


26' 


31' 


32' 





34' 


35' 


36' 


41' 


42' 


43' 





45' 


46' 


51' 


52' 


53' 


54« 





56' 



= 0. 



•W, 



61» 62« 63* 64=* 66* 

which is the relation connecting the ratios of the distances of a 
variable point, say 6, in space from the other five points, — for it is 
homogeneous in those distances. 

We have seen that it may be deduced from the previous relation by 
inversion ; which is also evident from the present form of expression. 

The relations written out at length in § 2, being those connecting 
the mutual distances of four points in a plane, and connecting the 
ratios of the distances of a variable point in a plane from four fixed 
points in it, are obtained at once sis above by omitting in the arrays 
the rows and columns which contain the third dimension z, and the 
fifth point 5 ; they are the same determinants as (3) and (4), with a 
row and column omitted. Bat to obtain the latter relation, (2), for 
points on a sphere, the z terms must be retained, and each array be- 
comes an ordinary determinant, with an equal number of rows and 
columns ; it is, however, equal to zero, as the condition that the points 
1, 2, 3, 4 lie on a sphere passing through the origin 6. 

4. Jacobi's theorem follows, as usual, from (1). If 1' be a point 
whqpe distances from fixed points 2', 3', 4' are respectively equal to 
the distances of a point 1 in a plane from fixed points 2, 3, 4 in the 
same plane, the locus of 1' is obtained by substituting V2\ 1'3', 1'4' 
for 12, 13, 14 in (1) : it is a quadric surface. 

Now in the same manner may be investigated the locus of a point 
1' whose distances from any four fixed points 2', 3', 4', 5' are respec- 
tively equal to the distances of some point 1 in space from four other 
fixed points 2, 3, 4, 5. This is obtained by substituting in (3) the 
distances 1'2', 1'3', 1% I'S', instead of 12, 13, 14, 15 in the first row 
and first column of the determinant, and is 

r2'« 1'3'« r4'« Vb'' 1 



21'' 23* 24* 25' 1 
31'* 32* 34* 35* 1 
4'1'* 42* 43* 45* 1 
5'^ 52* 53* 54* 1 
111110 



= 0. 



(5). 
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3'5'' 
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4'3'' 





4'5'» 
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5'3" 


6'4'' 





.1 
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1 


1 


1 
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The locus is clearly a quadric surface; for, when expressed in 
Cartesian coordinates, aj'-f-y* -}-«'' is common to each member ^of the 
first row and column, and therefore its cd^fefficient in the expanded 
determinant is a constant, viz., the con-esponding minor with sign 
changed. 

But the point 1, with which the correspondence is established, is 
also confined to a locus in space, which is the qug.dric 



= (6). 



Now we may take any four points on the quadric locus of 1', and 
the four related points on the quadric locus of 1, and determine the 
corresponding foci for them. These loci will be quadrics, and they 
will, by hypothesis, pass through 2', 3', 4', 5' and 2, 3, 4, 5 respec- 
tively. We have thus found two pairs of quadrics so related that the 
distance between any two points on the first pair (one on each) is 
equal to the distance between the corresponding points on the other 
pair. 

It remains to show that these pairs of quadrics are equal, and may 
be superposed. We can transfer the points 2, 3, 4, 6 considered as a 
rigid system into such position that the six relations of the form 
23' = 2^3 are satisfied ; for every rigid system possesses six degrees of 
freedom, which may be accommodated to these conditions. When the 
points are in this new position, the locus of 1 passes through 2', 3', 4', 
5', and that of T through 2, 3, 4, 6, and these points correspond, to 
one another. The considerations just given then show that these two 
loci are so related that Ivory's theorem holds, and that they are the 
only class of surfaces which possess this property. 

6. Again, the locus of a point V in a plane whose distances from 
three fixed points 2", 3', 4' on a line in that plane are proportional to 
the distances of a variable point 1 on a line from fixed points 2, 3, 4 
on that line, is a circular cubic with 2\ 3', 4' as foci. For the relation 
between thd ratios of the distances of 1 from 2, 3, 4, is 

23.414-34.21+42.31 = (7), 

and therefore the equation of the locus is 

23.4T+34.2T+42.3T=:0 (8). 

VOL. XVI.— NO. 245. • 
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The relation (5) is unaltered by inversion ; it becomes Ptolemy's 
theorem for a circle. Hence the locus of a point whose distances 
from three points are proportional to the distances of a variable point 
on a circle from three fixed points on it, is a bicircular quartic with 
those points as foci. But this need not be pursued, as it is a case of 
what follows. 

6. The locus of a point 1' whose distances from four fixed points 
2', 3', 4', 5' are respectively proportional to the distances of a point 1 
on a plane (or sphere) from four fixed points 2, 3, 4, 6 on that plane 
(or sphere), may be determined similarly by aid of (2), or, what is the 
same, of the relation in a plane which corresponds to (4) in space. 
Its equation is 
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.(9). 



When expressed in Cartesian coordinates, the only terms which con- 
tain the running coordinates are those of the first row and column, 
each of which is of the form of -^-y^ -\- ^ -{■tevmB of lower orders. The 
locus is usually a surface of the fourth order, and, as the imaginary 
circle at infinity is a nodal curve on the locus, it is a cy elide. But a 
reduction takes place when the points 2, 3, 4, 5 lie in a plane ; for the 
coefficient of (aj* + y^ -1-5?^)*, being the minor determinant formed by 
omitting the first row and column, is then zero by (3), and the locus 
is a cyclide of the third order. 

Again, the locus of a point 1' whose distances from five fixed points 
2', 3', 4', 5", 6' in space are respectively proportional to the distances 
of a variable point 1 in space from ^ve other points 2, 3, 4, 5, 6, is 
determined by aid of (4), and its equation is 
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(10). 



The locus is therefore a cyclide, and it is of the third order ; for the 
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coeJOadent of the terms of the fourth order, viz., of (ar^-\-y^-j'Z^y, is the 
determinant which, by (3), is identically zero. And, as for quadrics 
in § 4, the point 1 with which the correspondence is determined must 
also lie on a related cyclide of the third order, whose equation is 



= .....,...(11). 



We may say that the distances of any point P' on the first cyclide 
from 2', 3', 4', 5', 6' are to the distances of the corresponding point P 
on the second cyclide from 2, 3, 4, 5, 6, as (P') to (P), where (P) 
is a function of the position of P. 

Now, if we take any five points on the first cyclide, and their related 
points on the other one, and find the corresponding loci for them, we 
arrive at a second pair of cyclides of the third order, which pass, by 
hypothesis, through 2^, 3', 4', 5', 6' and 2, 3, 4, 5, 6 respectively. We 
thus obtain two pairs of cyclides, such that, if P, Q are points on the 
first pair (one on each), and P', Qf the corresponding points on the 
second pair, 

PQ = F'Q' (12) 

This result points to a further generalization. Instead of taking 
distances from corresponding fixed points proportional, we may take 
each distance in the first diagram proportional to a definite multiple 
of the corresponding distance in the second diagram. This will in- 
troduce constant multipliers into the first row and column of the 
determinants of (10), (11). The loci will still be cyclides, but of the 
fourth order, and the same reasoning as above shows that the relation 
(12) also holds for ^ system of this kind. 

7. Now, considering the two pairs of cyclides, we can transfer the 
points 2, 3, 4, 5, 6, taken as a rigid system, into*such position that.the 
distances of any one of them from 2', 3', 4', 5', 6' are respectively 
proportional to the corresponding multiples of the distances of the 
related points from 2, 3, 4, 6, 6 ; for proportionality of distances from 
five points involves the same number of conditions as eqi^ality of dis- 
tances from four points, and these conditions can therefore be satisfied 
by means of six degrees of freedom. It follows then, as for quadrics « 

2 
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in §4, that the two pairs of cyclides coincide; and we have this 
generalization of Ivory's theorem, that if P, Q be points on one, and 
P', Q' the corresponding points on the other cyclide, 

[7a. Starting from a given cyclide, it is evidently possible to 
form a whole series of related cyclides which shall possess this 
property with respect to the former ; and we can draw surfaces of the 
series which shall be very close and consecutive to the oiiginal one, 
for, when the two surfaces coincide, the relation becomes an identity. 
Now take points 2, 3, 4, 6 ... on one surface indefinitely near one another, 
and their corresponding points 2', 3', 4', 6' ... on the consecutive sur- 
face : for our purpose we may suppose them to lie in two correspond- 
ing tangent planes, and we may suppose these planes parallel, for we 
thereby neglect only small quantities of the second order. For these 
points, the denominators in the relation (12) are equal to the first 
order of small quantities, and therefore the diagonal distances between 
pairs of corresponding points are equal, i.e., 23'= 2'3, and so on, so 
that the question is reduced to Ivory's case. Further, these two 
systems of points are homographically situated in the two parallel 
tangent planes. Now it is clear that, under these circumstances, the 
distance-equalities can only be satisfied if the lines joining correspond- 
ing points are normal to the planes, and therefore perpendicular to 
the surfaces. . 

No direct method of showing that these cyclides are related to one 
another as well as to the original cyclide presents itself ; but it will be 
seen in other ways that this is true. Assuming it for the present, we 
can take a further step. For corresponding points lie on the curves, 
which, as has been seen, are the orthogonal trajectories of the system 
of surfaces. But these curves themselves are loci for which the 
relation (12) is true, for that relation may be interpreted to mean 
either that P and P', Q and Q' correspond, or else that P and Q, 
P and Q' correspond. Now, as we have seen that all such loci are in- 
cluded in a system of siirfaces, viz., cyclides, it follows that this con- 
gruence of orthogonal trajectories will make up a system of cyclides, 
which are normal to the former system. And there must clearly also 
be a third such system on which the curves lie ; this follows by con- 
siderations of symmetry, or by considering as above the orthogonal 
trajectories of the second system of surfaces. The three systems of 
cyclides intersect everywhere at right angles, and therefore along 
lines of curvature on each ; which is known to be a property of con- 
focal surfaces. 
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The truth of the relation (12) for a system of confocal cyclides might 
also be inferred from the examples in the following sections (see § 10)> 
but I find that Darboux has already deduced this very result from the 
analytical theory of a confocal system, as the analogue of Ivory's 
theorem. {8ur une Glasse remarquahle de Gourhes et de Surfaces , 
Note XVI.) 

If now we show that through the points 2, 3, 4, 6 and 2', 3', 4', 5 ' 
respectively there can always be drawn two quadrics which, when 
properly placed, are confocal with these points in correspondence, and 
that through the points 2, 3, 4, 6, 6 and 2', 3', 4', 6', 6' respectively, 
there can always be drawn cyclides which, when properly placed, are 
confocal with these points in correspondence, it will follow that all the 
relations here investigated are confined to these classes of surfaces. 
This can be proved by counting the disposable constants. 

Each quadric can satisfy 9 conditions, while the conditions of con- 
focality absorb 2, the conditions that four points are on one quadric 
absorb 4 more, and the conditions that the other four points are in 
corresponding positions absorb 3x4 more, — making up, in all, the 
18 conditions. The problem is therefore definite for quadrics. 

Each cyclide can satisfy 13 conditions, that being the number of 
constants in its equation ; while the condition of confocality absorbs 4, 
the conditions that five points lie on one cyclide absorb 5 more, and 
the conditions that the other five points are in the corresponding 
positions absorb 3x5 more — making 24 in all. There are therefore 
2 of the 26 that remain arbitrary. This is in agreement with § 6 ; for 
cubic cyclides the problem would be definite, but in quartics there are 
additional modes of freedom.] 

8. It is interesting to notice the very compact analytical solution of 
the problem, to draw quadrics through these two sets of four points 
respectively which, when properly placed, shall be confocal with these 
points in correspondence, that is contained in the equations (5) 
and (6). 

When in the general case the points 6 and 6' are both in the plane 
at infinity, so that they are equidistant from all other points not at 
infinity, we obtain a particular class of loci, viz., those for which, with 
four fixed reference-points, the one set of distances are equal respec- 
tively to definite multiples of the other set. The loci are quartic 
cyclides, and their equations might also be obtained by the method of 
§ 4. If in the cubic cyclides represented by (10) and (11) we make 
this supposition, the surfaces reduce to confocal quadrics; but this 
merely shows that corresponding points at an infinite distance on con- 
focal cubic cyclides must be regarded as at different infinities, and 
therefore not equidistant from finite points. 
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9. The results here investigated for confocal cyclides are of course 
true for the special case in phmo of confocal bicircular quartics. For 
this case a direct verification is not difficult. 

It is well known that a system of confocal conies can be represented 
by the equation in complex variables 

aj-f- «y = sin'C^ + iif'), 

and Greenhill has shown that a system of confocal Cartesians may be 
represented by the equation 

ajH-iy = sn'(^ -!-««//), 

where ^, i// are the parameters of the two sets of mutually orthogonal 
curves. 

Denoting the distance of the point ^, \p from the point ^', i//' by 
0v// . ^'\//', we have to show that the above relation subsists between 
(fiyp . ^'}p' and ^\//' . ^'i//. Now, if », y and x\ y are the coordinates . of 
^, \// and ^', \//', we have 

»-»'+« {y-y) = sn« (^+iif)-sn' (v>'+4')> 
and, changing the sign of c, 

oj— »— « (y—y) = sn* (0— «i//)— sn' (^'— «\f'')' 
The product of these expressions is the square of ^ip . <l/\p\ 
Now let 

= {sn (0 + c)//)-sn (f +«i/'')} {sn (0-«i/')-sn (0'-i\p')} 
= sn (0 + i\//) sn (^-«i//)— sn (^'+4') sn (f — «i//') 

+ l{sn (0 + c^/;)-sn(^-ii//)} {sn (^'+4')-sn (f-^')} 

-i{sn(^H-t>f»)+sn(^-4)}{sn(f-hcf) + sn(f-tf)} 
_^ sn'^— sn'tip , sn' 0^— sn' t</r' 
"" 1 — /c' sn* sn' ixj/ 1 — A^ sn' ^' sn' ixj/ 

, sn ^ en ti// dn t »// . sn ^' en ii//'dn t\//' + en sn tip dn . en ^' sn tip' dn ^' 
(1 - A;' sn' ^ sn' tif.) (1 -A;' sn' f sn' tf ) 

Hence we easily find 

(1 - A;' sn' <t> sn' 4) (1 - A^ sn' ^' sn' if) 9 
= (sn'0 + sn'/)(l + A;'sn'ii// sn'ci//') - (sn' ii//+sn' tf )(1 - A^'sn'0 sn'^') 
+ sn0 en lyp dniip . sn ^' en c\//' dn o//' H-cn0 snixjj dn . cn^'sniif/'dn 9^, 

which is not altered in value by permuting the accents on ^, \(/, tj/, 1//'. 
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Changing the signs of 0', i//', we obtain a similar expression for 9', 
where also 00' = (^i// . ^V')'* 

It follows that 

(1 - fe* sn' sn» 4) (1 - Ar* sn'' 9' sn« if) (0»// . f f ) 
= (1 -A;» sn« sn« if) (1 - V sn«f sn' ii//) (^f . 0», 

which is the verification sought. 

The relation is unaltered by inversion, and by inverting confocal 
Cartesians wo obtain general confocal bicircnlar qnartics. 

[9a. If 0, \p are the parameters of two sets of curves, we can express 
the coordinates of any point in their plane in the form 

where 0^, 0, are functional symbols. 

Now we have shown that Ivory's theorem in piano holds only for 
confocal conies, therefore the functional equation 

= an even function of 0— f, ^ — f, 

has a solution, which is unique, and represents a system of confocal 
conies, and can therefore be put into the form 

^1 (l>y ^) + '^i (^, »//)+^ = Osin* (0+«l/r), 
where A, G are any constants, real or imaginary. 

Similar analytical statements apply in the other cases.] 

10. The inverses with respect to any point of a system of confocal 
quadrics form a special system of confocal cyclides for which the rela- 
tion (12) is clearly true. Also, if the pair of cyclides of that theorem 
are symmetrical with respect to a plane (i.e., if they have focal curves 
in that plane), their sections by the plane are bicircular quartics for 
which the theorem holds, and which must therefore, as we have seen, 
be confocal. These considerations [see § 7«] point to the conclusion 
that all the pairs of cyclides which satisfy the relation are confocal. 

Assuming their confocality, and applying the relation to two focal 
curves, which are limiting forms of a confocal system, we arrive, by 
the same method as in § 1 for conies, at the result that the locus of 
the foci in space of a plane or spherical bicircular quartic curve is one 
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of the other f oca\ curves of the system of conf ocal cyclides of which 
thrf original is a focal curve. This theorem has been given by 
Darboux. (Sur une Glasae remarqudble de Gourhes et de Surfaces 
algebraiques, Paris, 1873, p. 44.) 



March 12th, 1885. 

J. W. L. GLATSHER, Esq., F.R.S., President, in the Chain 

Messrs. Philip Magnus, B.A., B.Sc, Director and Secretary of the 
City and Guilds of London Institute for the Advancement of 
Technical Education, and R. Lachlan, B.A., Scholar of Trinity 
College, Cambridge, Royal Naval College, Greenwich, were elected 
members. 

Mr. J. J. Walker, F.R.S., made a second communication On a 

Method in the Analysis of Plane Curves. 
Mrs. Bryant, D.Sc, read a paper On the Geometrical Form of 
perfectly regular Cell-structure. The President and the 
Treasurer made some interesting remarks in connection with 
the subject. 
Prof. Sylvester, F.R.S., spoke On the constant Quadratic Func- 
tion of the Inverse Coordinates of «-|-l points in space of n 
dimensions. Prof. Cayley, F.R.S., made some remarks on 
this last communication. 
Mr. Tucker formally communicated papers by Prof. Karl 
Pearson, On the Flexure of Beams ; by Rev. T. C. Simmons, 
Two Elementary Proofs of the Contact of the Nine-point 
Circle of a Plane Triangle with the In- and Ex-circles, together 
with a Property of the Common Tangents ; and Mr. Tucker 
mentioned that he had also obtained two elementary proofs of 
the first part of Mr. Simmons' paper. 

The following presents were received : — 

** Proceedings of the Royal Society," Vol. xxxvm., No. 235. 

**Aii Elementary Treatise on Dynamics," by Prof. B. Williamson and P. A. 
Tarleton, 8yo ; London, 1885. (From the authors.) 

"Mathematical Questions, with their Solutions, from the * Educational Times/ " 
Vol. xLn., 8vo ; London, 1885. 

** Educational Times," for March. 
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'' Bulletin des Sdences Math^matiques," Feb. 1885, and Index for 1884. 

**Jahrbuch iiber die Fortschritte der Mathematik/* xiv.,* 2; Jahrgang ^882; 
Berlin, 1885. 

" Bulletin de la Soci6t6 Math^matique de France," T. xn., No. 6 ; T. xin.. No. 1. 

<< Beiblatter zu den Annalen der Fhysik und Ghemie," B. ix., St. 2 ; Leipzig, 
1886. 

" Mittheilungen der Mathematischen Gesellschaft in Hamburg," No. 5; 
Leipzig, 1885. 

<< Jomal de Sdencias Mathematicas e Astironomicas," Vol. v., No. 6 ; Coimbra, 
1884. 

'' Atti della K. Accademia dd Lincei," Yol.^., F. 4, 5, and 6 ; Boma, 1885. 

A number of pamphlets by Prof. L. Kronecfeer : — 

Ten papers from Nos. (xx., xxi.), (xxiii., xxnr.), (xxix., xlvi.), (xxx.), (xxxvii.), 
(xxxTHi.) of the "Abhandlungen" of the ** Sitzungsberichte der Koniglich- 
Preussischen Akademie der Wissenschaften zu Berlin." 

** Ueber bilineare Formen mit vier Variabeln," from " Crelle," Bd. xcvi.. Heft 4, 
Bd. xc7n., Heft 2 ; Berlin, 1884. 

'' Goordonn^es parallMes et axiales: Methode de transformation geometrique et 
precede nouveau de calcul graphique deduits de la consideration des coordonn^es 
parallMes," par Maurice D'Ocagne ; Paris, 1885 : from the Author. 



Note on Certain Elementary Oeometrical Notions and Determina- 
tions. By J. J. Sylvester, Savilian Professor of Geometry i^ 
the University of Oxford. 

[J^ead March I2th, 1885.] 

A curve, as every one knows, may be regarded as a locus of points or 
as an assembly of directions, every point being common to two consecu- 
tive directions of the assembly, and every direction to two consecu- 
tive points of the locus ; the locus is called the envelop of the assembly 
(that is part of the accepted language of geometry), and, conversely, 
the assembly may be called the en/vironm&nt of the locus. So we may 
regard a surface as an assembly of tangent planes or as a locus of 
points standing to each other in the relation of envelop and environ- 
ment, and extend these definitions to space of any number of 
dimensions. 

By a plasm, waiting a better word, we may understand a figure 
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analogons to a point-pair in a line, a triangle in a plane, a pyramid 
in space, etc. ; and an n-gonal plasm or w-gon will signify a plasm 
having n vertices and n faces themselves (n— l)-gons. 

It is easy and desirable to find the general value of the content of 
a regular w-gon, say ahcde^ all whose edges we may call unity. 

If 6/3 = Ja&, cy = |ci3, dh:=idy..., 

it is easily seen by an elementary process of integration that /3, y, 5... 
are the centres of figure to the successive plasms ah, ahc, abed, ..., and, 

making ha =_pi, cjS = p^, dy = p^ ..., 

each term in p^, p^, Pz >" will be perpendicular to the one which pre- 
cedes it, so that, if Vn is the content of the plasm, 

il,2,S...nyVn=p,p,...Pn. 
Moreover, we shall have 

of which the general integral is 

in the present case, since Pi = 1, = 0, so that 



F' = 



n+1 



(1.2...w)«2» 



If a, 6, c be the angles of a fixed [triangle, and -4, B, G are propor- 
tional to the distances of a variable line from a, h, c respectively, we 
may denote the line hj A : B : G ; as regards a variable point, it will 
presently be seen to be advantageous to denote its proportional coor- 
dinates, not, as is rather more usually done, by equimultiples of its dis- 
tances from the three sides, but as equimultiples of these distances 
multiplied by the sides of the triangle from which they are measured* ; 
so that, calling these coordinates a, h, c, the imagef of the line at 
infinity becomes a 4- & + c 

Consider now the universal mixed concomitant (which it will be 



* Or rather divided by the distances of these sides from the opposite angles of the 
fundamental triangle, whose coordinates thus become 1, 0, 0, 0, 1, 0, 0, 0, 1. 

f If F = is the equation to any locus or assembly, I- call F the unage, and such 
locus or assembly the object ; to a given image responds in general an absolutely 
definite object, but, when the object is given, the image is only determined to a «>»- 
stant factor i7r^«. 
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convenient to call a mutiuint) Aa+Bh'\'Gc (where a, 6, c, A, Bj G are 
used in lien of the more nsnal letters a?, y, z, f, ly, () ; it will readily be 
seen that, when a, &, c vary, and -4, B, C are fixed, the mutuant 
images the line A : B : G, and that, when -4, 5, G vary and a, 6, c are 
fixed, the mutuant images the radiant point a : 6 : c ; that is to say, 
Aa-j-Bh + Gc =^0 is true for every point in the point-containing line 
A : B : G in the one case, and- to every line through the radiant point 
a : 5 : c in the other. 

Supposing, then, that the two kinds of coordinates are chosen in this 
manner, we see (what would not be the case if the simple distances 
were taken) that a form F and its " polar-reciprocal " ^ image the 
self-same curve referred to the self-same fundamental triangle. 

These consequences would moreover continue to subsist if, calling 
the distances of a line from the vertices P, Q, 22, and of a point from 
the sides p, q, r, we took AP : MQ : NE, \p : fxq : vr for the two sets of 
coordinates, provided only that XAP=/iM63f=vNJT; P, 6?, 17 being the 
distances of the sides from the vertices of the fundamental triangle, in 
which case the line at infinity would no longer be imaged by a+ & -f c. 
I shall, however, adhere in what follows to the convention above laid 
down. I need hardly add that in like manner, in space taking 
A: B : G : D (the distances of a plane from the vertices of a funda- 
mental pyramid) as the coordinate representation of such plane, and 
a : h : c : d (the contents of the volumes which any variable point 
makes with the .respective faces) as the coordinate-representation of 
such point, the mutuant aA-^-bB-^-cG-^-dD will be the image of the 
radiant point a :h : c : d when the capital letters are the variables, 
and of the plane A : B : G : D when the small letters are the variables, 
meaning of course that Aa+Bh-j-Gc-^-lDd =^0 will be true of every 
point in the plane A : B : G : V and of every plane through the point 
a : h : c : d, and, as before, P and <p polar-reciprocals to each other will 
image the self- same surface (referred to the self- same fundamental 
pyramid) viewed as a locus or envelop on the one hand, as an assembly 
or environment on the other. 

If a, &, c, d be used to signify the actual as distinguished from the 
proportional coordinates of a point, a linear function of these is con- 
stant, whereas it is a quadratic function of -4, B, G, D ..., when used 
to signify the actual distances of a variable line, plane, &c. from the 
vertices of the fundamental plasm which is constant ; and it is the 
principal object of this note to determine the form of this quadratic 
function, which, as Prof. Cayley was the first to show, may be ex- 
pressed by the determinant to a matrix standing in close relation to 
the well-known "invertebrate symmetrical matrix," the deter- 
minant to which represents a numerical multiple of any plasm 
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in terms of its edges, as ex, gr, : 

ah ac ad 1 

ha . he hd 1 

ca cb , cd 1 

da db dc . 1 

1111. 

where aJ), acyhe „, are used for brevity to signify the measure of 
absolute distance between a, &, a, Cy h, c,,,y i»e,, stand for what in 
ordinary notation would be denoted by (ahy, (<*c)*, (hc)\ ... This 
may be quoted as the mutual-distance matrix ; its determinant, besides 
representing a numerical maltiplier of the squared content of the 
pyramid when equated to zero, expresses the conditions of the four 
points a, 5, c, d lying in a plane, the former property being a consequence 
immediatelj deducible by strict algebraical reasoning from the latter. 
That this determinant does image the condition of the plasm to 
which the points a, 5, c, ei ... are the vertices, losing one dimension of 
space, may be shown in a somewhat striking manner as follows. If 
for a moment we use x, ^, z, the distances of any point in the plane of 
dbc from' he, ca, ah as coordinates, the equation to a circle circum- 
scribed about ahe will be of the form fyz-\-gzx + hxy, and, calling the 
sides of the triangle a, 6, e respectively, ax -{-hy-^-cz is constant. Hence, 
substituting for z its value in terms of x and y, the image of the circle 
may be put under a form in which /& and ga will be the coefficients of 
y^ and x^ respectively; but, since a and y are proportional to the 
Cartesian coordinates y and x respectively, the coefficients of x^ and y^ 
must be equal. Hence f : g : h :: a : h : Cy and if now ax, by, cz, instead 
of X, y, z, be used as the coordinates of the variable point, the image 

to the circumscribing circle becomes S ^ , or if we please S a^yz, 

DC 

I.e., S he yz, where he stands as convened for (hey. 

Hence, if a, 5, c, d be the vertices of a pyramid, S ah yz will be the 
image of the circumscribing sphere, for when any coordinate t is made 
zero the image becomes that of a circle; and so nniversally for a 
plasm of any number of dimensions. 

Consider the case of a circle, and suppose that 

ah ac 1 
ha , he 1 
ca eh .1 
111. 
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vanishes ; this means that the line » + 2/ + « tonches the circle 
abiiyy-\'hcyz'{-cazx. 

But, if a; + ^ + ^ images the line at infinity, it mnst cut this (as it cnts 
any other circle) in two distinct points, viz., the so-called circular 
points at infinity. Hence X'\-y-\-z must, when the above determinant 
vanishes, cease to be the line at infinity, which can only come to pass 
by the triangle abc losing a dimension of space, and a, 5, c coming into 
a straight line, in which case aj + y-f 2j = 0, instead of being true of a 
particular line, is true of every point in the plane. 
Just in like manner, if 

ab ac ad 1 



ba 


. 


be 


bd 1 


ca 


ch 




cd 1 


da 


db 


dc 


. 1 


1 


1 


1 


1 . 



vanishes, unless x-^y -{-z-^t ceases to image the plane at infinity, this 
plane would touch the sphere S ab ayy, i.e., would cut it in a pair of 
straight lines, whereas it intersects it in & circle. Consequently the 
plasm abed must, as before, lose one dimension, and so in general. 
The content of a plasm vanishes when the mutual - distance 
determinant does so, and the latter as ^ell as the former may be 
expressed rationally in terms of ordinary Cartesian coordinates ; but 
the expression for the content (being linear in each set of coordinates) 
is obviously indecomposable, and must therefore be a numerical 
multiple of some power of the mutual-distance determinant ; a com- 
parison of dimensions shows at once that this power is the square root. 
As regards the numerical multiplier, when the plasm has all its 
edges equal to unity » (say a triangle, for example), the mutual-distance 

determinant becomes 1 1*1 

10 11 

110 1 

1110 
which is easily transformable into 

111 

1 f 
1 f 
10 1 
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of which the value is — 3 ; and so in general for a regular plasm with 
(n + l) vertices; t.e., in space of n dimensions the mutual-distance 
determinant, say D„, becomes ( — )"*^ (n + l), whereas the (volume)^, 

say Vl, has been shown to be ^ . 

Hence, universally, 

I>,= (-)-i2'»(1.2...n)^n. 

It may be here noticed that, if p be the perpendicular from any vertex 
on an opposite face of the plasm whose content is F„.i, we shall have 

Consequently, 

D„.i/ = (-)«2»-i (1 . 2 ... ;ri:T)' VLip" 

= (-r2«-^(1.2...7i)«7^ = -JD„. 

I now pass on to the leading motive of this note, viz., the determina- 
tion of the connection between the coordinates A, B, (7 ... drawn from 
a, 5, c ... . 

It is clear a priori that the form of the condition will be in all cases 
that a homogeneous quadratic function of the distances must be con- 
stant. Thus, ex. gr,, when there are four points, if -4, B, be assumed, 
we may describe three spheres with these quantities as radii, and the 
fourth point will be determined by means of one of the pairs of tan- 
gent planes drawn to them, the particular pair depending on the rela- 
tive signs attributed to ^, J5, 0. Hence, if F (J., B, (7, D) = oo be the 
general equation, each of the quantities must enter in the second and 
no higher degree ; moreover, since by transporting the plane from 
which the distances are measured parallel to itself. A, B, 0, D will be 
all increased by the same quantity, F must express a function of their 
differences, and consequently, since any two distances may be inter- 
changed, F can contain no terms of the first order in the variables, so 
that ^ = must amount to the predication of a homogeneous quad- 
ratic function of the distances being constant. 

Thus, ex' gr,f in the case of three points, we have the well-known 

equation S (ah) (A-G)(B-C)=i (ahcy. 

Suppose now that A, By G are taken in proportions consistent with 

making S (ahy (^-0) (B-G) = 0. 

Let S (aby (A-G) (B-G) = P , Q, where P, Q are two linear 
functions of A, B, G ; then P, Q image two radiant points, each of 
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which will have the property that any of its rays is at an infinite dis- 
tance from a, 6, c, or at all events, if it should pass through one of 
them, from the other two, and it is easy to anticipate that these two 
points must be the circular points at infinity. That such is the fact 
is obvious, because (using Cartesian coordinates) the perpendicular 
distance from any point upon aj ± v^— 1 .y contains zero in its de- 
nominator ; so that the two points of the absolute may be regarded as 
the centres of two points of rays, all of them infinitely distant from 
the finite region. 

But these two points are the intersections of the circumscribing 
circle with the line at infinity, and consequently their collective equa- 
tion will be found by taking the resultant of S ah xy, 2 x, S^a?, which 
is well known to be the determinant of the quadratic function 
bordered by the coefficients of the two linear ones. Hence the con- 
stant quadratic function in A, J5, 0, viz. Sa6 {A^B) (A—C), ought 
to be a numerical multiple of the determinant 

. A B G . 
A , ah ac 1 
B ha . he 1 
G ca ch . 1 

.111. 

as is the case, the value of this determinant being 

The same thing may be shown in a more elementary manner as 
follows. Combining 

iJ?+2/ + ^ = 0, ahxy-^-hcyz-j-cazx = 0, 
we have acx^ + (6c -f- ca — ah) xy + hcy^ = 0, 

at each point of the absolute. And, taking x^ y^ ^i, x^ y^ z^ as the co- 
ordinates at these two points, it follows that 

:: he : ca \ ah : —hc—ca-hah : -—ca^ah-^-hc : ^ah—hc-\-ca. 
And, as the two points will be imaged by 

x^A'\-y,B-\'ZiG, x^A-^y^B+z^G, 
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respectively, it follows that their collective image will be 

S{6cJ.«H-(6c-a&-ac)50}, 
which is easily seen to be identical with 

The universal algebraical theorem npon which the first method of 
proof depends is the well-known one that, if Q is a quadratic function 
and L^f L^^ ... A- i linear functions of ^ variables, and if Q' (where j 
is not less than t-|-l) is what Q becomes when i of its variables 
are expressed in terms of the rest, then the necessary and suifficient 
condition of the discriminant of every such Q' vanishing is that the 
determinant to Q bordered by the coefficients of the i linear functions 
shall vanish. When ^ is equal to t-fl, the theorem shows that the 
resultant of the quadratic and its i attendant linear functions will be 
the bordered determinant in question. In the above example we had 
i = 3, t=2. 

Let us now proceed to apply a similar principle to the case of four 
points a, h, c, d in space. 

If we take the case oj'-f ^^-1-2;'+^' = 0, any tangent plane to it at 

x\ y\ z\ i will be x'x-^yy-^^z-^it^ 

and, as aj's+^^'s^-^'i+^'s = 0, 

it follows that every tangent plane will be at infinite distance from 
any point external to it ; and, as this is true wherever the centre of 
the cone be placed, and all the cones so obtained have the " circle at 
infinity *' in common, — it follows that every tangent plane to the 
circle at infinity is infinitely distant from any external point in the 
finite region, — the infinitely-infinite system of planes thus obtained 
one may regard, if one pleases, as consisting of sheaves of planes 
whose axes form the environment to the circle at infinity, and will be 
the correlative to the infinitely-infinite system of points in the plane 
at infinity, which are infinitely distant from all external planes in the 
finite region. We see, then, that the coordinates to each such plane 
must satisfy the condition that, on making S» = and %Ax = 0, and 
expressing any two of the variables », t/, 2?, t in terms of the two others, 
the discriminant of the form then assumed by %abxy must vanish, and 
consequently, as before, the mutual- distance determinant to the points 
a, 6, c, cZ, bordered with a row and column of units and a row and 
column consisting of the letters -4, B, 0, D, will represent to a 
numerical factor 'jgres the constant quadratic function of distances, 
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i,e., this function will be 
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and obviously a similar algebraical conclusion will continue to apply, 
whatever may be the number of points w in a space of w— 1 
dimensions. 

As regards the value of the constant, in any case, that may be ob- 
tained by taking a face of the plasm as the term (line, plane, etc.) 
from which the distances A, B, G ..., are measured ; i.e., we may make 
B = 0y (7 = 0, D = 0..., provided we make A equal to the perpendicular 
from a on the opposite face. The value of the bordered determinants 
then becomes the negative of the squared perpendicular from a on 
hcd . . . multiplied by the mutual-distance determinant to hcd . . . ; t.e., 
by virtue of what has previously been shown, will be ^ of the mutual- 
distance determinant of abed ... 

Hence the complete relation between Ay B, 0, D may be exhibited 

by making -i ^ J5 D =0, 
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and similarly for any number of points. 

Professor Cayley has obtained the same result by a more direct but 
not more instructive process, as follows. Taking, by way of example, 
three points, A + k^B + k, G+k, (where k is infinite,) may be regarded 
as the distances of a, 6, c from a fourth point at an infinite distance, 
and accordingly we may write 

ab ac (A -f ky 

he (B-{-ky 

ch . (C+fcy 

(B-^ky (G+ky 
111 



ha 
ca 

(A-]-ky 

1 



= 0. 
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ah 



For the gnomon bordering the square formed by the small letters and 
dots, we may substitute 

2M+^» 1 

^TcB+ff 1 

^W-^-C 1 

2JcA+A^ 2A;iH-J5« 2hG+G^ -2Aj» 1 

1 1 11 

without alteriag the value of the determinant, which therefore, 
remembering that h is infinite, is in a ratio of equality to (2A;)' mul- 
tiplied into the determinant 

ac A 1 

he B 1 

. G 1 

G -i . 

1 . . 

This last determinant therefore must vanish, agreeing with what has 
been shown above by a more purely geometrical method.* I will now 
proceed to develop this determinant deprived of its constant term, 
expressing it as a function of the differences of the capital letters. 

It is obvious that it may be expressed as a sum of terms of which 
each variable part will be of one or the other of these three forms 
(A- By, (A-B)(A'-G), (A-B)(G-D)i and accordingly we may 
distribute the totality of the terms of the constant function of differ- 
ence into three families depending on the form of the variable argu- 
ment. 

In general, if we consider any invertehrate symmetrical determinant 
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* As a corollary, we may infer, from the vanishing of this determinant, that, using 
the notation previously employed, ^ = - ^ n^ -^, 

and consequently that i>« = - (2)»» (1 . 2 . . . n)2 r«, 

and that thus the content of a regular plasm with unit edges and (n + 1) vertices is 
w + 1 _.» 3 1 5 



2«(1.2. ..«)•*' '' 16' 72' 9.210"* 
for tnangle, pyramid, plu-pyramid, etc. 
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expressed by the umbral notation 

aa ah^ac ... al 
ha hb he ,,, hi 

la lb Ic ..• II 

where aa = hb z=:cc=:ll ,*, =0 and pq = qp, we have this simple rule 
of proceeding : 

Divide the letters a ... Z in every possible manner into cyclical sets, 
each set containing at least two letters. 

Any cycle aiU^ ,,, ai is to be interpreted as meaning 

OxOji . a^a^ ... ai^itti . %a,-, 

which, by virtue of the supposed condition ah = ha, will be the same 
in whichever direction the cycle is read, the effect of the inversion of 
the cycle being merely to give the same product over again, written 
under the form a,ai .a^a,... a^a^,^. 

The cycle of two letters Oia, must be interpreted to mean (a^a^^. 
If now GiCi .,, Gi are cycles of two letters each, and X1X2 ••• Xi cycles 
of three or more letters, the total value of the determinant will be 

If, the principal diagonal terms remaining zero, the other terms were 
general, then the expression of the value of the determinant, calling 
the cycles GiG^ ... G,, and making no distinction between the case of 
their being binary or super-binary, would be 2 (—)*** 'Ox Oj ... G^; only 
it would have to be understood that each cycle of two letters, as (a6), 
would mean (ahy, but a cycle of three or more letters, as (abc), would 
mean ah , be ,ca + ac,cb . ba. 

This being premised, it is easy to deduce the following rule for the 
determination of the three different families of terms belonging to the 
constant determinant of distances, which, to avoid prolixity, must be 
left to the reader to verify. 

Family I. — Omitting any two letters, and forming all possible 
cyclical products with the remaining (n—2) letters, if OiG^ ... G, be 
any set thereof, and v the number of them containing more than 
two letters, the general term will beSS (-)"*''2''' G, . G^ ... G, (A-Sy, 
a, h being the two letters which do not occur in the cycles G^G^... G,. 

Family II. — Omitting any one letter, and forming with the remain- 
ing n — 1 letters, in every possible way, a chain x containing two or more M 

2p 
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letters, and cycles OjOj... 0,, then, supposing the chain to be hcd „.Mf 
and understanding by (x) the product heed ,,. kl, the general term will 
be S2 (-)'»*•' 2'''*>Ci a,... a(x) (^--S) (A-L), a being the letter 
which does not appear in the chain or any of the cycles, and y mean- 
ing as before the number of the cycles which contain at least 
three elements. 

Family III. — Form all the letters in every possible way into two 
chains (each containing two or more letters) x> x'> ^^^ i^to cycles Oj, 
(72, ... 0^; then, supposing the initial and final letters of x to be a, A, 
and of X to be h, Ij the general term of this family will be 

22(-)-'2''*'0A ... a (x) (%') {(A-E) iH-L) + (A-L)(H-K)}. 

I subjoin in the following table the types of the coeflBcients of the 
several families for all the values of n from 2 up to^ 7 ; the vacant 
cycle ( ) of course means unity, and a cycle (ah) means (a6)'; i.e., the 
fourth power of the length ah. 

Every cycle enclosed in a parenthesis of three or more letters, will be 
understood to be affected with a coefficient 2, and for greater brevity 
the variable part of each term is left to he supplied. A round 
parenthesis indicates a cycle, a square parenthesis a chain. 

Number Name 

of Types. of 

Letters. Family. 

2 () 1st 

3 (66) 2nd 

4 -(cd) Ist 

2 [6ci] 2nd 

2 [a5] . leO] 3rd 

8 (cde) 1st 

-2 [bode'] : 2 (6c) [<fe] 2nd 

„ -2 [a6] Icde] 3rd 

6 -(cdef) : (cd) (ef) Ist 
„ -2 (hcd) [ef] : -2 (6c) [def] : -2 [6cd6/] 2nd 

-2 (ah) IcdPi lef} : [o6c] [def] : [a6] iedef] 3rd 

7 (cdefg)-(cd)(efg) Ist 
„ 2 (bcde)\Jg] :2(bcd)[efg] : -2(hc)(de)ifg-\ 2(hc)[defg-] : -2[6«?e/y] 2nd 
„ 2 (a6c)[(ie][/(/] :2 (a6)[ci][e/^] : -2 [o6c][<fo/ff] : -2 [oiofo/^] 3rd. 
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Thus, ex. gr,, the constant function of distances for three points 
in a plane is 2S he (A^B) (A—O); for four points in space is 

-S<x« (^--B)H2S be . cd (A-B) (A-D) 

+2Sa& . cd {A^ B^^+A^^ff^) ; 

for five points in hyper-space is 

22 (cd.de. ec) (A- By ^21, (hc.cd. de) (A-B) (A-E) 

H-2 (hey (de) (^-D) (B^E) 

'--21,ah.cd.de.ec((A-Cr)(B'-E)-\-(A-E)(B-0)). 

The part of the constant function of distances for seven points be- 
longing to the 2nd family of terms will be 

4:^hc.cd.de.eh.fg(A'-B)(A-E)-]-4i^hc.cd.dh.ef.fg(A^E)(A-G) 
-2 (hey (deyfg (A^F)(A^Gr)-h2 (hey (de . ef.fg)(A-^I>)(A^Q) 
-2hc.cd.de.ef .fg (A-B) (A^ 0). 

The number of types in each family for n points is easily express- 
ible by a generating function. 

Obviously in the 1st family this number is the number of ways of 
resolving n into parts none less than 2 ; i,e.^ it is the coefficient of 

1 



in 



l-»M-ajM-iB* 



In the 2nd family, it is the sum of the number of ways of decom- 
posing n--3, w— 4, ... into parts none less than 2; *.e., it is the 
coefficient of »**"' in 

l+a?+a;H... • • 1 

(l-»«)(l-»»)...' ""^^ '^ (l-»)(l-»«)(l-»»)...' 

In the 3rd family, if the number of waysof dividing r into two parts, 
neither of them less than 2, is called (r), and of dividing (n^-r) into 
any number of parts, none less than 2, is called [n—r']^ the number of 
types is 2 (r) [w— r] ; i.e., it is the coefficient of aj**"*in 

l + ajH-2a5H2aj»+3aj*+3aj*+ 1 

, t.e. in 



(l-aj^)(l-aj») (l-x')... ' (l-aj)(l-aj^)Hl-»')(l-»*)...' 

Hence the total number of types in all three families combined will* 
be the coefficient of »**"' in 



(l-a?)(l-a?^)+a?(l-a?')+a?' 



I.e. in 



l-«.l-a>M-»»... ' l-».(l-aj»)M-»M-a>*... 
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Consequently, the indefinite partitions of 0, 1, 2, 3, 4, 5, 6, 7, ... 
being 1, 1, 2, 3, 6, 7, 11, 15, ..., the series for the type-nnmber will be 
found by summing all the terms in the odd and even places successively. 
We thus obtain the series 1, 1, 3, 4, 8, 11, 19, 26, ... for the number of 
types in the constant-distance function for 2, 3, 4, 5, 6, 7, 8, 9, ... points 
respectively. 

It may be worth while to exhibit the rule for the formation of the 
constant function of distances under a slightly different aspect. 

As before, by the reading of any cycle, understand the product of its 
successive duads affected with the multiplier —1 or —2, according as 
the number of letters in the cycle is two or more than two. 

By a modified reading of a cycle, understand what the reading 
becomes on substituting for any two duads pq, rs the product 
(P— Q) (jK-zS), as for instance (A-B'^G—D) in lieu of ah,cd, 
(A—B'^B^G) in lieu of ah . be, and (which can only happen in the 
case of a cycle of two letters), (A—B) (B—A), i.e., —(J.— 5)' in lieu 
of ab . ha. 

Then, to find the constant function of distauces to any given set of 
letters, we must begin with distributing the letters in every possible 
way into cycles containing between them two or more letters. Each 
such combination of cycles we may call a distribution. 

In each distribution the cycle is to be taken (each in its turn), and 
the sum of its modified readings is to be multiplied by the product of 
the readings of the remaining cycles, if there are any. The sum of 
these sums (or the single sum, if there is but one cycle) is the portion 
of the quadratic function sought, due to the particular distribution 
dealt with ; and the sum of these double sums, taken for each distri- 
bution in succession, is the total value of the function, and will be 
equal exactly to its representative determinant when the number of 
letters is odd, and to the same with its sign changed when that number 
is even. 

As an example for five letters a, h, c, d, e, there will be ten dis- 
tributions of the form (ah) (cde), and twelve distributions of the form 
(ahcde). 

From any one of the first ten distributions, as (ah) (cde), by modi- . 
fying first (ah) and then (cde), we obtain 

r. 2 (cd . de . ec) (A-B) (B-A), 

2°. 2 (ahy{ce(G-D)(D^E)'^dc(D-E)(E^O)+ed(E-0)(G''D)}. 

And from a distribution of the form (ahode) we obtain, by operating 
on consecutive duads, 

5 terms of the form —2 {cd.de. ea (A—B) (B-G)}, 
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and, by operating on non-consecntive duads, 



6 terms of the form —2 {he ,de,ea A—B 0— D}*. 

The snm of all the sums of terms due to the twenty-two distributions 
is the constant function of distances for the five given letters. 

In the case of six letters the distributions into cycles will be of four 
kinds, corresponding to the partitions 6 ; 4, 2 ; 3, 3 ; 2, 2, 2. 

The first kind will contain two types of the 3rd family and one of 
the 2nd family ; the second kind will contain one type of each of the 
three families, and the third and fourth kinds single types of the 
2nd and 1st families respectively, thus giving eight distinct types of 
terms in all, as should be the case according to the rule. 



On a Method in the Analysis ofPlam^ Ovrues. Part II. 
By J. J. Walker. M.A., P.E.S. 

[Sead March I2th, 1885.] 

VI. A second form of U^v, 
Besides the forms of developments of the different powers of the 

operator 3^ (O' — 1) . . . (g — i? + 1) D' 

= K (m sin 0— w sin B) — + (n sin A— I sin 0) — 
(. dx dy 



+ (Zsin5— msin J.)— > , 
dz ) 



used in the former part of this paper {Proceedings, Vol. ix., pp. 226 — 
242), in treating the intersection of a transversal lx-]-my+nz with 
the curve (of order q) v = 0, founded on that of qiq-^l) B^v, there 

* It will be observed that the distribution (aebde) will give a term 
^2{cb,de,eaA^'F^^}, 

in which the literal part cb,de,eaia equal to the literal part be,de,ea in the term 
above expressed, l^ is how it comes to pass that the terms of the 3rd family 
may be grouped in pairs, as stated in the prior mode of arranging the result accord- 
ing to families instead of according to cycles. 



# 
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exists a second system ; viz., if A = « sin J. + y sin B -H^-sin 0, 

+ (^-1) A I (wiVsiiiOH-w'«sinJ5)^+... | 

— g (gr— 1) (Paj sin B sin C+m^y sin sin J.+7i'i2; sin ii sinJ?) v. 
To prove tliis, g (S'— 1) ^yzl^v 

\ dx^ dx dy dz dxl " 

where T, w', ri' stand for m sin — n sin 5, n sin -4 — i sin 0, 
Z sin J5— m sin J., so that 

m'aj = waj sin -4— Z» sin G = nx &inA+nz sin G+my sin = nA + Ty. 

Similarly 7ix = — mA + tz, ny = ZA + w'^?, m'i? = — iA + w'y . 

Making these substitutions, 

q{q^\)xyzI^v = {q^l)[pyz^-\-m''zx^ ^-ri'xy^^ 

^^{n^iry^^^^)^^^^^ 

Now Z'^ = A (m^y sin 0+ w^» sin B) 

— aj (Paj sin 5 sin G+mhj sin (7sinil+n^« sin J. sin 5), 
with similar values for m'^za:, n^xy ; and, as has been shown, 

rnfz^ny = — ZA, nx^Vz = — wiA, Vy—m'x = — wA ; 
so that, finally, 

+ (2-l)A j(mVsina+n'«sin5)^H-...| 

— g' (g' — 1) (Pa; sin 5 sin G+m^y sin (7 sin J. + w^« sin A sin 5) v, 
or if, for shortness, 

~ /«. 1 \ ^ <P^ ' dv ff dv f// dv 
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and a, |(3, y stand for sin J., sin J?, sin 0, 
xyz jy^v = — A' (Pxf+m^yg -f n'j?^) 

A precisely analogous demonstration proves that, v, w being two 
functions of orders q, q' respectively, 

" ^ ~ C \dy dz di^ dzl \dz dx dz dxl 

, 2 [dvdWtdwdv\l 
\dx dy dx dyl j 

+A |(mVsinO+w*«sin5) /^t;g+g'w;g) 
■^(n'z QmA+Px sin 0) (^^ f^+ff'^ f^) 

H-(Z»aJsin5 + m^ysin^) (^qv^+q'w^^^ J 

— 2g5r' (Z^a5 sin 5 sin + wi^2/ ^^^ sin J. + nh sin -4 sin JB) vw. 
In particular, 

,v.w=-A'{i'.(|)V«.',(^)VA(l)-5 

+^A |(mVsin(7+w=*^sin5)^ + .., | v 
-g'* (Z^» sin J? sin 0+ ...) ^, 

or a;y«(Dt;)^= -A«(Pa?i;'^+...) + A{(mVy + w'^/3)v'+...} 

-GVy+..-)«' (32). 

As in some cases the developments previously given are more readily 
applicable, or give results in simpler forms, so in other cases these 
latter developments have the advantage ; and they have the further 
interest of being the analogues of the only form of development which 
exists for the corresponding method in space of three dimensions. 

VII. 

The Quartic Node-Tangentials Line. 

As another example of the application of the method to a question 
hitherto, I believe, unattempted, I proceed to investigate the equation 
of the connector of the points in which the tangents at a node again 
meet a plane quartic curve. The only case in which this equation 
can be formed by ordinary methods is when the equation to the pair ^ 
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of tangents in question breaks up into ftK^tors, via., when the node is, 
say, a;=0, y=0, «;=A/sin (7, and the line a;=0 is one of the tangents. 
The equation is then of the form 

a V + 6y + 6^'«V + ^HxY + 12z'aj V + 12;y«aj H- 12Aj Vajy 
+ 402' x^y + 4a;aj»i5 + 46; y*a; + 46iy»i5 = 0, 
and the connector referred to is found, without difficulty, to be 
4(2a'68'Aj'»+3V6J^'*A;'-4^'ai6JA;'*-^'»6;6J-66V''*'^'+3&y^'»+ 
+ (8ai^'»-12iY^+6;V^'-6;^'')(6y+4«0 = 0. 

To proceed to the general case : 

If tt is a quartic having a double point {xyz)^ the tangents at this 
point will be Za'+my'+wg', subject to (8), Vol. ix., p. 228. 

(Pit , 7 cPt* , 1 cPt* A 
mn X -r-r +nl y -=-a + wn « -r-r = Of 
ax' ay* or 

or Xa+^6+yc = 0, 

where X = mn » ...4.3a = ^7-, ... ; 

dor 

viz., these tangents are two in number, as is well known, and meet 
the curve again in two points, the connector of which it is proposed 
to determine. Let (x'yz) be either of these points, then (6), 

xL^u = xl^u — 4 {my — nfi) Ifu^ 

since for either tangent at the double point I^u vanishes, as well as 
u and T)u, 

The term (my— w/3) Ifu may be advantageously calculated as 
Poj X 2) . D'l* by the formula (11) ; thus (g=l, ^'=2), 

-2ajt/» (my -n/J) D»u = A»X ^ or iA»XI? ^ 

aa; dx 

— aj'yV (wy— n/1) D*!* 

= A'X { - A« (Xoi + Ai&i + vci) H- 2 A (Xaa + /ujS^ + vyg) } 

+AajXa { A* {\a^+ph^-^vc^)-2^ (Xaa+/i/3A + yysr)} 
+ Aaj/i/5{ A»(Xa3+/i&j, + vCj,)-2A(Xa^+,i)36 + i^y/)} 
+ Aajvy { A« (Xa,+A*6a+yCa)-2A (Xasr+zu/JZ+i^yc)}, 
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a . . . ^ being — J eacli divided by 12, and Oi ,., c^ being 

fJn fin 

— — each divided by 2, A standing for aa; +/3y + y», a=sin J..... 

ax CuZ 

Adding this development multiplied by 4 to that of x^yh^D^u 
multiplied by oj, viz. (p. 230), 

-4ajA»{Xa (\ai+/i&i + vCi)+/u/3 (Xaj+...) + »'y (^a8+...)} 
+ 4ajA^ ( \Va + ^'/S^ft + v^y^c + 2/iv/Jy/H- 2 vXya^ + 2X/ia/JA), 

since Xa+jLt& + 1^0 vanishes for either of the tangents at the double 
point, and all the terms which follow in D^u vanish as the conditions 
of (xyz) being a double point, there results 

xYzVD^u = A* (X'aja H- ... +2X/iaj^'-4X*(i3i-4X/Li5i— 4vXci) 
+ S6!'\(\aa+filih+vyg) 
-.4A'^aj (XVa+/i2/326 + vVc+ 2/ivi3y/+ 2vXya^ + 2X/4a/5^) . 

This being multiplied by ahc, and substituting for \\ fx^h, vh, 
_ (X^5 4- yXc), —(X/ia+/ivc), —(vXa+/ii'&) respectively, in virtue of 
the fundamental relation, the right side of the equation above 
will contain only fir, vX, X/i ; so that, writing A^A; for ahcx^z^Ul^u^ it 
becomes 

== )bj'+a {45c (V+c/3'--2/i3y) aj-f-A^ (-6V--c^6'-f-25c/') «}/uv 

+ 6 {4ca (caHay^ -2grya) aj + A^ (-cV-aV+2ca/) » 
+ 8Aca (gfy-ca)+4A^c (cOi— aCj)} vX 

+ c {4a& (a/3 +6a2-2M) ^5+^* (-a'6'-6V+2aM')» 

H-8Aa6(^i3-&a)+4A26(6ai-a&0} V ...(33). 

Similarly, interchanging letters and suffixes, 

= hy'^-a {46c (6yHci3»-2/i3y) t/ + A« (- 6V-c«6'+2&c/) y 
+8Afec (/y-c/J) + 4A«c (cba-feca)} /iv 
+ 6 {4ca (ca'+ay«-2srya) 2/ + A« (-c^a -aV+2ca5f') y} v\ 
+c {4a6 (ai8^+6a2-2M) 2/ + ^' {-a^V-Va+2dbK) y 

+8Aa& (Aa-ai3) + 4A2a (a&j-6aj)} X/i ...(34), 



i 
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Considering now the other terms multiplied by 2A', their sum is 
readily found to be, when so multiplied, 

2A^ahc(ayzL'+hzxM'-hgxyN') (iii.). 

The other terms containing L\ M\ N' are not divisible by ahc nntil 
their values are substituted, when they are found to be equal to 

+a^hchy{(fz—hxXca^) + a(hc^) y—c (ca^) z} 

+ a^hccz^{(Jy'--gx){ha^-\-h{ab^y'--a (hc^z) ^...(iv.) 

-\-2cfhcfyz [b (ca^) z^c (ah^) y\ 

-\-2a^hcgsi {h (fee,) yz + c [(he,) z^ + (ah,) «']} 

+ 2a»6c% {c (ch,) yz + b [(ac.) aj» + (c6,) y']} 

The four parts (i.) — (iv.) of the coefficient of «' are now seen to be 
divisible by A'a&c ; after which, and substitution of their values for 
L', M\ N^ in (iii.), the equation of the node- tangential line comes out 
in the invariant form, 

Sa'bcf 

-\'4ia{b(fz^hx)(cas) + c(gx^fy){ab^)i-ab{bcs)y'-ca(bc^z 
-oj' (caf,Xab;)-y^ (ab;)(bc^)-z^ (KXcos)} 

•\-ax { —2ax (Pgy-\-(^hz) 

+ [6^ (ca^i) y-c^(abi) z'\x-\- (gz-hy) [yb (bc^) + zcibc^)] } 

+ aVy{ — 2y (c^z + a^x) + y(fz - lix){ca^ + ^fa (bc^) - yza{bc^ } 

■\-acz{- 2z{a^x -f- b\j) + zijy — gx){ba^ + yza (bc^) - z^aijbc^) } 

-\-2afyz{2abc + b{ca^) z^c(ab^) y} 

■\-2ag'z {2achx + b (bc^) yz+c (6cj) z^ + c {ab^ x^} 

-\-2aliy{2abgx — b {ca^ «*— 6 (&c,) y'^-c (bc^) yz] 
H Sab'cg 

+ . 

+/ Sabc% 

+ =0J 

an equation of the fifth degree in the coefficients of t*, of the tenth 
in xyz. 

In using this general form to obtain a particular result, e.g.^ when 
the double point is a? = 0, ?/ = 0, the highest powers of cb, y must be 
successively made to vanish until the result is reduced to one in which 
the residue can be cleared of aj, y by division. Thus, to obtain the 



(36), 
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particular case investigated prior to entering on the general question, 
it is composed of the terms of the general form in which dj'i/V is a 
common divisor. Thus the first term in the coefficient of »', viz., 
8a 63 A;'*, comes from xya'hc?!)^, and so on. 

If the point (xyz) should be a cusp, the two tangents coincide in a 
single one, the equation to which may be written 

ax'+hy+gz=zO, 

or hx'+hy'-\-f/=0, 

or gx'+fy-\-cz=0, 

indifferently. Using the first form in the equation (33) above, viz., 
substituting a, A, g for I, m, w, and similarly substituting A, 6, / for 
I J m, n in (34) ; g, f, c for Z, m, w in (36), and recollecting that 
fjiy = Imn . lyz, v\ = hnn . mzx, X/i = hnn . nxy ; also that at a cusp 
gh = aff hf = hg^ fg = ch, it is easily found that the coordinates of 
the point (pp'yz), in which the cuspidal tangent again meets the 
quartic i^,.are determined by 

x':y:z=x {4a*6c/— dbc (foiX + gh^ y+hciz)+af (hca'a? + cabY + a&cV) 
+ 2ahc (afyz + hg'zx + gh'xy) } 

: y {4a6*cgr— a6c(/a3aj+^6jy+Acj2) + &sr(&caV+ca5y +a6cV) 
+ 2ahc Qifyz + hgzx +fh'xy) } 

: z {4:ahc% — ahc (fa^x + gh^y -\- hc^z) + ch (bcax^ + cahy + abcz^) 
+ 2ahc (gfyz -^-fg'zx + ch'xy) }. 

Of course the equation (36) becomes in this case the tangent at the 
tangential point of the cusp. 
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On EUminants, and Associated Boots, By E. B. Elliott, M.A. 

[Bead April 2nd, 1885.] 

1. The object of the following paper is to obtain some more general 
results akin to and including the well-known simple and elegant 
theorems due to Professor Sylvester and others, which connect the 
common root of two quantics with the differential coefficients of 
their resultant, the repeated root of a single quantic with those of the 
discriminant whose vanishing expresses its existence, &c. The 
method adopted is that of Salmon's Higher Algebra, § 92. 

Let Ug = ai\pi (x) + a^}pi (x) + ... -f-am^m (p)> 

and «>,. S 6iXi(2/) + ^Xf(y) + ••• + &» Xn(2/)» 
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aad let the condition in the coefficients, which expresses that a value 
of X satisfying w = 0, and one of y which makes v = 0, are connected 

by a given relation <p (a?, y) = 0, 

be F(ai, ag, ... a^, 5i, ht ... 6,,) = 0. 

Also let &, ^2/> ^^1, ... ^5,» be infinitesimal increments given to the 
variables and coefficients, restricted only by the conditions that the 
eqaations w = 0, v = 0, ^ = still hold. It is a consequence that 
the relation ^=0 still holds equally. In other words, retaining only 
first powers of the increments, the three limitations of arbitrariness-, 

^1 (x) ^ai-h ... +^l^m (x) Sa„,+^Bx = 0, 

dx ^ dy ^ ' 

must produce as a consequence 

dF ^ , , dF ^ . dF ^, . , dF ^n ^ 
dob^ da„, d\ dhn 

Consequently, for certain values of three undetermined multipliers 
\, /i, V, we must have simultaneously 



dF 

dcii 


dF 
_ da. 


=...= 


dF 

. da,n _ 


^i(<") 


'/'«(«')" 


dF 
dbr 


dF 


= ...= 


dF 

. db„ _ 


xi(y) 


xtiy) 


Xn(.y) ' 




dx 


dx 


= 0, 




y§±- 

^ J.. 


.A 


= 0. 



altogether m+n + 2 relations, of which the last two tell us that the 
value of the ratio X : /x oi the common values of the first and second 
sets of equal fractions is 

6?0 dvy . df dUg 

dx ' cly ' dy* dx ' ^ 
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2. It becomes desirable to interpret special cases of these general 
results. Firstly, then, let ns take the case of direct elimination of a 
single variable x between two equations 

w* = ai»Pi (») +a,;^j (x) + ... +an,\p„, (x) = 0, 

and v, = &iXi(») + &jX8(») + .-. + 6»Xn(«) = 0; 

that is to say, let ns take 

(», y) = x-y, 

and let ns now write the result of eliminating 

E (oi, Oj, ... a„„ 6i, 63, ... 6n) = 0. 

Our conclusion is that the common aj which satisfies Wx=0 and v«=0 
satisfies also the m+n—1 equations 



dvx 
dx ' 


^1 («) - dv^ 
dE dx ' 
doi 


' dE 
da^ 


_ dv^ 
"~ dx ■ 


dE 
da„ 


_ du, 
dx 


' dE dx ^ 


• dE ■ • 


du^ 

"~ dx 


■ dE ' 




d\ 


dbi 




db„ 



To particularise still further, let xf/^ (x), ... ^,n (aj), Xi (^)> ••• Xn (j^) l^o 
powers of x. The two lines of equalities then give w — 1 and n — 1 , imme- 
diate expressions for the common value of a?, as ratios of difEerential 
coefficients of the eliminant or as roots of such ratios. When the 
powers of x are two sets of successive powers, so that u^ and v« are 
complete binary quantics expressed in their natural form, the values 
thus given are those of Salmon's Higher Algebra, § 92. 

3. Another course that may be taken by way of deducing more 
special results from the general ones of § 1 will be, keeping (a?, y) 
general, to restrict the forms of the m+n functions »p (x) and x (y)* 
For instance, we obtain immediately that, if 

is the condition in the coefficients that x, a root of 

17, = OiOJ^^-f Ojaj'-'-h ... +(!«»»''"• = 0, 
and y, one of Vy = \y'' + h^y** + ... + fc„ y*'* =0, 
are connected by a relation 
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then equivalent values of these roots are given by pairs of the m+n 

equations ^=XaJ^ ^=Xaj^ , ^ = Xaj'"*, 

dui da^ dam 

dK ,, dK. g dK. ,/« 

where xf^.^ = ^|^,^. 

dy dx dx dy 

For the case expressed by 

ri = r8+l = r5+2=... = r«.-hw— 1, 
«! = 58+1 = ^s-f 2 =...= 8n +n — 1, 
this, again, is another immediate generalisation of Salmon, § 92. 

4. Eetnming to the general theorems of § 1, a case of special 
interest and exceptional nature is that in which the two sets of 
coefficients Oj, a^, ..., 6i, 6j, ... are identical. In such a case the num- 
bers of functions i// (oj) and \ (y) will generally be equal ; but other 
cases will be included. 

Suppose, in § 1, that n is equal to m. We are told that, for all 
positive integral values of r not exceeding m, 

g = X^,(a,), and g = /*Xr(y), 

where ^dj^dni^^^^ 

dy dx da dy 

Now suppose that, on replacing ftj, 63, ... h^ by aj, 03, ... a„» respectively, 

the function ^(oj, a,, ... a^, &i, &8, ... &«»)> 

becomes /(oi, a^, ... a^), 

then, for each value of r, 

^+^ becomes^. 
dar dOf da^ 

Consequently, we obtain that, if 

be the condition in the coefficients that 

u^ = ai^^i (») +a3>/r3 (a>) + ... +a^ ,^„, (aj) = 0, 
Q 2 



i 
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and Uy = a,xi (y) + (hX2 (v) + ... -f^^m Xm (y) = 

are satisfied b j an x and a y connected by 

0(a;,2/) = O, 
it follows tbat — ^ = Xi/zj (x) +fiXi (2/)> 

da =^'''«(^)"+'''X»(2/)» 



and -^ = X;^„ (x) +f^Xfn(y)l 

da„, 

where X and fi are in the ratio 

cZaj ' % ^y * dx ' 

No modification is necessary if m and w be unequal. If, for in- 
stance, m>n we have only to consider in these results that 
Xh+1 (y), ... Xmiy) are identically zero. 

5. Let now, in this last, u^ and Uy be the same functions of op and y 
respectively. We conclude at once that, if x and y be two roots of 
the equation 

which are connected by (a;, y) = 0, 

and, if P (ctj, tig, ... G^^) = 

be the condition in the coefficients expressive of the fact, then 

— = \;|/,(a!)+/n^,(y), 



g^=X'|'«(a>) +/.>/'« (y), 
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d<p duy 

where h. = ^_Jy, 

fx d<l» dUg. 

dy ' dx 

which ratio may be written — ^ , 

dugg 

In particular, give u^ the form 

U, = a,x'^ + a^x*-'+ ... +a«aj*''" ; 

and write L for the form then assumed by P (ai, flg, ... a„,). 
We deduce m equations, of which the first 

is representative, and conclude that, if only ri, r^, ... r„ are com- 
mensurable quantities, — — , -— , . . . - — are terms of a recurring series. 
doi da^ da^n 

In particular, if r^, rj, ... r^ be positive integers, the scale of relation 
of this recurring series is l — ^cc-^y^-^-xy] and the various differential 
coefficients of L, arranged in order as above, are the r*^, r*^, . . . r^ terms 
of the series. More particularly still, if TJx be the ordinary complete 

binary (m— l)-ic, Ojaj'^'^ + aaaJ*""^ +...+««, 

those differential coefficients are the first m terms of a recurring 
series whose scale of relation is 

oji/ — (aj-|-2/)+l = 0. 

Since the ratio \ : /x is given, one known term will determine our 
recurring series completely in terms of x and y. 

6. Desiring to proceed to the case of two equal roots of the same 
equation u^^^O, two courses are open to us. We may take the results 
of the last article, specialise them by assuming 

and proceed to the limit by making ^ infinitesimal. [Merely to replace 
(aj, y) by x—y would, for several apparent reasons, be nugatory.] 
Or, remembering that equal roots of w,. = are roots also of 

-—5 = 0, we may apply § 4, taking Uy = -— ^, and (p (x, y) = x—y. 
dx dy 

The results obtained by the two processes are, as they should be, 



\ 
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identical. The latter is the one here chosen for exhibition. Briefly 
stated, it tells ns that, A (oi, a^, ... a„,) = 
being the condition that an x simultaneously satisfies 

and ^' = a,il;{ (x)+a,rP', («) -h . . . + a^ ;^; (a?) = 0, 

dx 

then ^=X,//,(a!)+/i4';(«), 

— = Xi^, (as) +/i4/2 («), 



simultaneously, where \ and /* satisfy 

which last expresses, since for the particular value x in question 

-~£ = 0, that, in general, -^ = 0. We can neglect, therefore, /* in 
dx ' X 

comparison with X, and so arrive at the equalities 

dA dA dA 

ddi da^ da^ \ 

Of this general theorem with regard to equal roots, the case in 
which the functions \l^ (x) are successive powers of x is, of course, a 
familiar one. (Salmon's Higher Algebra, § 109.) 

7. Similar theories to all the above, though more cumbrous in 
form, can be developed with regard to functions of higher numbers of 
variables. Let it suffice here to state the results corresponding to the 
comprehensive ones of the first article for the case when u and v 
involve each two variables. 

{Suppose w = Oi ;^i (a?, a?') + a^\p^ (», x') + ..,+a„,\p„, (x, » ), 
and -y = &xXi (2/> Vl + hXi (2/» V) + - + ^» Xn iy, y% 



1885.] Eliminants, and Associated Boots. 231 

and let the condition in the coefficients, which expresses that certain 
values of x, x\ y, y\ which make w = and v = 0, are connected by 

three given relations ^j (aj, x\ y, ?/') = 0, 

02 (»» » » 2/. y) = ^» 

08 («, »', y, /) = 0, 
be ^(oi, a,, /.. a«, ft^, Jj, ... &„) = 0; 

dF ^ dF 

then shall ^4^= y-^, =...= -p^ = ^' 

dF dF dF 

and __J^ =__2_ =...= — «__ = ;x, 

Xi(2/»2/) X2(2/»2/) Xn(y,y) 

where X and /u are connected by the result of eliminating Vj, Vj, v, 
from the four equations 

dy ay % dy 

do_ d$, d^ d±, 

that is to say, by the relation 

\i^ ^ ^JhiliLh) - ^ . ^ (0i> 03> 08) 7 
Idx' d {x\ 2/, y ) ^' ' d (aj, y, 2/') i 

^ C dv ^ <^ (01, 0a, 08) _ dv_ d (<t>i, <^2, 0,) 7 _. Q 
I c?2/ * d (oj, X, y) dy * c? (a?, a?', 2/) J 



> 
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On Congruences of the Third Order and Glass, 
By Dr. T. Aecher Hirst, F.E.S. 

[Read April 2nd, 1885.] 

1. In the Monats Bericht of the Academy of Berlin, for the 17th of 
January, 1878, Kummer had occasion to study the properties of two 
congruences of the third order and class, having one and the same 
focal surface of the eighth order and class. A year ago, when en- 
gaged on Cremonian Congruences,* I was led to consider two 
associated ones of the third order and class, which, at jBrst sight, 
appeared to be identical with those of Kummer. Further examina- 
tion, however, soon proved them to be varieties of the latter which 
have not hitherto, I believe, been noticed. I propose to examine them 
in the present paper, and, -Sipi- particular, to show in what manner 
they presented themselves to me as degenerate cases of Cremonian 
Congruences of the fifth oider and fourth class. 

2. Such a congruence (6, 3) is generated by joining the correspond- 
ing points of two, arbitrarily situated, planes a and ^, between which 
a Cremonian Correspondence of the third order has been established.f 
The planes a and P are singular ones, containing congruence-curves a^ 

and 2>4, respectively, of the sixth order and fourth class. J The inter- 
section aP is a triple congruence-ray and, at the same time, a triple 
tangent of each of the above congruence-curves ; the points of contact, 
in each plane, being the intersections of ~a(i with the fourth-class 
cubic, in the other plane, which corresponds to that line.§. 

The double points A^ and B^ of the above cubics a' and V are at the 
principal double points of the cubic correspondence. They are the 
vertices of quadric congruence-cones -^g and B\^ passing through all the 
five principal points of the correspondence, which are situated in /3 and 
a, respectively.il The four pairs of associated principal single points 
of this correspondence— say, A{, B[ ; A!i\ J5('; A['\ B'^\ and AT\ B'^ 
— are centres of four pairs of congruence-pencils ; the planes of each 
pair intersect in the ]ine passing through both centres, and pass 
through the principal double points. The plane of each of the eight 
pencils, in short, passes through the principal line which corresponds 
to its centre. 

3. Besides a and ^ and the eight, above described, there are two 

* Proceedings of the London Mathematieal Society ^ Vol. xiv., pp. 259 — 301. 
Hereafter the articles of this paper will be referred to in the abridged foim, C. C. 
t C. 0., Arts. 3 and 6. % 0. C, Art. 7. { 0. C, Art. 8. || C. C, Art. 9. 
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other singular planes, eacli of whicli passes throngh hath the princi- 
pal double points A^ and JBj, and intersects a and )3 in a pair of lines 
which correspond to one another, point by point. Each of these 
planes, therefore, contains a congruence-conic which touches a and fi 
at points on c? and 5*. 

4. The several tangents of these two congruence-conies, and the 
rays of each of the above four pairs of congruence-pencils, belong, in 
reality, to a system of quadric reguli,* whose generators, in the aggre- 
gate, constitute the congruence (6, 3) under consideration. The two 
directrices of each regulus of the system being corresponding 
rays of the pencils A^ (a) and B^ ((3), one generator thereof lies in 
a, and another in p ; these generators join, obviously, the intersections, 
with aj3, of the two directrices of the regulus, with their corresponding 
points on a' and P. The quadric surfaces, therefore, on which the several 
reguli of the system are situated, all pass through the principal points 
A^ and B^, and touch the planes a and^^ at points which lie on the 
curves c? and 5*. 

6. The second, or conjugate system of teguli, situated on the above 
quadrics, form, in the aggregate, another congruence (5, 3), which has 
the same singular points and planes — in short, the same focal surface 
as the one already described. But this congruence is not Cremonian, 
that is to say, its rays do not determine a bi-rational correspondence 
between any two of its singular planes ; A^ and B^ are here simply 
centres of congruence-pencils situated in a and /3.t 

6. The common fcteal surface of the above two congruences is the 
envelope of the system of quadric-surfaces already referred to. It is 
of the twelfth order and eighth class ; touches the planes a and j(3 
along the cubics a' and b , and, besides this, cuts them in the fourth 
class, sextic congruence-curves a^ and 64. J 

7. A^ and B^ are, in general, quadruple points of the focal surface ; 
the tangent cone at each being the envelope of the plane which con- 
nects a ray of A^ (a), or B^ (/3), with the point in which its corres- 
ponding ray of B^ (/3), or A^ (a), intersects, for the second time, the 
principal conic in /3, or a.§ This cone is well known to be of the third 
class and fourth order ; it touches the plane a, or /3, twice, and has 
triple contact with the quadric congruence-cone AI, or ^. 

It is important for what follows to notice that, by the formulse of 
Plucker, each of these cones possesses three cuspidal edges. 



8. Without further discussing the properties of the above focal 

♦ Conf. C. C, Art. 32. t Conf. C. C, Art. 36. 

X C. C, Arts. 10, 13, and 15. § Conf. C. 0., Art. 36 (0). 



N 



234 Dr. T. Archer Hirst on [April 2, 

surface, I pass, at once, to the degenerate case of the congruence 
(6, 3) which was referred to in Art. 1. 

It presents itself when the planes a %nd /3 are so placed that each 
of two points and D, on aj3, becomes self-correspondent. Two 
congruences (1, 0), consisting of rays issuing from these points, may 
then be detached from the congruence (5, 3). This done, the 
residual congruence (3, 3), say C, will still have the two quadrio 
congruence-cones A] and B], of Art. 2, and the four pairs of congruence- 
pencils with centres A{, B{ ; A{\ B{' ; A{'\ B{'' ; and A^, B^. The 
planes a and i3, however, will now contain congruence-conies a, and 
&2, having aj3 for a common tangent, and, instead of the two con- 
gruence-conies, described in Art. 3, we shall now have two congruence- 
pencils, with centres 0' and D\ supplemented by two other pencils, 
with centres and D, respectively, and situated in planes y and ?, 
each of which touches both the conies a^ and 63.* Included in the 
system of quadric reguli whose generators, in the aggregate, constitute 
the congruence C under consideration, we have now, in short, two 
new pencil-pairs, — one with t^e centres G and (f and the planes y and 
(A^GB^), the other with the centres D and D' and the planes S 
and (A^DB^), respectively. • 

9. The reguli, conjugate to those of the system just referred to, 
constitute, in the aggregate, a second congruence (3, 3), say Cj, having 
the same singular points and planes as 0. 

In passing from C to Cj, however, the planes of the pencil-pairs 
whose centres are A{, BU Ai\ B{'; A{'\ B^C s A^, Bi"'; 0, C; B, Bf 
are interchanged, and a and /3 are now merely planes of congruence- 
pencils having their centres at Al^ and B^ respectively.t The con- 
gruence Cj, iporeover, is no longer Cremonian ; its i^ays establish, 
in fact, a (2, 2) correspondence between any two of its singular 
planes. 

10. Each of the congruences C and Ci is self-reciprocal, as is also 
their common focal surface. The latter, which is, of course, the 
envelope of the system of quadric surfaces upon which the above- 
mentioned conjugate reguli are situated, is of the eighth order and 
class. 

Besides touching the planes u and /3 along the fourth-class cubics 
a* and &', the focal surface likewise cuts them in the conies a, and ftj ; 
and, correlatively, A^ and Bjare not only quadruple points of the focal 
surface, the cones of contact at which are of the third class (Art. 7), 

* C. C, Art. 20. 
t Conf. 0. C, Art. 36, (o) and (d). 
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but they are likewise vertices of quadric cones, A^ and ^, circum- 
scribed to the surface elsewhere. 

The points of each of the six point-and- plane pairs, included in the 
system of enveloping quadrics, are nodes of the focal surface, the 
quadric tangent-cones at which touch both the planes of the pair; 
and correlatively these planes touch the focal surface along conies 
which pass through both the points of the pair. These conies form, 
obviously, the intersection of the point-and-plane pair with the next 
succeeding quadric of the system. 

11. Generally, every two consecutive quadrics of the system referred 
to in the last Art. intersect, in a quArtic curve— the characteristic — 
which passes through A^ and B^ and touches a and /3. The tangent 
at each of these two points is a generator of one of the third class, 
quartic cones referred to in Art. 7, and in each of these two planes 
the characteristic touches one of the f ourtii-class cubics "a and V. 

12. Two consecutive characteristics, ill other words, three consecu- 
tive quadrics of the system in Art. 10, intersect, not only in A^ and B^, 
but in six other points situated on t^e curve of regression of the focal sur- 
face. At each of these six points the curve in question has three-pointic 
contact with one of the quadrics /S* of the system. The three points, 
in fact, are the intersection of S^ with (1) the two quadrics immediately 
preceding it, (2) the quadrics immediately preceding and following 
it, and (3) the two quadrics immediately succeeding it. The above six 
intersections of two consecutive characteristics, therefore, count as 
eighteen intersections of S^ and the curve of regression. 

But the points A^ and B^, as will be presently shown, are triple 
points on the curve in question ; so that the latter intersects /S*, on the 
whole, in twenty-four points, and is consequently, like Kummer's 
curve of regression, of the twelfth order, 

13. That A^ and B^ are, in reality, triple points on our curve of 
regression follows most readily from the fact, alluded to at the end of 
Art. 7, that the tangent-cone to the focal surface at each of these, its 
quadruple points, has three cuspidal edges. For the generators of 
these cones are clearly tangents, at A^ and B^, respectively, of the 
several characteristics passing through these points, and the existence 
of a cuspidal edge thereof obviously implies that of a characteristic 
of a similar stationary character, — that is to say, of one which in- 
tersects its consecutive characteristic in six points whereof one has 
come to coincide with A^, or B^, 

14. The cxirve of regression of the focal surface, besides having 
triple points at A^ and J^j, has, as we have seen in Art. 12, sextuple, 
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three- pointic contact with every quadric of the system in Art. 10. 
Six of the latter, however, break up into point-and-plane pairs. 
The planes of each of fonr of these degenerate quadrics pass through 
two associated principal single points of the cubic correspondence 
between a and /3, as d^ also the two conies along which these 
planes touch the focal surface. One of these conies, moreover, 
passes through A^ and the other through B^; and each of them 
likewise passes through the three points in each of which its plane 
osculates the curve of regression. 

The planes of each of the remaining two point-and-plane pairs of 
the system touch the focal surface along a pair of conies intersecting 
in and 0', in the one case, and in D and JX, in the other. In both 
cases, one of the conies of the pair passes through the two principal 
points, A^ and B^, while the other, situated in y or J, passes through the 
four points in each of which its plane osculates the curve of regression. 



15. The preceding congruence (3, 3) differs from that described by 
Kummer in having the twa^ingular points A^ and B^, and the two 
singular planes a and /3. There is, however, a still more special 
congruence (3, 3) which merits a passing notice. 

When the correspondence between a and /3 is such that the distance 
between two of the four principal single points in the former is equal 
•to that between their associates in the latter, both pairs may be 
brought to coincide on aJS -, A!{' and BTt for instance, in (7, and 
A!i*' and\B('" in D. When the generating planes are thus placed, how- 
ever, each of the cubics-a and h , corresponding to a/5, breaks up into 
three right lines, viz. : 0-4,, S37, and A!xA!( in a, and "05^, DB^^ B\B^{ 
in /3. To the several points of GA^ and GB^ corresponds the point G 
solely, and to those of DA^ and BB^ the point D ; while between «]3 
and A!xA!{^ as well as between a/3 and jB(^r, a point-to-point corres- 
pondence exists, whereby the two congruence-conies a^ and \ are 
generated. Each of these conies touches a/3, as well as the three right 
lines into which the cubic of its pkoie has broken up. 

16. The planes y and I of the congruence-pencils whose centres are 
G and J) respectively, since they touch both the conies o^ and &j, 
(Art. 8) , now coincide, respectively ,with the planes (^gCTg) ^'^^ {.^'iP^%) \ 
and at the same time the centres, (7' and J)', of the congruence-pencils 
which these planes formerly contained, now coincide, respectively, with 
G and D. In short, in place of two of the congruence pencil-pairs 

described in Art. 8, we have now two doubled pencils A^GB^ and 



1885.] Congruences of the Third Order and Class. 237 

These, as degenerate qaadrio reguli belonging to the system 
described in Arts. 4 and 8, coincide, moreover, with their conjugate 
reguli. In other words, the above doubled pencils, like the tangents 
of the two conies described in Art. 3, are common to the two 
associated congruences referred to in Arts. 5 and 9. 

17. The system of quadric surfaces on which the above-mentioned 
reguli are situated, and whose envelope is the focal surface com- 
mon to the congruences C and Cj, now inclades the two doubled planes 
(A^G Bj) and JjA^DBj), each bounded by a pair of right lines, — 
A^O, B^ and AJD^ BJD respectively — which lie wholly on the focal 
surface. 

On this surface the lines A!iAi and B{Bi also lie ; along them, in 
fact, the surface touches the planes a and 73, respectively, since each 
quadric of the enveloping system touches these planes at points 
situated on these lines (Art. 4). 

18. The focal surface being, like the congruences C and Cj, self- 
reciprocal, we might at once infer froM the above that the tangent- 
planes to it at ^3, as well as those at B^, are co-axal, tlie axes being 
generators, respectively, of the congruence-cones A?^ and ^. 

These results, however, are easily verified directly. The tangent- 
planes in question each connect a ray of A^ (a) or B^ (/3) with a gene- 
rator of the congruence-cone A\ or J?^ (Art. 7), and these rays and 
generators are now not only in (1, 1) correspondence with each other, 
but in each of the lines A^G and A^B, or B^O and B^B^ two 
corresponding elements coincide. By a well-known theorem, therefore 
the planes of all other pairs of corresponding elements are co-azal. 
The axis, of course, is the intersection of the plane {A^[B[) with 
{A^iB['), or of {B^A{B[) with iB^A:iBi), and from elementary 
considerations it can be readily shown that this intersection lies on the 
congruence-cone A\ = A^ {B^B[B['GB) , or ^ = B^ {A^A[A['GB). 

Finally, ifc may be observed that this axis, and the lines Afi^ A^D, 
or B^Of BJD, represent, in the present case, the three stationary edges 
of the tangent-cone at A^, or Bz, to the focal surface — ^which edges 
were found in Art. 13 to be likewise tangents, at the triple points, of 
the curve of regression on this focal surfa^p. 
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On the Arguments of Points on a Surface. 
By R. A. Roberts, M.A. 

[Head April 2nd, IBBb,] 

It is known that, if a variable general curve of assigned degree 
meet a fixed curve in a plane, the points of intersection are connected 
by certain relations. These relations have been expressed by Clebsch 
in a well-known form involving certain integrals which depend upon 
the position of the points on the fixed curve. There are also similar 
relations connecting the points on a fixed twisted curve where it is 
intersected by a variable surface. Now, if we seek the extension of 
these results to the points of intersection of a fixed surface with vari- 
able curves, it is evident that we must have relations between several 
double integrals, as the position of a point on a surface depends on 
two variables. From the analogy of plane curves, we should be led to 

expect -^ (1) 

dz 

as the element of the fundamental double integral. This is a sym- 
metrical expression, being equal to 

dydz _ dzdx dS^ 7^ sin 6 dd d<l> ^^x 

'If SF /( (^W (^W (^Vl W '" 

dx dy y Wdxl ^\dy} ^ \dz} ] dr 

where a;, y, z are rectangular coordinates, r, 0, ^ polar coordinates, 
jp^ = is the equation of the surface, and dS is an element of area. It 
may be observed that the element (1) is proportional to the mass of 
the shell formed by the surfaces ^ = 0, F+k = 0, at the point x, y,k 
being indefinitely small. 

Let us proceed then to investigate whether there is any relation 
connecting the expressions (1) at the points where the surface ^ = 
is met by a line. Now it is evident that, in order that the elements of 
the double integrals should be connected by any relation, the line 
should involve only two parameters, or, in other words, should belong 
to a congruency ; we may take then as its equation 



a?— a _ y— /3 _ g— y _ 
I m n 

/3, y, I, m^ n are supposed to be functions of two parameters 



T - ^ - ^ -P.say, (3), 

L m n 



1885.] 



Arguments of Points on a Surface, 



239 



p, q» Substituting these values (3) of », y, « in terms of p in JP = 0, 
we get an equation of the form 



.(4), 



F=/(p) = af."+6p"-'+... = , 

to determine the n valaeB of p in terms of p, q. 

Now, if du =^^, we have, from (2), 

dz 

, ^ Idydz+mdzdx-hndxdy 

^ jdF, dF, dF ^ ' 

dx dy dz 

iJW dW dW iJW 

But Irr- +wi -r- +^T- IS evidently equal to -— , and for dydz, Ac. we 
dx dy dz dp 

substitute (^^-^^)dpdq, &c. Thus we get 
\dp dq dqd/pJ 







dF 
dp 


where 


G = 


I, m, n 

dx dy dz 
dp dp* dp 

dx dy dz 
dq dq d^ 


Now, from (3), 







.(5). 



dp dp dp d/p 

dq dq dq dq dp 
Hence, substituting these values in (?, ^ and -^ disappear, and we 



may write 
where 



G = V+J^P+JV. 



.(6), 



L = 



, M = &c. 



dl dm dn 
dp dp ' dp 

dl dm dn 
dq dq^ dq 

Now, if we seek the geometrical signification of. (? £= 0, it is easy 
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see tliat it gives the points where the line is intersected by a consecu- 
tive ; that is, the two points where the line in general is bitangent to 
a surface. Hence, if r^, r^ are the distances of these points from a, ^, y, 
we have, from (6)i 

du = L(p-r,)(p-r,)p^ (7), 

where we have pnt/ (p) for — -. 

dp 

This resnlt is exactly analogous to the corresponding theorem in 
piano (see §2 of a paper of mine in Vol. xv., No. 215, of the Proceedings, 
" On certain resnlts obtained by means of the Arguments of Points on 
a Plane Curve"). 

Hence we see that, if lines belonging to a congruency meet a surface 
of the fourth order, we have 

^du = (8), 

and, if they meet a surface of the fifth order, we have, besides, 

%xdu = ^ydu = %zdu = (9), 

and further relations for surfaces of higher orders. We may give a 
more exact interpretation to these results as follows. Let us take any 
closed area on the surface F, and through every point of this area 
draw lines belonging to an assigned congruency. These lines will 
evidently trace out ij— 1 other areas on F, Then, if u, v, &c. denote 
the values of jjdu,jjxdu, &c. over one of these areas, we have, from (8) 
and (9), Sm = 0, Sv = 0, &c. 

I now proceed to apply the result (7) to a quadric. If a line belong- 
ing to a congruency meet a quadric, we have 



^ \a I AB ' 

^^^^I^^ Y0,.B0,.6fdcf 



BA 

where A,- B are the points on the quadric, and Oi, 0^ are the points of 
contact with the surface to which the line is bitangent. Hence we obtain 

— ^^1 + ^> =0 (10). 

Suppose the line to be a bitangent to a quartic surface TJ^ then it is 
easy to show that 
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where TJi, U^ are the results of substituting the coordinates of A, B, 
respectively, in U, Thus, in this case, (10) gives 

^±^ = (11). 

If we suppose the line to be an inflexional tangent of a cubic surface 
Z7, Oi and 0, coincide, and we can show that 

A0\ ^ Z7, 

Boi tt; 

Hence in this case we have 

Jlh-^J^^O ....(12). 

Again, suppose the line to be a chord of a curve lying on another 
quadric F, then, by a property of the quadric, we have 

AO,.AO, ^V, 
BO^.BO, F,' 

therefore ^ + ^« = P (13). 

Going back now to (11), it may be observed that we cannot, as in 
piano, infer the existence of a doubly infinite number of polygons in- 
scribed in a quadric F whose sides are bitangents to quartics of the 

form [7-)-S^=0 ..(14), 

where U is a, given quartic and S is a quadric which is different for 
each side of the polygon. The result (11), however, suggests the 
existence of such polygons in certain cases. 

In fact, we can s^ow independently that such polygons exist in the 
case where the quartics (14) coincide and break up into two quadrics 
inscribed in the same developable as F» We know that three quadrics 
inscribed in the same developable can be converted homographically 
so as to become confocal. Now Liouville has obtained the differential 
equations of the lines touching the confocal quadrics p = cti, p = a^, 
in the form 

L(p)± Hji)±L{v)^a 

where 

dp 



^W = "l (15), 

M(v)=ii) 



i(p) = [ 

jifO.> = |- 



y{(l»'-A')0.'-A«)0.«-aJ)(p»-ap}' 
p>^ 

I A/{(p'-*')(p'-&')(p'-o;)0>'-ap}* 
vol. xvu— NO. 248. B 
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a, /3 aire constants, and the notation is the nsnal one of elliptic coordi- 
nates (Lionville's Journal de McUhematiqueSf t. xii., p. 41B). 
Hence, if we pnt 

I}C/i)=fcL(v)=i*, M(fA)±M(v)=v, 

we easily find, for the two points on the surf ace f>= a constant, where 
it is met by a common tangent of the surfaces, p = o^, f> = o^, 

Wi-w, = 2I}(p), Vi-t?a = 2Jf(f)) (16). 

Hence, if O, 1/ are complete values of the integrals L (p), M (p), 
respectively, for a polygon of n sides we evidently obtain 27t2y(p) = 0, 
2nM(p) = n', which serve to determine two relations connecting 
p, Oi, Oj. Thus we see that, if these two conditions are satisfied, there 
are a doubly infinite number of closed polygons inscribed in the 
quadric p whose sides touch the quadrics Oi, a,. It may be added that 
this result may be extended to the case in which the vertices of the 
polygon lie on difEerent cotifocals. 

We may now proceed to the application of (7) to the cubic 
surface F. 

Suppose the lines of the congruency to be bitangents of the quartic 
surface 17, then it is easy to see that, for the three systems of points on 
Fj we have 

S-^ = 0, S^ = SJ^ = S^ = ...(17), 

and, if the lines are inflexional tangents of a cubic surface JJ^ we have 

Also, if the lines satisfy the single condition of touching a quadric [7, 
we have always 

^:%=<> <'»>• 

Again, let one of the points G where a line of the congruency meets 
the surface lie on a fixed curve, then Oj, say, coincides with 0, and for 
the other two points -4, B we easily find 

%^^r' ^''^- 

Hence if, in this case, the line also touch a quadric U, we have 

iHL±-^ = (21), 
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or, if it intersect a curve lying in a plane P, we evidently get 

^1+^ = (22). 

Fi Pj 

The result (21) appears to suggest certain theorems concerning the 
possibility of the inscription of an infinite number of closed polygons. 

Proceeding now to surfaces of the fourth order, we have seen that 
%du = in general. Hence, if the lines of the system intersect two 
fixed curves on the surface, we have for the two points where they 
meet the surface again, 

du^+dUi=:0 (23). 

Thus we see that JJ du has the same value over two portions of area 
traced out on the surface by lines meeting it again in two fixed curves. 
It may be shown that we have also this relation (23) in the case in 
which the lines are bitangents to a quartio U touching the given sur- 
face F along its intersection with a quadrio. We have F = 17+ ff, 
identically, where /S is a quadric. Now, if the line is a bitangent of 
U, we must have, for the points of contact, U equal to a perfect square 
= Q\ We thus find 

(g-jg) (g-y) (/3--a;)(/3-2/) _ ^ g.. 

(«-y)(a-^) (/3-y)(/3-^) ^^^^' 

where x, y give the points of contact with Z7, and g, /?, y, ^ the points 
of intersection with F, Hence, from (7), we obtain the relation (23). 

We may extend the preceding results to the case of a variable conic 
intersecting a fixed surface. An arbitrary conic can evidently be ex- 
pressed by means of the equations 

/* 7* /4 

where /i = Oi^' + M+Ci, /, = &c. 

We suppose then o^, &i, Cj, &c. to be functions of two parameters p, q, 
and we find thus, as in the case of the line, 

d^=^ (25), 

where G is now a polynomial of the sixth degree in t, whose vanishing 
gives the values of t corresponding to the points where the conic is 
touched by a surface. Hence we obtain the equations (8) and (9), the 
summation extending to all the points of intersection of the conic an^ 
the surface. *■ 

R 2 
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In exactly the same way we can find relations between the ele- 
ments of the donhle integrals corresponding to the points where a sur- 
face is intersected by a unicursal curve of any degree. 

In the same way as in the paper of mine referred to above, we can 
arrive at several relations connecting the points of contact of the sides 
of triangles inscribed in a surface whose sides belong to given con- 
gruences. For instance, from (10), we find that, if there be a system 
of triangles inscribed in a quadric whose sides belong to congruences, 
then the six points of contact will lie on a conic. 

Again, if there be a system of triangles inscribed in a cubic surface 
whose sides meet the surface again on fixed curves, then, if the sides 
are also tangents to surfaces, the three points of contact will lie on a 
line. Also, if lines belonging to congruences form triangles inscribed 
in a cubic so that the points where the sides meet the surface again 
lie on a line, then the six points of contact will lie on a conic. 
Several other results can be deduced from (10). Since du for a sphere 
is an element of area, it can be shown that, if tangents be drawn to a 
sphere so as to intersect a fixed curve at infinity, these lines will trace 
out on a concentric sphere portions of equal area. 

Again, we can find a relation between the areas cut off from the 
cyclide 

U= (aj^+2/H»'+AjO'-4(aV+6y+cV) = 

by lines varying in a certain manner. For this surface we easily find 

dS = y/{a? {df-V) aj« + 6« (6*-^*) y'+c* (c'-A?) «'} du, 

where d8 is an element of area. If then we take lines bitangent to 
the surface TJ-\-\F = 0, where 

we have —7=- oc r=-r-7y from (7). 

^F f(py 

Hence, since S?^ = S2^ = S?^= 0, 

x^ ^F y/F 

we have 2 y/Fdu = Sc^iS = 0. Thus we see that a series of bitangents 
to the surface [7+ \F = will trace out on the given surface four 
areas which are connected by the relation Sj ± iSj ± /Sj ± S^ = ; 
and it is evident that the boundary of one of these areas can be 
assumed arbitrarily. 
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On some Properties of certain Solutions of a Differential Equation 
of the Second Order. By Dr. B. J. Routb. 

[;ReadApHl2nd, 1885.] 

If we write down Legendre's equation 

0-^)%-^%+^in+l)y=.Q (1), 

we have a solution, when n is a positive integer, usually called a 
Legendre's coefficient, and written y =^Pn» The chief properties of this 
function may be briefly summed up. (1) It is an n^ difEerential 
coefficient. (2) It satisfies a scale of relation by which P„+2 is found 
in terms of P„ and Pn+i. (3) All the roots of the equation Pn = are 
real, and are confined between certain limits. (4) The integral 
J Ptn P» dx vanishes between the same limitSj while J -F^ ^ has a known 
value. Also (6) P„ may be generated as the coefficient of ^ by the 
expansion of a known function of t. 

Let us now generalize the differential equation by introducing arbi- 
trary letters into every coefficient. It now becomes 

(aaj*+&aj+c)0+(/»-H^)g+% = O (2), 

where ^ is a function of some parameter n, which we shall afterwards 
take to be a positive integer. Two solutions at least of this generalized 
equation have been given which are n^ differential coefficients, each 
of which reduces to P„ when the differential equation takes the form 
(1). Representing either of these by y = X^, we propose to show that 
the corresponding scale of relation is of the form 

where (A, B, 0, D) are constants which depend on (a, &, c,/, g, n). 
Following the same general line of argument as that used in the case 
of Legendre's coefficients, we shall show that, provided 4— //a in the 
first solution or // a in the second is positive, and in each case numeri- 
cally greater than TTTATXi (*^® ^^°* being supposed real), the pro- 
perties of X,^ I X^ follow exactly those just mentioned for P„. 

The differential equation (2) has been discussed by a great many 
authors, chiefly with the object of finding its general integral. For 
some of the following references the writer is indebted to the kindness 
of the referees of this paper. 
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An equation which rednces to the form (2) by easy transformations 
is discnssed by Euler in his Integral Calonlns. He obtains in certain 
cases solutions in which y is expressed in a finite series of powers of x. 
As he does not put these into the form of an n^ differential coefficient, 
his solutions do not at present concern us. In 1812 or 1813, Gauss 
(Collected Works, Vol. iii.) expressed the solution as a hyper- 
geometrical series. Liouville, in the thirteenth volume of the Jowrnal 
de VUcole Folytechniquey 1832, discusses the equation in a manner which, 
in the beginning, is the same as that in Art. 3 of this paper. He ob- 
tains an integral in the form of an ?i*^ differential coefficient, and dis- 
cusses the meaning of the result when n is not. an integer. In 1860, 
Spitzer treats of that particular case of the equation (2) in which 
a=0, and expresses the solutions as n^^ differential coefficients. Then, 
in 1868, H. J. Holmgren (Kongliga Svenska Vetenskaps-Akademiens 
Handlingar), after giving references to these works of Euler, Liouville, 
and Spitzer, mentions certain restrictions on their solutions. He takes 
Liouville's paper as his point of departure, and finds integrals in which 
these restrictions are removed. The integrals are expressed as 
n^ differentials, and the meaning when n is not a positive integer is 
given. The solution of the differential equation (2) is also discussed 
by Boole, under the name of Pfaff's equation, in the latter part of his 
Differential Equations. In Pfaff's treatise we find a great many cases 
specified. in which the equation has been solved both as w*^ differential 
coefficients or otherwise. Probably no case in which n is integral has 
escaped his search. 

After so many writers have obtained solutions, it is not to be sup- 
posed that anything new is presented in the two n^ differentials found 
in Arts. 3 and 4 Taking these two forms as the point of departure, 
we pass on to the scale of relation as the theorem next in order. 
None of the writers already mentioned seem to have alluded to this 
result, so that it is possibly new. 

Taking next the theorems on the roots of X,»=0, we find two papers 
by Sturm in the first volume of Liouville's Journal, In the first of 
these, he discusses the very general equation 



i('i)+»=»' 



where h and g are functions of x and some parameter n. Subject to 
certain specified conditions, he proves theorems concerning the 
separation of the roots. Afterwards he discusses a theorem equi- 
valent to |X^X,»0 (aj) (iaj = 0. His reasoning is necessarily very 
different from that given in this paper, for here the scale of relation is 
the central proposition with which all the others are connected, and 
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this theorem is not allnded to in Sturm's papers. Even therefore, on 
this point of contact with Sturm's paper, what is here stated presents 
some novelty. 

The value of J ^ (x) Z„ dx has been found between the limits which 
make aaj'+6aj+c = 0. 

The generating function of X^ is also found, but it seems too com- 
plicated to be of very great use. 

Finally, two special cases, in which exponentials occur in the value 
of y, are alluded to at the end of the paper. 

1. The two solutions of the differential equation 

(aaj« + 6aj+c)g + (/aj-f5r)g-h%=0 (2), 

which are the subjects of consideration, m&j be found by two artifices. 

First, we may put y = j-^priJ *^®°> if the equation be a perfect w*** differ- 

ential, the value of z can be at once found. ' Secondly, we may seek 
some factor fi by which the equation (2) can be made a perfect 
differential. 

2. By writing jpaj+ 5 for x, we can always reduce the equation to the 
form (l_a,»)g+(/a,+^')g+% = (3). 

This form is sometimes more convenient than (2). But, when the 
factors of ax^ + hx + c are not real, the values of jp and q are not real. 
To avoid these imaginary quantities, we shall use the general form in 
obtaining the solutions. 

3. The First Solution. — Writing y := d*^*^z/ dx*^*^, and integrating 
each term (w + l) times by the help of Leibnitz's theorem for negative 
indices; viz. 

dx 2 dx^ 

where S stands for d/ dx; we have 

(ax'+hx+c)^,+ {fx+g'^(n + lX2ax+h)}^+h'z^0, 

where ^'= A— (n+l)/+(wH-l)(n+2)a, and the constants of inte- 
gration have been omitted. 
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If w be so diosen that A'= 0, we find, by an easy integration, 

where ^=_J^±9_e. 

Sunvming up, we may state the theorem thns. Let a and /3 be the 
roots of the quadratic 

(n+l)(w+2)a-(n+l)/+i=0 (4). 

Then a solution of the differential equation (2) is 

^ dx- B "^ dx^ E ' 

^ ^^ 'B da"' aaf + hx+c ' ^ ^' 

If either o or /J is a positire integer, a solution of the required form 
has been found. 

4. The Second Solution. — Let us now multiply the differential equa- 
tion (2) by an integrating factor ^. The condition of integrability 
leads to the equation 

^^^ d^ (/«+fl^) /*+ ^% (ax^ + hx+c) /i = 0. 
Expanding, this takes the form 

(aaj«+6aj+c)g-f{(4a-/)aj + 26-^}g + (fe-/+2a),x = 0. 
The integral of the given equation is then 

(aaj»-h6« + c)/i g + J (fx+g) /x- £ (ax'+bx+c),^ }y = 0, 

where C is some constant. Choosing to be zero, as the integral 
can be found without its help, we have 

^" B ^' 

where B has the same meaning as before. 

The equation to find /x is of the form already discussed in the first 
solution, A solution of the required form can be found if either of 
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the values of m given by the quadratic 

(m + 1) (m+2) a-(m-hl) (4a-/)+A-/+2a = 

is an integer. This quadratic can be written in the form 

m (m— 1) a+w/+& = 0. 

Svmming up, we may state the theorem thus. Let a and fi be the 
roots of the quadratic ^ 

m(m—l)a+mf+h= (6), 

then a solution of the differential equation (2) is 

ax^+hx+c I 



y = 



^A^^iaaf+hx+cy'^B+B^^iaaf+hx+cy-'B}, 



B 
where B has the same form as before. ^ 

If either* of the roots of this quadratic is an integer, a solution of 
the differential equation as an n^^ diffei?«ntial coefficient has been 
found. 

6. Comparing the two solutions, we now see that we could derive 
one from the other (say, the second from the first) by a simple sub- 
stitution. For, if we write y = /i (ax^+hx-^c) / B, the equation to 
find /[i is of the form solved in the first solution, with 4a—/ written 
for/and 2&— gf for gr. 

* If both the roots of either of the fundamental quadratics are positive integers, 
it might be supposed that each root would give a solution in the form of an n^ 
differential. But the two solutions thus found are really the same. To show this, 
we shall use the following theorem, which has been obtained by an application of 
Leibnitz's theorem. If 2 A; + 1 be an integer, though k may be a fraction, 

S^'--)'(lTi)'-^-'*<--')-'-(f7{)' 

where JK" = (fe + Q (fc + /- 1) ... to 2fe + 1 factors. 

To shorten the algebraical processes, let us take the differential equation in its 
simplified form (3) . The second solution, after substitution for H, becomes 

where Q « i±^. 
1— a? 

But, by the theorem just mentioned, 

DifferentiatiDg this jS times, we see that the two integrals are the same, or (since M 
may vanish) one of them is zero identically. The other solution may be treated in 
the same way. 
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where a, /3, y are three functions of the coefficients A, B, 0, D. 
Equating these three to zero, and (to avoid fractions as much as 
possible) choosing the value of A as indicated above, we find the 
values of B^ 0, D. 

11. If we substitute (aJ*— 1)«G for Q, we may easily find a useful 
extension of this theorem. We then have 

and it follows, as before, that 

AX,,2+(B + GX) Xn.i + DXn = 0, 

where A, B, (7, JD have the same values as before, and q is any integer, 
positive or negative. 

12. If we substitute (2aaj+6)/ (5*— 4ac)* for », and make some 
slight changes in the constants in order to simplify the result, we 
have the following theorem. 

Let x. = f,(^±^^Y\, 

then wiU 4Z,„+(J5+0ib) Z,^,+DZ, = 0, 

where il = -(M+n+2)(Jf+2»+2), 

5 = Jf (Jf + 2»+ 3) — + J^ 0, 

• 0= (Jf+2n+2)(MH-2n+3) (-2^+211+4), 

D = (n+l)(M+2n+4) J (^) - (M+2n+2)« 5!^ J . 

In the^r«^ solution, viz., that of Art. 3, we have g = 1, Q = l/J2, 



sothat _Jl'?« = J_^=->±£_. 

Q d« B dx ax'+b»+c 



N 



iherefore if = -i.-|.2, N=^-g. 

^ a 2a 
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In the second solution^ viz., that of Art. 4, we have g =: — 1, Q = E, 

BO that M=«^-.2, iV^ = -^+^. 

a za 

Substituting these values of M and N, we have the scale of relation 
for each solution. 

13. Let us apply the scale of relation to analyse the first solution, 
which we may conveniently write in the form 

_ d"" (oM^ + hx-^cY^^ 1 ^ 
y-'^A -a I -R^^^' 

ax^+hx+c 



When » = 0, X^ = 



aB 



Thus it appears that X^ and Xj have a common factor ; hence, by the 
scale of relation, all the succeeding functions have the same factor. 
Also, since x enters into the scale of relation only in one coefficient, 
and in the first power, we see that the general term must be of the 

form Z, = ^'-^^^"^" {Q,a^" + q,.>a^-'+...+0,a^+go}> 

where Gq, 0^ &c, are all constants. We may conveniently write this 
solution in the form 

y = '^^^ (?. (<»). 

14. The scale of relation will fail to give Z»+2 when Xn+i and X„ 
are known, if either jlf+n+2 = or ^^"+2^+2 = 0. Since 
Jf = — // a H- 2, this would require either n or 2n to be equal to f/a —4. 
But it will be immediately seen that we shall take 4i—f/a to be posi- 
tive, so this case will not occur. 

We may also notice that X„ / X^ might be of less dimensions than 
n if the quantity represented by G in the scale of relation could 
vanish. But this cannot occur if 4—// a is positive. 

It follows also from the same supposition that A and G must always 
have opposite signs ; thus the coefficients of the highest powers of x 
in the series 1, X^/Xq, X^JX^j &c., are all of the same sign, and 
therefore positive. 

No two consecutive functions in this series can vanish for the same 
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value of X ; for, if so, every function would vanish. This cannot occur, 
because the first function in the series is unity. 

15. The constants A and D in the scale of relation will have the 
same sign if their product is positive. Remembering that 

Jlf = -//a+2, N=hf/2a-g, 

we see that this will happen for all positive values of n, provided — 

(1) (—f/a-\'4i) is positive, greater than zero, and numerically 

(2) The factors of aaj'+6»+c are real. 

If these two conditions are satisfied, the series of functions 1, XJXq, 
&c., are such that, when any one of them, as X^+i/Xo, vanishes the 
two on each side, viz., X^^jX^ and X^^z/X^, have opposite signs. 
They therefore resemble Sttirm^s functions, and may be used like 
those functions. 

If we continue the proof as in Sturm's theorem, using the results 
of the last article, we see that the roots of the equations 

:?l = 0, :^ = 0, ^ = 0, &c., 

Z\^J — V, _ V, U/Vf., 

are all real, and that the roots of each separate or lie between the roots of 
the next in order, 

16. The necessary conditions that this should happen are that A 
and D should have the same sign when w=0, and that 4—// a should 
be positive. The first of these conditions implies that X^ / Xq should 
be negative when Xj / X^ = 0. We therefore infer, conversely, that if 
4i'^f I a he positive, the one root of Xi/Xp = cannot lie between those 
of Xj/Z^ = unless ^—f/ a be also numerically greater than 

hf/a-2g 

17. Again, by referring to Art. 8, we see that both conditions may 
be expressed by making the exponents p and q of the two factors of 
B algebraically less than 2. Now, when this happens, the expression 

^^ — — ^ — is finite for all values of x when n is any positive 

integer except zero. It therefore follows that the roots of all its 
differential coeflElcients up to the n^ inclusive, i.e., the roots of X^ = 0, 
me.noi only realj but lie between the roots of aaf^bx-^-c = 0. 
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18. Let us apply the scale of relation to analyse the second solu- 
tion (Art. 4), which we may write 

2^- aB d^^ a ) ^=^~- 

When » = 0, ^0 = 1, 

n = l, X,=^^±5. 

a 

By continual substitution in the scale of relation, we find X„ Ac. It 
appears at once that the general form of the solution is given by 

where the H^s are all constants. 

The same remarks apply here as i^ the first solution, Art. 14. 
Since M = f/ a-^2y it follows that A and G cannot vanish, provided 
f/a is positive. Thus X,» is an integral rational function of n* 
dimensions, and the coefficient of the highest power is positive. 



* Conversely, we may enquire what the condition is that an integral solution 
should exist. Taking tike dixEerential equation in its simplified form (Art. 2), viz., 

(^"'''^S'*"^'^"'^^!'^*^"^ (^^' 

let us suppose such a solution to be 

y^A„,x*^ + A„,.ix*^-^ + .„+ApXP+ (L). 

Substituting, and taking only the highest powers of x which enter, we have 

,w(w-l-/)-A - (II.). 

This quadratic is the same as that used in the second solution when a = ~ 1 (Art. 4). 
We see that there can be no highest power in the series unless this quadratic has a 
positive integral root. Thus the differential equation has no solution in integral 
positive powers of x except in those cases in which we may apply the method given 
in the text. 

The determination of this integral solution is not further connected with the sub- 
ject of this paper. But one or two points may be noticed in passing. Let a and jS 
be the roots of the quadratic (II.), and let m — a be the root, supposed integral, 
which we take as the highest power of x. Eetuming to the substitution from (I.) 
in (3), we find 

-(a-l-i8)^..i=^a^., {P'a)(p'fi)Ap^ff(p-Yl)Ap,i-¥{p + l)(P'^2)Ap^2 

(m.}. 

Thus each coefficient of the series for y is found in terms of the preceding ones. 
Now -4_i =0 because itsi? + 1 = 0, and A.2 « because its ^ + 2 « and -4-i =0. 
The series found therefore terminates before any negative powers of x are intro- 
duced. It is clear that none of these values of Ap can be infinite unless the quad- 
ratic (II.) has two integral positive roots, and then only if a > iS. Even in this case, 
if it should happen that 

iir^,,l+(a + 2)J[.*a-0 (IV.), 
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19. The constants A and D in the scale of relation will have the 
same sign if their product is positive. This will be the case provided — 

(1) f/a is positive, greater than zero, and numerically greater 

(2) The factors of oa' + ftaj-f c are real. 

Following the same reasoning as before, we see that the functions 
Xq, Xiy X^, &c. resemble Sturm's functions. The roots of each are 
therefore all real and separate, or lie between the roots of the function 
next in order. 

The conditions may also be expressed by making both the ex- 
ponents (viz., p and q) of the value of B given in Art. 8 to be positive. 
From this we infer, as in Art. 16, that the roots of X„ = are not 
only real, hut lie between the roots of ax^ + bx + c = 0. 

These theorems concerning, the second solution may be deduced 
from those for the first by urflng the transformation given in Art. 4. 

On the value o/ J (x) X^ X^ dx. 

20. We next propose to examine under what circumstances the 
equation j (p (x) X^X^dnn = may be true, and to find the value of 
1 (x) XI dx, where (x) is some known function of x. 

The difEerential equation considered is 

{a^^bx+c) %Hf^^g) ^+% = 0, 
-J 

then -4. becomes arbitrary instead of infinite. Putting -4. = 0, or giving it any 
value we please, we then find -4._i, -4._2 ••• -^o l>y tlie formuleB (IV.). When this 
condition happens to be satisfied, the differential equation (3) has two solutions in 
positive inte^»l powers of x. 
As an example, consider the difPerential equation 

(^-'«^S + (-''*+^)| + 2(l-/)jr - 0. 

Here the quadratic leads to m=2 or m=/^ 1 ; choosing the former, we find, without 

difficulty, tz-A [(/- 1) (/- 2) jj3 + 2^ (/- 1) x +/- 2 +^2], 

If ^=0 and/ « 2, this value of y becomes y^S(^a^+l)oTf/^Cx, according as we 
absorb the /- 2 or the g into the arbitrary multiplier. If ^ « and / == 4, the 
' value of y becomes y = 2-4 (3^;* +1). All these are easily seen to be solutions. 
Holmgren (to whose paper the writer had a reference^ has shown that the equa- 
tion (3) admits of two integral solutions when (m our notation) a, jS, and 
i(a— i8— 1±^) are all positive integers, a being > jS. In this case, the solution 
derived from the great^ root may be written as an »^ difEerential in the form 
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where it is a function of n. Writing m for n, let z be the correspond* 
ing value of y. We then have 

ias' + hx+c)^+{fx+g)^+h'z = 0. 
We easily find (as Laplace does in treating of his functions) that 
(V-;^)y. = (a»'+6«+c)(yg-.g) + (/.+,)(,|-.|). 

We now multiply both sides by the integrating factor of the right- 

R 

hand side. This factor is easily seen to be — 3 — :; , 'where B has 

ax^-\-bx+c 

the same value as before (Art. 8). We then have 

where both sides are to be taken between the same limits. 

21. If we adopt as our values of y and z those given by the first 
solution as analysed in Art. 13, we write for y and z their values 

y = — ^ Gn (»), z = ^-I-. (?,„ («). 

The right-hand side of the equation will now become 

Since the G^-functions are all integral and rational when m and n 
are positive integers, we see that this will vanish when the roots of 
a«'+&aj+c = are real, and the limits are chosen to be those roots. 
It is, however, also necessary that the exponents of the two factors of 
B should not be so large as those of the corresponding factors in 
(aaj'+6aj + r.)'. This requires that each of the exponents, viz., p and 
2', which occur in B (see Art. 8), should be algebraically less than 2. 
These conditions are the same as those given in Art. 17 as the con- 
ditions that the roots of the function G (aj) = should all be real. ^ 

The proof requires that h and K should not be equal except when 
n^m. Referring to Art. 3, we see that in the first solution 

fe=(n+l){/-(ri+2)a}. 

Writing m for n to obtain h\ it follows that h'^ss, h only when n=:m 
VOL. XVI. — NO. 249. s 
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and nH-m=//a— 3. But this latter case cannot, occur for any un- 
equal positive integral values of m and n, because we. have already 
assumed in Art. 15 that 4— //a is positive and greater than zero. A 
similar remarn. applies when we use. the second solution in the next 
article. 

22. If we adopt as our values of y and z those given by the second 
solution as analysed in Art. 18, we see that the right-hand side of the 
equation arrived at in Art. 20 becomes 

=z R ( X "* X ** V 

\ ^ dx *" dx / 

Now the functions X„, and Xn are integral rational functions of » when 
m and n are positive integers. Hence the right-hand side is zero if 
the roots of aa;*-hfc» + c = are real and those roots are taken as the 
limits. It is necessary that the exponents of the corresponding 
factors in the value of B should be positive. -This will be the case 
whenever the -conditions that the roots of X„ = should be all real 
(given in Art. 19) are satisfied. 

23. Summing up, we see that, if y„^ and y^ be two values of y corres- 
ponding to two positive integral values of the parameter in either the 
first or the second solution (Arts. 3 and 4), then 

f Bdx f. 

if the limits are the roots of aaj' + 6a; -f- c = 0, provided those roots are 
real. It is also necessary that the indices of the factors of B should 

be such th'at, when we use the first solution, -r ^-tc) ^g^^jg^^gg 

B 
at each limit ; and, when we use the second solution, B vanishes at 
each limit.* 

♦ We have seen that the conditions necessary that J ^ {x) X^X^ dx = are the 
same as those that all the functions Z« should have their roots real. The reason 
for this identity will be better seen by the help of the following theorem, which may 
be used for functions more general than those to which it is here applied. 

Theorem. — IfXn be an integral rational function of x of n dimensions j such that 
j<f> {x) XnXmdx = Ofor all positive integral values of m less than n, then the roots of 
the equation Xn = are all real and lie between the limits of integration. It is supposed 
that the limits of integration are fixed, and that ^ {x) is finite and keeps one sign be- 
tween those limits. 

For, if possible, let -3Cn = have a pair of imaginary roots, or a real root which 
does not lie between the limits of integration. In either case, Xn has a factor which 
keeps one sign between the limits. Let f{x) be tiie remaining factors, then it is 
obvious that /(a;) can be expanded in a series 
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24. To find hy a general method the value o/ J (x) X„ dx for any 
limits which make J (x) X^ X„ (?aj = 0. 

We have, by the scale of relation as given in Arts. 10 and 12, 

wliere -4„, B^ 0„, D„ are functions of n, but not of ». Multiply this^ 
equation by X^ (x) and integrate ; we find 

Gn]offip(x)X,X,,,dx+Dnl<l>(x)Xldx-0. 

Now write (n—l) for n in the scale of relation, and multiply by 
(x) X„+i. We find, after integration, 

^n-ih («) ZLiefoj+O„.Jaj0 (x) XnXn^xdx = 0. 
We immediately deduce 

^Ji^(x)Xl,,dx = ^^\ip(x)Xld^. 
From this, by continued reduction, we have 

25. Taking the second solution first, the value of J (x) X] dx may 
be found in gamma integi-als. Thus, putting P = ax^ + hx-\-c, we 
have, by Art. 18, 

by the definition of R given in Art. 8. Now, substituting for B from 
that article and remembering that 2? and q are positive (Art. 22), we 
get, after an integration by parts, 

£0 (x) Zj<fe =- f, (X-/i)^*/'« f[ (z^iyzUz. 

. In the same way we find for the first solution 

[f(x) Xldx ^-^^ (\-,i)«-/'« r {z^iy-^z^'^dz. 

Jl* <^ Jo 

Here (as in Art. 21) we have supposed that p and q are less than 2. 

Now the product ^ {x)f(x) X„ keeps one sign between the limits ; hence every 
term of the integral J p (/)f{x) Z„ da? has the same sign. But, by hypothesis, il we 
substitute this series for/(i;) we see that the integral vanishes, which is impossible. 

s 2 
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The OenercUing Function. 

26. We have, by Lagrange's theorem in the differential calculus, 

/(«) =/(.) + Ac.+ ^^|;(^.)-/(.) + &C. 

Differentiating both sides with regard to t and substituting for du/dt^ 
we have 

In the first solution we put/ (aj) = 1 / iJ and o^ (w) = aw' + 6tA+c. 
Hence, if B (u) be the same function of u that E is of » in Art. 8, we 
have 

au^+hu-^-c 1 A^ J. il 

B{u) a—tQZau+h) "~ ' Ln 

In the second solution we give ^ (w) the same meaning as before, and 
put / (») = E (ax^ +hx+c)-\ We find 

--^W L__ = &e.+ ^^(^^±^^T'iJ5+&c. 

The coefficients of •=— on the right-hand sides of these equations are 
Jjn 

the values of X„ given in Arts. 13 and 18 for the first and second 

solutions. We must, however, not forget to multiply both sides of the 

equation by the factor '^ J^ in the case of the second solution. 

The left-hand sides of these equations are therefore known functions 
of t which by expansion give the two values of X^, 

27. If we substitute for u its value given by the quadratic at the 
beginning of this article, we have an expression for the generating 
function which is free from all integrations, and which takes different 
forms when we substitute for B (u) the various forms given in 
Art. 8. 

To take a simple illustration, let the equation be given in the form 
(Art. 2) 

(l_..)g + (/.+,)|+,, = 0, 

and let us adopt the second solution, y = JT^. Then X„ is the 
coefficient of r / 2^ in the expansion of 

r (l - 4xt + 4<2)i - (1 - 2xt) l -I/- » r x-'2t+{l''ixt + it^n ^ 1 

L 2^(l-a:2) J L l+x J (l-4ii:« + 4<2)r 
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Special Gases. 

28. The special case in which a = presents some interesting forms, 
partly because the expression for B now contains exponentials, and 
partly because the values of if and JV^in the scale of relation (Art. 12) 
are both infinite. The differential equation is 

Here E = (bx+cy^'\ Where p = ?!2^." ' 

We shall suppose that /and 6 are not zero. 

In the ^rs< solution (Art. 3) we have ^ = (»+l)/, 

Putting X,^ for this value of y, the scale of relation is 

X„,2+{>+gf-2 (71+2) b} Xn.i+V (n+l)(n+2-i>) Zn = 0. 
In the second solution (Art. 4) we have A = — w/. 



hx-^c d 



*„ (6«+c)-> iJ = (te+cy-' (X + £)" (6a,+c) 



,n-l+p- 



^ B dx^ 

Putting X„ for this value of y, the scale of relation is 

X..2-{>H-i7+2 (w+1) 6} Z„,i + 6« (»+l)(ii+2>) X„ = 0. 

From these scales of relation the other properties follow without 
difficulty ; provided in the first case_p < 2, and in the second casej) is 
positive. 

These scales of relation may be deduced from the general form given 
in Art. 12 by expanding the coefficients in powers of// a. They may 
be obtained independently by the process explained in Art. ] 0. 

29. Another interesting special case occurs when a=:0, 6=0, c=l. 
Taking the first solution, we have 

B = e^^"^^% y=f-n ^'^^"'^ = X'n. 

The scale of relation is 

Zn.a+(/aJ-|-(7)XH.i4-(n+l)/Xn = 0. 

Theorems similar to those proved in the general case follow from this 
scale of relation. 

Other special cases occur in which the function B has a peculiar 
form, — such, for. instance, as that in which a = 1, 6 = 0, c = 0. 
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May Uth, 1885. 
J. W. L. GLAISHER, Esq., F.R.S., President, in the Cham . 

B. Hannmanta Ean, 6. A., Acting Head-master, Goyemmexlt 
Normal School, Madras, was elected a member. 

Papers were read by Rev. T. G. Simmons : An Application of Deter- 
minants to the Solution of Certain Types of Simultaneous Equations ; 
and by H. M. Jeffery, F.R.S. : On Binodal Quartics (the reading 
was illustrated by several diagrams). 

Mr. Tucker communicated a paper by Professor J. Larmor : On the 
Flow of Electricity in a System of Linear Conductors. 
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" Proceedings of the Boyal Society," Vol. xxxyui., No. 236. 

" Educationi^ Times ** for May. 

<* Proceedings of the Cambridge Philosophical Society," Yol. v.. Parts 1, 2, 3, 
1885. 

" Transactions of the Camhridge Philosophical Society,** Vol. xiv., Part 1, 1886. 

<* Proceedings of the Canadian Institute, Toronto,** Third Series, Vol. in., 
Pasc. 1, March, 1886. 

** Sitznngsherichte der k. Preussischen Akademie der Wissenschaften zu Berlin,*' 
XL. to LIT., 23 October 1884 to 11 December. 

" Journal de TEcole Polytechnique," 64th Cahier ; Paris 1884. 

** Bulletin des Sciences Mathematiques,*' T. ix., April and May, 1886, 

** Beiblatter zu den Annalen der Physik \md Chemie,** B. ix., St. 4 ; Leipaig, 
1886. 

'' Atti della B. Accademia dei Lincei,*' Bendiconti., Vol. i., F. 8, 9, 10 ; Boma, 
1886. 

" tjber die Theorie der aufeinander abwickelbaren Oberflachen,** von J. "Wein- 
garten, 4 to; Berlin, 1884. (Separatabdruck aus der Festschrift der KOnigl. 
Technischen Hochschule zu Berlin.) 



On the Flow of Electricity in a System of Linear Conductors. 
By Professor J. Larmor. 

[Mead May 14M, 1886.] 

1. The analytical determination of the currents that are set up by 
given steady electro-motive forces in a system of linear conducting 
bodies has been treated by Kirchboff,* who takes a separate variable 
to represent the current flowing in each branch of the system. 

* Togg, Annal.f Bd. 72, 1847 ; Gmmtnelte Ahhandlungen, pp. 22 — 23. 



1885.] Electricity in a Syst&ni of Linear Conductors. 263 

Maxwell has given a discnssion* in wliich the nxunber of variables 
is reduced by the equation of continuity, which requires that the total 
current flowing into any junction is equal to the current flowing from 
that junction ; he takes as variables the potentials of the junctions. 
This method regards the system as a* compound conductor, into which 
currents are introduced from without; and it gives symmetrical 
expressions for its resistance measured between any two comers. 

We may also express the phenomena in terms of a series of currents 
flowing in closed circuits whose number is sufficient to completely 
determine the system. This specification by closed currents is more 
fundamental in character. When the strengths of the currents are 
variable owing to electro-magnetic action, this method is the only one 
very conveniently applicable. For we have, to express the electro- 
kinetic energy, the ordinary quadi^tic function of the currents in the 
separate circuits, the coefficients of which are the coefficients of self 
and mutual induction of those circuits ; and these coefficients are just 
the quantities that can be most easily determined by known methods of 
calculation or experiment. Nor is the facility of application disturbed 
when condensers are included in the system,. 

In the second edition of Maxwell's Electricity and Magnetism^ there 
are two insertions from his lecture notes (§ 2826, § 755, on the theory 
of Wheatstone*s Bridge with steady currents, and on the same applied 
to the determination of coefficients of electro-kinetic induction) which 
point to this mode of treatment ; so that it is likely that the recon- 
struction of these two theories which (Preface, p. xvi.) the author 
contemplated would have had some reference to it. 

It is proposed to develope concisely the principles of this method of 
investigation. 

2. Consider first the case in which the conductors form a simple net- 
work. We may take for circuits the separate meshes of the network, 
and, if we suppose a barrier drawn across each mesh, we obtain a 
quasi-polyhedron whose faces are formed by the barriers. Let S, J57, F 
denote the number of its summits, edges, and faces, respectively. It 
is obvious that only F— 1 of the circuits are independent, for we can 
represent the current round the remaining face by a system of equal 
currents round each of the others, just as Ampere replaced a current 
in a finite circuit by equal currents in a system of infinitesimal circuits 
forming a network bounded by the original one. 

This number F— 1 of independent variables is necessarily in agree- 
ment with the results of KirchhofE's method. For there are E branch 

» EUc» and Mag,y I., §§280—82. Also ChryBtal, Encyc, £rit,, Art. EUetricity. 
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currents, snbject apparently to 8 conditions of continuity, but really 
subject to only S— 1 independent conditions; because the sum of all 
tbe currents flowing into all the junctions is zero — ^without any con- 
dition, as each current flowing into one junction must flow from 
another. There are therefore E^S+l independent variables, which 
is equal to the preceding estimate 2^—1 by virtue of .Euler's relation 

This discussion throws light on the general case in which the con- 
ductors do not form a simple network, and a conductor may therefore 
necessarily belong to more than two independent circuits. To select 
a proper system of circuits, begin with any one, and suppose a barrier 
surface drawn across it ; select a second, and suppose it also closed by 
a barrier ; and proceed in this way, subject to the condition that the 
barriers do not disturb the singly continuous character of the space 
by forming a closed boundary round any portion of it, i.e., by making 
it periphractic. The process will terminate of itself when there is no 
conductor left which is not abutted on by a barrier. 

But, having thus secured that the space bounded by the barriers 
is not peiiphractic, it must also be made certain that it does not 
possess any character of multiple continuity (cyclosis) ; t.e., any closed 
circuit drawn in the space must be capable of being contracted to a 
point without cutting through any of the barriers. The space bounded 
by the surface of an anchor ring is thus doubly continuous, since, to 
secure simple continuity, it is necessary to draw a barrier surface across 
the opening of the ring if the outside space is considered, — or across 
the section of the ring if the inside space is in question. The nature 
and necessity of this proviso will be made clear by considering again 
the simple network of this section. We may imagine the system of 
barriers as forming a continuous sheet ; and the removal of one of 
them will make a hole in this sheet, through which a degree of cyclosis 
is established. It is clear from these considerations that every degree 
of cyclosis implies the absence of a necessary independent variable, 
which can be supplied by adding a new barrier closing the correspond- 
ing circuit. 

With a notation corresponding to that given above for a network, 
we have in this case for the number of independent circuits the value 
F, which must on Kirchhoff's principles be equivalent to J57— iS+l ; 
and we thus come upon the theorem that for a polygonal system of 
barriers which does not impair the singly continuous character of the 
space, by either periphraxy or cyclosis, 

8+F^E+l, 
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Tbis is a particular case of Listing's generalization of Enler's theorem, 
now equally obvious, which asserts that, if the system of barriers 
divide space into i2 unconnected regions, each of them singly con- 
tinuous, then 

for removing each superfluous barrier diminishes the number of regions 
by one. 

The general theorem, as given by Listing,* takes account of the 
corrections to be applied to this formula when the periphractic and 
cyclomatic numbers of the system are given constants, different from 
zero ; but with these we are not at present concerned, though the 
ideas here employed would probably yield a simple method for their 
discussion. 

The particular case of the theorem at which we have arrived verifies 
the correctness of the method that has been given for choosing the 
independent circuits of the current syfeiem ; and* this plan of con* 
str notion by barriers has the advantage of easily showing the precise 
amount of liberty there is in the selection of the circuits. 

3. Having thus selected the circuits, let them be denoted by the 
natural numbers 1, 2, 3...n; the currents circulating in them by 
(7i, (7j ... (7n, their resistances by i?i, i2j ... E„, the electro-motive forces 
placed in them by J^i, E^.,. E„ measured positive in the directions of 
the currents ; and let also the current in the conductor pq which is 
common to the circuits p and q be denoted by Gpq and the resistance 
of that conductor by Bpq and the electro-motive force placed in it by 



'p, : so that we have 




JBp = Bpi+B^+. 


..+B^ 


B,= ±^„±S^.... 


..±-E?p, 



■(1), 

.(2). 



The signs in this last relation are determined in each specialcase by 
the directions of the component electro-motive forces as compared with 
Ep. In the case of a simple network we can secure that the positive 
directions of circulation of all the currents as seen from one side of 
the network shall be the same, and we shall tben have also relations 
of the form 

Opq= Cg—Gp,, (3). 

But, when the system does not form a simple network, the same con* 
ductor may be common to three or more circuits, saj pqr ... ; andthei} 

* J. B. Listing, " Der Census raumlicher Complexe," OoUingen Abhandlungin^ 
Band x., 1861-2. ^ 
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the cnrrent in that conductor is denoted by (7^ or C>r or O^n where, 
the signs being properly determined, 

G^ = ±G,±G^±Gr (4). 

It will not be necessary to have an explicit notation for the case in 
which more than one conductor is common to two circuits. 

With this notation, the expression for the heat generated per second 
by steady currents in the conductors can be obtained as follows : 

the summation extending over all the conductors of the system, 

±2B„G,G,± (5), 

the latter signs being all negative for a simple network ; while for any 
other case the rule is that, when Gp and G^ are taken to flow in the 
same direction along the conductor pq, the sign of the corresponding 
term is positive. Terms involving products of all pairs of contiguous 
closed currents are included in the expression. 

4. The theorem connecting the electro-motive forces with H may 
now be investigated by the method common to all analyses which turn 
upon quadratic functions of this kind. Let accented letters denote 
any other system of electro-motive forces and corresponding currents 
imposed upon the same system of conductors : then we have 

^g,e; 

^here e^ represents the total graiual fall of potential along the con- 
ductor pq in the direction of the current Gp^ , 

= S^^, by Ohm's law, 

= SC>^p, by symmetry. 

Therefore, if (7; = C, + IGp, ^; = ^p + hEp, we have 

XGpSE.^z-S^EpBGp (6). 

Now E=I^GpE^, 

therefore m ==:^GpBEp-h^E,oGp, 

Hence finally, by (6), 

BH==22Ep80,, 
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'"1=^" 11=^^"*° (^)- 

w here He is K expressed as in (5) by a function of Oj^ 0^ ... . 

Again, "when, by means of (7), (7p, 0,... are eliminated from the 
expression for .ffe in (6), we have for H a quadratic function H^ of the 
electro-motive forces, and then 



^=2a,. ^ = 20., Ac. 



dE, 



dE. 



.(8). 



5. The eqtiations (7) are the linear system to which we are led for 
the determination of the currents. Writing them in full, we have 



-B„Gt+BtO,-BnOt ... ^'B^O. = E, | 



(9). 



a symmetrical system, in which the proper signs are here supposed to be 
given to the Kb with double sufi&xes, viz., all positive in the case of a 
simple network, and in other cases according to the rule already given. 
The solution can be expressed by symmetrical determinants in the 
ordinary manner, and by means of (4) we can obtain at once an 
expression for the total current in any separate conductor. 

We may thus also obtain the condition that an electro-motive force 
in one conductor may not give rise to a current in a certain other. 
But for such purposes it is more convenient to employ the reciprocal 
expression for H in terms of the ^*s. To obtain this, proceed in the 
usual way, by joining on to (9) the equation 



and by linear elimination we find 



.(10), 






— J^si 

••• .•» ... •.* 

••• ••• *.• ... 

Et JS?, Et... E^ 



•(11). 
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in which A is the discriminant of the expression for He, i.e., is the minor 
of the last (zero) constituent of this determinant. 

We may write this quadratic expression in the form 

+ 2K,,E,E,'\-2K^E^Ej^+ (12), 

in which K^ Kj^, ... are immediately written down as minors of the 
determinant A. We have then, by (8), 

K,,Ei+K,E,'^K^E,+ „.-{-K^E,=^OA (13). 



The constants K^, jEjj ... are clearly coefficients of conductivity. 

Now suppose the only electro-motive force considered is E^^ in the 
conductor |?3. If this . conductor abuts on two circuits only, we have 
Ep=' :kEq= Epq and the other ^'s zero; if on three or more, we 
have Ep = ifc^^ = ±^^ = ... = Epg, in which the signs have been 
predetermined ; while, if it abuts on only one circuit, we have only one 
fundamental E, To determine the current in the conductor Im, we 

have G,^= Oi ± 0„, =t a„ ± (14). 

We find thus, by (8) or (13), 

r K;p ±K^ ± Kir ... ^ 

Oln. = -E?^ j ± {K^^ ± ^^ ± K^r ... ) [ (15), 

(=t (JTnp rtiT,., zfciTn, ...)) 
which reduces, for the case of a simple network, to 

(7lm = ^M(^lp— ^f« — ■^«»i» + -^m«) (16). 

* 

We conclude that an electro-motive force in pq will produce no current 
in Im if the coefficient of Ep^ in this result is zero ; and, as the 
coefficient remains unaltered when Im and jpq change places, we see 
that equal currents are produced in either conductor by unit electro- 
motive force in the other. '• 

The two .conductors are therefore conji^gate to one another if this 
coefficient is zero. . . '.'. . . ^ . . 

These results are. of the game general form as the ones obtained in 

Maxwell's investigation ; and the similarity is intelligible when it is 

^ remembered that the two investigations are in a sense reciprocal to 
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each other, the variables in the one case being related to the comers 
and in the other case to the faces of the diagram. 

6. A simple case is that of the six con- 
dnctors of Wheatstone's Bridge,* which form 
a network, as in the diagram. We have, by 

-2B^G,G,^2B,,G,G, (17). 

The reciprocal function is . 
1 




ir. = - 



.(18), 



Ej — Ejj — Ej, E^ 
— JBai E, — E^ E^ 
— E,i — Ej, Eg E^ 

El E^ E^ 

= -^ {(E, E,-J4) ^+ ... + ...-2 (ii„B„-i2,i?J ^,^,+ ... + ... } 

. . , '" (19), 

A bemg the discmninant of JBTe. 

The coefficients in this expression for H^ are the conductivities of the 
system. The coefficient of E\ represents the current in E^ that would 
be produced by unit electro-motive force in E^ alone ; the coefficient of 
E^ E^ represents double the current that would be produced in either 
circuit E^ or E^ by unit electro-motive force in the other one (done, 

7. The form of this analytical theory is exactly analogous to that 
of the theory of initial motioDs in a system of bodies. We have there- 
fore an analogue of Sir W. Thomson's theorem of least energy with 
certain given imposed velocities ; and also one of Bertrand's theoi^em 
of greatest energy with certain given imposed impulses, subject to the 
condition that the only allowable variations of the motion are those 
caused by pure constraint, oy by such other impulses as do.no work in 
the process : viz., we have the theorems — 

1°. When given currents are introduced into a system, they dis- 
tribute themselves in such a manner that the heat developed in the 
conductors is the least possible. 

2°. When given electro-motive forces are inti^oduced into a system 
of conductors, the heat actually gl^nerated Wy the currents is greater 



* Maxwell's iy/tf(j. aMJffrt/., Vol. i., 2nd"e(3'.,'{}*282i, 347; Elementary Eteetridty^ 
p. 206. ^^ 
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than it wonld be if any of the condnctors were removed* ; for the re- 
moval of a conductor is equivalent to the introduction of such an' 
electro-motive force in it as reduces its current to zero, 

8. The general theory of linear conductors, and the conjugate 
relations involved, clearly apply also to cases in which the conducting 
system is partly linear and partly continuous in other dimensions, • If 
the system include any continuous conductor (with or without helical 
property) with a number of electrodes on its surface, we can replace 
that part of it by a system of linear conductors of the proper re- 
sistances connecting all the electrodes in pairs, — their resistances be- 
ing determinable by calculation or experiment from the shape of the 
conductor. For, from the linearity of the law of conduction, it is 
permissible to suppose difEerent current systems. 

Again, we can imagine a continuous conductor such that in its ulti- 
mate structure it is composed of a thicket of interlacing conducting 
filaments whose cross-sections are negligible in comparison with jbheir 
lengths ; though this will not, of coarse, be a probable representation 
of the constitution of an ordinary conducting solid. We can show 
that, for a small right-angled element of such a body, the equations of 
conduction will be self-conjugate ; i.e., there will be no helical co- 
efficient. For suppose (for purposes of analysis) such an element cut 
out of the solid, and its faces backed up by six perfectly conducting 
plates, and the opposite pairs of faces connected by conductors of no 
resistance in which electro-motive faces E^ E^, E^ are placed. We 
shall then have a linear system, in the sense of the above theory ; and 
He will be a quadratic function of these three electro-motive forces ; 
and the corresponding currents across the faces of the element will be 
derived from He by difEerentiation, according to (8), with respect to 
El, ^j, E^^ which proves the proposition. 

9. It remains to indicate briefly how the method here used may be 
applied to the general case pf currents variable owing to electro-' 
dynamic action or to the gradual charge of condensers whose terminals 
are connected with the system at given points. 

* We may treat such a condenser as a branch of the system whose 
resistance is infinite ; or, if we make allowance for the small degree of 
conductivity which may exist between its faces, it will be a conductor 
of resistance very large. 

As the currents are now variable we shall want to change their 
notation. Let Xi, x^, ... Xn represent the integral currents that have. 

^ * Lord Bayleigh, Fhil. Mag,, Vol. xlviii., 1875. 
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flowed round the specifying circuits from the beginning of the motion ; 
then, with the usual fluxional notation, a^, oJj, ... »„ will represent the 
currents in those circuits at the instant considered.- 

Following the notation of §3, let rs denote a condenser branch; if 
Tcr, denote the capacity of the condenser, the energy stored from the 
system in its charge and in the charges of the others, if any, will be 

"r=SiA;;;a-'„ = Si^;;(»,±aj.±...)« (20) 

by (4). ^ 

The electro-kinetic energy due to the motion of the conductors will 

^® T^\M,x\^^\M^x\'^...^M,,x,i^-^. (21), 

where M^, if, ... are the coefficients of self-induction of the respective 
circuits, and iif„, ...are the coefficients of niutual induction of the 
different pairs of circuits. 

If there is any part of the electro-kinetic energy due to the inflaence 
of external fixed systems, it will be represented by a function of 
a?!, 35, ... of the first degree, which must be added on to T, 

[In the general electro-kinetic theory mentioned below, the 
coefficients of this linear function will involve constant electro- 
kinetic momenta whose corresponding variables have been eliminated 
from the expression for the energy; and we shall thus have an 
example of the general dynamical equations with ignored co- 
ordinates.*] 

The expression for the amount of energy that runs down into heat 
per second, owing to the resistances of the wires, is, e.s in (5), 

ff = JBia5!+JB,aj^-h... dh2E„«i«,+ . (22). 

And we have also the ordinary quadratic function for the kinetic 
energy C of the masses of the system in terms of the generalized 
velocities. 

From these four expressions the equations of the currents «,-, oj, ... 
may be found by the principle of energy (as used originally by Helm- 
holtz and Sir W. Thomson) combined with Ohm's law of currents ; 
and it is well known, as Maxwell has shown, that these equations are 
the same as those of a purely dynamical system, of which a^, », ... are 
additional coordinates, ajj, aj, ... the corresponding velocities, T the 
corresponding part of the kinetic energy, — F the corresponding part of 
the potential energy, and S the corresponding dissipation function of 
Lord Rayleigh.f 



» Thomson and Tait's Natural Philosophyy Vol. i., Bart i., p. 320. 
t Froc, Lond, Math, Soe.^ May, 1873 ; Theonj of Sound, i., § 81. 
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La tangente en a a (a) est la perpendiculaire »t a an. 



® 




Appelons (8jf) la surface formee par les normales principales com- 
nmnes aux courbes (a) at (a). Le plan normal en a a (a) est normal 
en ce point a (8if) et tonche cette surface an point a. Le plan normal 
a (a), an point de cette courbe infiniment voisin de a, tonclie (Sjt) an 
point de (a) qui est infiniment voisin de a. Ces deux plans normaux 
infiniment voisins se coupent suivant a^o et la droite qui joint les points 
oil ils touchent (Sjf) est »t; done : 

Les droites »tj oto sont deux tangentes conjuguees de (8y), 

On connait pour le point a de (Sy) les deux tangentes conjuguees 
(tty (to et la droite aa qui est une des asymptotes de Tindicatrice de 
{8n) en a ; il est alors facile de construire Tautre asymptote de cette 
indicatrice. II suffit pour cela de joindre le point a an point milieu 
du segment ot, qui est parallele a aa ; ou encore, d'^lever du point « 
une perpendiculaire a la droite »l qui passe par le point Z, milieu 
de an. 

On Yoit ainsi comment la connaissance du centre o de la sphere 
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osculatrice en a a (a) entraine la connaissance de Tasymptote de Tin- 
dicatrice de {S^) an point a, centre de conrbure de {a), 

Inversement, la connaissance de cette asymptote permet de constmire 
le centre o. Nons n'avons d*aprds cela qu'a determiner Tasymptote 
de I'indicatrice de (/Sj^r) en a' pour obtenir le centre o de la sphere 
osculatrice de {a) en a, 

Les asymptotes des indicatrices de {Sn) en a et a'sont les tangentes 
en ces points a (a) et (a'). Nous connaissons alors les asymptotes des 
indicatrices de {Sj,^ anx trois points a, a, a et nouspouvons constmire 
Tasymptote de Tindicatrice en un point quelconqne de aa, Toutes 
ces droites appartiennent, en effet, a un meme hyperbolo'ide qui est 
rhyperboloide osculateur de (Sjf) le long de aa\ 

Effectuons les constructions en faisant usage du plan (P) mene du 
' point a perpendiculairement a aa, Ce plan contient dej^ Tasymptote 
de I'indicatrice en a, il ne coupe plus alors Thyperboloide osculateur 
que suivant une droite D. Cette droite D est le lieu des traces sur (P) 
des asymptotes des indicatrices de (/Sjv^) pour les points de aa\ Soit 
s la trace sur (P) de Tasymptote de Tindicatrice en a. Menons de 8 
une parallele a Tasymptote relative au point a\ c*est a dire a la tan- 
gente en a' a (a). Nous obtenons ainsi la droite B, L'asymptote re- 
lative au point a' est dans le plan tangent en ce point a {Sn)^ c'est a 
dire dans le plan normal en a' a (a ). La trace de ce plan sur (P) est 
alors la perpendiculaire as abaissee du point a sur D, et la droite aV 
est V asymptote de Viiidicatrice de {Sjr) en « . 

Connaissant cette droite, il est facile de determiner o\ Pour cela 
on mene afu parall^lement a as\ et, du point a', dans le plan a «V, 
on eleve la perpendiculaire aT a aV : ces deux droites se coupent en 
l\ On prolonge le segment a I' de sa propre longueur jusqu'en n et 
Ton construit le rectangle nacto : le sommet d de ce rectangle est le 
centre de la sphere osculatrice demande, 

Nous avons ainsi une construction du centre o'; nous aliens la 
simplifier apres avoir fait remarquer, eomme consequence du trace de 
as, que la perpendiculaire abaissee du centre de courbure a sur le 
rayon ao de la sphere osculatrice rencontre sa en un point g qui est 
tel que ag est la moitie de as. On obtient de meme pour la courbe 
a un point g' tel que ag' et la moitie de as\ La droite gg' est alors 
parallele a D, c'est a dire a la tangente en a k (a). On a done cette 
propriete : 

Les perpendiculaireSf ahaissees respectivement des centres de courbure «, 
oc sur les rayons aoy cbo\ des spheres osculatrices a (a) et (a'), rencontrent 
le plan, mene en a perpendiculairement a aa\ en, deux points g, g : le tri' 

T 2 
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angle agg est rectangle en g' et la droite gg' eatparalUle a la tangents en 
a' a (a ). 

Cette propriete, qu'on pent 6noiicer en employant nn plan perpen- 
diculaire en a a la normale commnne, ^tablit nne liaison geom^triqne 
simple entre les centres o et o qui pormet de oonstrnire Tun de ces 
points lors qu'on connait Tantre. 



New Relations between Bipartite Functions and Determinants y 
with a Proof of Gayley^s Theorem in Matrices. By Thomas 
Muir, LL.D. 

[Read April 2ndy 1886.] 
1. A bipartite function may be denoted as in the examples, 
Oi a^ 



or 



6i Ci 
6a Cj 







ft 9i 





o, a, 


ft g% 




6, c, 


«1 «. 





and 



Oi 0, aj 


^^,2, 


6i c, d^ 
6, c, (i, 
6, c, f?^ 


ej e, e, 
/i /, /» 
5^1 9i 9i 



the elements of the function being distributed in atrrays, viz., (1) an 
initial one-line array of n elements, (2) any number of square arrays 
each of n . n elements, (3) a final one-line array of n elements ; and 
the arrays being separated by bars, the first of which is parallel to 
the initial one -line array, and each of the others at right angles to 
the one preceding it. 

The ordinary algebraical expression of the function consists of all 
the terms that can be formed by taking the product of as many ele^- 
ments as there are arrays, one from each, subject to the condition 
that the element to be taken from any one array must be in the samf) 

m or column with the element taken from the preceding array^ and 
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in the same column or row with the element taken from the following 
array. Thus, 

^> /^a> ^«> ^4 = ^1 aJi + aj^i + Oj^?! + a4 ^i, 



a^ij l/i, «i, «^i 



and 



«! 


aj 




h^ 


Ci 


d,d. 


h 


Cj 


ei e, 






2. A bipartite is expressible as a sum of products of two factors, 
each first fe,ctor being an element taken from the initial line, and its 
co-factor the bipartite of lower degree got from the original bipartite 
by deleting the initial line and those elements of the adjacent square 
which are not collinear with the said element. Thus, 



«! aj ^8 


hKk 


6i c, (^ 
&j c, d^ 
h Cj d^ 


Bi e, 68 

/l /S /8 

gi 9% 9i 



= ai 



A,&. Z, 


e, ei e, 
/. /i /» 
9i 9t 9i 



4-n 




h /l /2 /3 

&8 9i 9i 9i 





+ a8- 



^ 


h h 


«1 


e, «» 


/: 


/. /. 


9i 9i 9» 



^. 



This recurrent law of formation is all that need here be given in 
regard to bipartites, the properties of which have been very folly 
dealt with in a memoir about to appear in the Transactions of the 
Boyal Society of Edinburgh. 

3. One connecting link between the theory of bipartites and the 
theory of determinants has been pointed out in the said memoir ; viz., 
that the elements of the determinant which is the product of n deter- 
minants are bipartites of the n^ degree. Thus, 



I a, flj og 




aj oj as 




bi &2 ^8 


. 


/5i A P, 


= 


Cj Cj Cj 




Vi rs 73 





a^ Oj as 
03/^373 
^1 feg ^8 

"2^78 «8/38 73 
^1 ^2 ^8 ^ ^ ^8 



«2/^2 72 

bj &a^8 



flia2^8 
ai/5i7i 
bi bj &g 
«i l\ 7i 
^ ^a ^8 

«lA7l 02^78 «8^8 73 
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and 


\a^h^Ci\.\ai(iiy^\.\x^y^z^\ 




Oi flTj tts hi 63 6j Cj Cj Cj 




^ 


oi /5i ri 


^i «i /^i 7i 


«a Oi /5i 7i 


»8 




oa A 72 


Vi oa ft 78 


^2 Oj ft 78 


^8 




Os A 78 


«1 «8 />3 78 


«^8 «8 ft 78 


2^8 



[April2, 



Our present object is to establish other relations connecting the two 
kinds of functions, and to make application of one of these relations 
to Cayley's identity in the theory of matrices. 

4. Starting from the manifest identity 

(In Of, Crj ... t'r 

= \aiar\ + \aihr\ + \a^Cr\+...+ \a„lr\, 

and restricting ourselves, for convenience in writing, to the case 
where n = 4, we have 

^!i|j^^*-(a. + 6,+c,+d«)a,=-K6,|-KcJ-|a,rfJ ...(a), 
«i> On Oi> <h 



<h< ^' "^^ ^* -(a, + b,+c,+d,) a,=-\a,e,\-\aM 

^3> ^2> ^2> ^2 
Oj, 65, Cs, rfj 

^^^^?^^*-(ax + 6, + C3+(i,)a,^ \a,h,\ + \a,c,\ 

a^, 04, C4, a^ 

If now we multiply both sides of these by Oj, h^, Cj, c?i respectively, 
add, and, for shortness, write Soj for ai + h^+c^+d^, there results 



..(5). 



0, 


a, 


<h 


^4 


Ol 


6. 


Cl 


d, 


a, 


h 


c, 


«?, 


0. 


i> 


c. 


^. 


a, 


h 


C4 


d, 



Ol "'\y ^i> '^iJ "'1 
6. + 



Ojfls 


+ 


og a^ 


+ 


a, a4 


fel 62 63 




61 6j 64 




Ci C, C4 


C, Cj c, 




^1 ^2 ^4 




^1 c?8 c?4 



and this, by the addition of 

(lai^sl + l a,c, l + l Oi^il + l fc.c,| + | fc.dil + l c,rf«|} a, 
or <h%\<hh\ 
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to both sides, becomes 

Oj, Oi, Ci, Cti '^ '^ 

= |ai6jC,| + |ai6,c«4| + laiC8t«J (a). 



Oj fei Ci (^ 


Ol 


a, 6j c, d^ 


6i 


a^hj, c^dj, 


Cl 


a^ 64 C4 d^ 


^ 



By using, instead of Oj, 61, Ci, ii, the multipliers Oj, fe„ Cj, (iJ,, and then 
proceeding as before, there results 

-^'f^*%<h + <h%\<^A\ = \<hC^d,\ 03'). 

<^ 

Similarly, we find 
ai a^ a^ a^ 



0, a, a. 


«4 


Ol 


h 


Ci 


d, 


«! 


6, 


Cj 


d, 


a. 


&, 


c. 


d, 


a^ 


b* 


C4 


d. 



Ol 


6. 


<h 


d, 


a, 


6. 


c, 


d. 


a, 


h 


C| 


d. 


a* 


h 


Ct 


d. 



and 

^1 ^S ^8 ^4 



«! ^1 


Cj t^i 


a, 6, 


C, (?, 


a, h 


^8 ^8 


a, \ 


C4 ^4 



a, 






'*8> 08> ^8» **« 






.(«')• 



Treating, in their turn, these four equations (a), (/3'), (y'), (3') as 
(a), (/3), (y), (B) were treated, the multipliers being a,, ftj, Cj, (?i, we 
obtain, on the left-hand side, 



ttj a, aj a4 


ai 61 Cj ii 


«! 61 Ci (i, 


ai og a, a4 


a, fe, c, c«3 


5i fej &8 ^4 


Os ^8 ^8 ei, 


Ci C, Cs C4 


a^ 64 C4 ^4 


d.d,d,d. 



Ol 0, 0, 


04 


«l 


6, 


Ci 


<i, 


a. 


b. 


c, 


d, 


<h 


b. 


c. 


d, 


a^ 


h 


c« 


d. 



h 

Ci 

d, 



X«'+S^^*^i«.^'i 



aj, fei, Ci, (?i 
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and on the right 



O) Oj (£4 
fei &j 65 64 

Ci C« C« Ctt 



di d^ d^ d^ 
so that we have the identity 



ai 


Oj 


a. 


a^ 


<h 


h^ 


Ci 


d. 


aj 


h 


Cj 


d. 


«» 


h 


Cs 


d. 


a^ 


h. 


C4 


d. 



a^ &| C\ di Oi a^ a^ a^ 



ai (I2 CL^ CL4 CL\ ^1 Cj di 

&i &2 &s &4 a, &2 ^3 ^2 

Ci Cj Cg C4 a, feg C3 6^3 

^1 <^s ^8 d^ a^ &4 C4 (^4 






^^1 



Oi, 6i, Cj, rti -^ ' '^^ 

The three other identities related to this as ((i'), (y')» (^') ^^^ re- 
lated to (a') have their right-hand member 0. The fonr may be 
stated as one, and it is useful to do so in view of what is to follow. 
Taking, then, ay, 6^, c„ dr as multipliers, we obtain, from (a ), (/3')> 
(/)> (<^')> *he identity 



t<^ 



a, a^ ^3 


a. 


a, hr 


Cr dr 


Oi a, 


as a^ 


ai h[ Cx 


d. 


a, a^ 


as a4 


»! &i 


Cj t^i 


a, h, c. 


d. 


h, h, 


hh 


aj &3 


Cj e?2 


«8 h Cj 


d. 


Cj Cj 


Cs C4 


«8 ^8 


C3 ^8 


a4 h 04 


d. 


di d^ 


^s d^ 


a* &4 


C4 ^4 



ar,Or,Cr,dr ^ ^ 



ar 




hr 




Cr 




dr 




62Cs| = - 


ttr ffj CTj a4 




^r ^2 ^8 ^4 




Cr Cg Cs C4 




(?, e?, (^8 ^4 



5. It is instructive to compare the series of identities (a), (a'), (a"), 
and note the law of growth, so to speak. In the mature form (a") 
the bipartite factors of the terms form a regular descending series ; 
that in the first term being of the degree 4, and that in the last term 
of the degree ; while the determinantal factors ascend from the 
degree to the degree 4. In every bipartite factor the initial line is 
Oi, ttg, as, a^, and the final line Oj, ftj, Cj, c^. Further, all the square 
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arrays are alike ; so that, if we use a single symbol, such as A, to stand 
for a square array, and annex to it a number to indicate how many 
square arrays there are, we obtain a very short and suggestive nota- 
tion for the particular bipartites here occurring. Thus, the theorem 
(tt") for the case of the sixth degree might stand as follows : — 



ai, Og, ..., gp I Oi, 61, 
A* 

Oi, Og, ..., gfl I at, 61, 

A» . 

I «1> <^9l '"> Q>6 I ^> ^1> 



A» 



^1 



+ \ajh^c^d^ejf^\ = 0. 

There is a particular appropriateness in writing A* in preference to 
A4 or any other form, for it is an important property of a bipartite 
function, that if we substitute for its group of square arrays the 
single square array got by multiplying them together as if they were 
determinants, and retain the original initial and final lines, the new 
bipartite is equal to the old. 

6. Let us now consider the quotient 



63—0; 


h 


h. 


Ca 


c»-aj 


Ci 


d. 


ds 


d^—x 



cb^—x a. 


as ^4 


61 6,— aj 


&s \ 


Ci Cj 


C3— « C4 


d, d. 


d^ d^-x 



of which the dividend is the complementary minor of the element 
Oi— « of the divisor. 

If both be arranged according to descending powers of x^ and the 
division performed, the result must evidently be of the form 

— a;"^— -^lOJ"^— ^,a-'-- -ijaj""*— -44aj"*— JgOj"'— ... . 

Multiplying this by the divisor, which, if we employ Soi, 5 1 Oi bj | , ... 
with the signification above given to them, is 

y — aj*S Oi + aj'S I fli 63 1 — ojS 1 tti 6, Cj I -f I Oi fej C3 (^4 1 , 
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or, for shortness, say, 



aj*-«»Sa+«'S,-«S,-|-S„ 



we obtain 












-as'-il, 


a»- At 


« — ^, 


x" - At 


»-• - A 


«-'-... 


+ S. 


+A2, 


+A2. 


+^2, 


+^2. 


+ ... 


- 2, 


-A2, 


-A2, 


-.4,2, 


— ... 


+ 2. 


+A2, 


+A2. 


+ ... 


- 2, 


-A2« 


~... 


which mast < 


sonseqaentlj be equal 


to 







The coefficients of like powers of x being equated, there results 

—ill +Si = &j + Cj+(£4, 



and hence, at once, by means of the identities (a), (a'), (a"), Ac., we 
obtain 

A = »!, 

^ — gi> <^a> <^a> <^4 
Oi, 5i, Ci, di ' 

Ol ^ «8 «4 

di hi Ci di CLi 
a^ h^ C) d^ hi 

^8 ^8 ^8 ^ ^1 

^4 &4 C4 d^ di 



> 



tti Oj a, a4 

^4 = 



Oj &X C| (^ 

Og &I Ci d^ 

ttj 63 ^8 ^8 

a^ &4 C4 (^4 



hi Ci di 



, 

Oj flj aj a4 

61 hi 63 &4 

Ci Cj Cj C4 
(^ (^2 ^8 ^4 
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fej— aj 6j 64 



d, 



di d^—x 



Oi— aj (1% cbi a^ 

hi 6j— aj 63 64 

Cj C, C^—X C4 

(^ (i^j (?8 d^ — X 



__j.-l ^3.-2 Ch> fl4> fl^8i fl^4 J.-8 _ C^l C^8 fl^S <^4 I fl^l^lgl<^l j.-4 

_ Ci Oj fla a4 I <^i ^1 gi <^i ^-5_ 



and may therefore look upon the quotient of the two determinants as 
the generating function of bipartites of the form 

C4 ttg gg 04 I Oi hi Ci c?^ 
7. A series of identities similar to (a), (a'), (a"), ..., viz., 






a, Os a4 



h 


Cj 


(Z, 


h 


Cj 


^ 


fc« 


c« 


d. 


a, 


a» 


a* 



^i^-a,^63=-|a,6,|-|a,c,|-|a,(i4|, 
&i, Ci, di ^ 

^j 6„ (H, di -^ ^ ^ 



&2 Cg C?3 

bs Cg (^8 

64 C4 e?4 



di 

hi Ci di 



h h ^4 

^2 ^8 ^4 

d^ d^ d^ 



«2 «8 »4 V^ 5 

^1 



6, 


c, d, 


6. 


C, ds 


h 


c, d, 



+ ^7^^l'^2Cs|-ai|^C8(?4|=-|ai&2C8^4|, 



61 Cj (^1 



leads in the same way to the result 

ai—x hi Ci di 

Oj 62— a? Cj d^ 

<h h Cj— aj (?8 

a^ 64 C4 (:?4— aj 



6j— aj C3 



£^2 



Cs — « ^8 



2>4 



c?4— aj 



-^ a; I g^ i ^^«^*j;-X I ^2^8 ^4 I \Cldi ^.2 | ^2 <^a «4 I ^gl^l j;-3_|_^^ 
61 Ci C^x D Ir 

where D stands for the square array of the determinant | ^iCgti*!. 
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8. The quotients of § 6 and § 7 being reciprocals, the multiplication 
of the two expansions ought to lead to a series of relations connecting 
coefficients of the one with coefficients of the other, that is to saj, 
ought to give a series of identities regarding bipartites of the special 
kind we have been considering. As a matter of fact, what we obtain 
in this way is an expansion applicable to bipartites in general ; the 
nature of it may be understood from the example 



Oi a^ a^ 


hi ki li 


hi Ci di 
6j Cj d, 
&8 c, d^ 


Bi e, ^8 

/l /> /8 

9i 9i 9^ 



= ai 



Kh z, 


ej ^ e, 
/, /, /, 
9i 9t 9» 



^(h(h Khk I ^«^» 



6," c,<^"ei«,e, 


c rf, 


/. 


\ 


c, d, 


9i 


h 







*hi + 



Of a. 


k,l. 


c, d, 


9*9t 



the first factors of the expansion being bipartites ojf the degrees 1, 2, 
3, 4 and the second factors bipartites of the degrees 3, 2, 1, 0. 



9. And now, as to Cayley's theorem in matrices. It asserts that 
" the determinant having for its matrix a given matrix, less the same 
matrix considered as a single quantity involving the matrix unity, is 
equal to zero ;" for example, that if 



then 



.M=( 


a, a, 0, 04 
6, 6, &, 64 

C, C, C, C4 

d^ d, dt dt 


). 


Oj-M a^ a^ a^ 


fcj 6j— if &, 64 


c, c, Cg—M C4 


di d 


d» 


d,-M\ 



= 0. 



Expanding the determinant, we have 

M*-af'Sa,+l£*2|o,&,|- lf«S|a, 6,0,1+ afOjo, 6,0,^4! = 
the identity to be established. 
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Now (§3), 

V A« ' ' A« / 

di, ..., d4, I g,, ..., d^ d^y ..., (i^4 | a^, ..., (^4 

A» ' ' A* 

M^ =z ( ^i> "'J <^4 I Chi "M ^1 Op ..., a4 I 04, ..., <^4 \ 

\ A ' ' A / 



dii ..., ^4 I Oi, ..., ^1 ^> "») ^4 I fl4» «"> d^ 



j[£i -- / gji fl^i <^> C' i Ot, ffg, Oa, a^ \ 

\ Oj, 61, c„ (^i' ' a4, 64, C4, (1^4 / 

^, dj, C?g, (?4 (^i,(^)(?8,(?4 

ai, 61, Cj, e^i' *'" ' a4j ^4» C4, (1^4 

M^ = ( 1 ) 

10 

10 

1 

and the zero on the right-hand side of the identity isx matrix zero, i.e., 

(0 0) 







We have thus sixteen algebraical identities to verify, viz., 

Cty .«.> «4 I ^H "M di _ Oi, ..., a4 I Oi, ..., (^t ^ 

A^ ^24^ 

and three others like it ; and 



A» A ^^ 



gi, ..., d^' 
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and eleven others like it. But these are exactly the identities ob- 
tained at the close of § 4. Hence Cajlej's theorem is established.* 



Oil the Potential of an Electrified Spherical Bowl, and on the 
Velocity Potential due to the Motion of an Lifihite Liquid about 
such a BowLf By A. B. Basset, M.A. 

[Sead June lUh, 1885.] 

1. The object of this paper is to investigate the motion of an infinite 
liquid about a spherical bowl, which is either fixed in the liquid or 
moving in any manner whatever. The motion of the liquid is supposed 
to be caused by any system of sources, sinks, or vortex rings, the 
latter being so thin that the boundary conditions at their surfaces 
may be left oat of account ; and, for the same reason, moving solid 
bodies other than the bowl, are excluded from the causes by which 
the motion of the liquid is prodaced. It is shown that the velocity 
potential depends upon a certain function O, which is the magnetic 
potential of a complex magnetic shell of proper strength, which 
occupies the same position as the bowl. Now we know that the mag- 
netic potential of such a shell can be deduced from a function F, 
which is the electro-static potential of a distribution of electricity 
upon the bowl, whose density at every point is equal to the strength 
of the shell at the same point. We are thus led, in the first place, to 
investigate the potentials of certain distributions of electricity upon 
the bowl, and I have therefore divided this paper into two parts, the 
first of which deals with electro-statics, and the second with hydro- 
dynamics. 

* Mr. Glaisher drew my attention to previous proofs of Cayley's theorem, viz., 
BuCHHEiM, A., Messenger of Math., xiii., pp. 65, 66 ; Forsyth, A. R., Messenger of 
Math., xni., pp. 139 — 142. See also especially Sylvester's series of papers in the 
Comptes Eendus of the French Academy, the Johns Hopkins University Circulars, 
and the American Jour, of Math., where, besides a draft of a proof, there is much 
matter (the theory of the latent roots of a matrix, &c.) closely connected with the 
subject, and where the much wider subject of matrix equations in general is entered 
upon. Other references which have been sent to me are— Fkobenius, CrelUs Journal, 
Lxxxiv. ; Weyk, Proc. of Bohemian Acad, of Sciences. 

t In consequence of the observations of one of the referees, a slight change in the 
title, and certain alterations in the text, which are indicated by square brackets, 
Jbiave been made. 
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So far as T am aware, only two papers have been publislied con- 
nected with the present subject. The first is the well-known in- 
vestigation bj Sir W. Thomson, of the distribution of electricity upon 
an nniufluenced spherical bowl ;* the second is a paper by Dr. 
FerrerSjt in which he has not only obtained the potential of this dis- 
tribution, but has also shown how to determine the potential and 
density of a bowl which is electrified in such a manner that the 
potential at its surface reduces to a zonal harmonic ; and since the 
potential of every system of forces which is symmetrical about the 
axis of the bowl, can be expanded in a series of zonal harmonics, we 
have a method by means of which we can obtain the potential and 
density of a bowl which is under the influence of any such system of 
forces. 

The first part commences with the determination of the density and 
potential of an uninfluenced plane screen of infinite extent, and having 
a circular aperture (which is a limiting form of a bowl) ; and the 
form of the result suggests the solution for a screen having an elliptic 
aperture. In the next place, the potential of a bowl under the action 
of a charge on the axis is obtained by inversion ; and lastly, the 
potential and density of a bowl which is placed in a uniform field of 
parallel force are deterqiined. 

In the second part, the velocity potential of an infinite liquid in 
which a bowl is moving is determined, and also the velocity potential 
due to a source or sink situated on the axis. The corresponding re- 
sults for a disc and screen are also noticed. 



Part I. 

2. To find the potential and density of an uidnfluenced electrified screen 
having a circular aperture. 

Let AGB be a section of the bowl 
through its axis, I the centre of the 
sphere of which it forms a part; let 
AIC = a, PIG = 0. 

The total density upon an element of 
the bowl, including the charges on both 
sides of it, is 



C V \cos ^—cos a/ 




* Reprint of papers on ** Electro-Statics and Magnetism,*' p. 178. 
t Quarterty Journal, Vol. xviii., p. 97. 
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which is easily seen to be equal to 

If the centre of the bowl move off to infinity in the positivse direc- 
tion, the bowl becomes a screen, and E ultimately coincides with 0> 
the centre of the aperture ; hence the density of the screen on either 

«'^^" '^[7(fco^'^""fl ^'^* 

where c is the radios of the aperture. 

Take a line throngh perpendicular to the screen as the axis of z, 
and let ns find the potential at a point on this line whose distance 
from is z. 

Then 7. = 4«» f ( - ,, f .. +co8-> ^ "> *■ '^'" 



r. = 4«n["j 



The term corresponding to the upper limit is infinite, but constant, 
and may therefore be left out of account ; hence 

^ =w(-|+tan-|):j 

Hence the general value of V at the point (r, 0) is 

F=w{c-f+cSr^^(±)"} [,>e]...(3). 

and F=4ir>ncSr ^T^"-^"' (-)" [r<c] (4), 

where P„ is the zonal harmonic of degree w. 
To sum the series (3), we have 

* This result is given in Watson and Burbury's "Electricity and Magnetinn," 
p. 139, which has appeared since the above was written. 
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putting h=:ct/r, where i =</{—!), we liare 

loe rA«+«+y(r'+2tcr^-c') 
^'^ *^r/«-ct+v/(»*-2<cr/«-c») 

Let r*— c* = Xcos2a, 

2cr/tf = \ sin 2a, 

so that \= y(r«+c«+2r»c' cos 2fl) >^ 

°°«« = V(^^') ( ......(6). 

Then the series 

= -2c v^\sina+2t)?tan-> ^"^^^"^^^ 

r cos d + a/a cos a 

= — 2t >v/Xsina + 2i«tan"^— 77^-; — , 

v/A sm a 

therefore 

r= wJc-Ve-^^)^.t--^^ii^} (6), 

the upper or lower sign being taken according as the point (r, d) 
lies on the positive or negative side of the screen. 

We have supposed that r>c; but, if we had supposed r<c and 
summed the second series (4), we should have obtained the same 
value for F. 

To test this result : when tf = iir and r>c,\ = r^—c\ therefore at 

the screen F= 4iTrmc (7); 

when 6 = |ir and r<c^\=: c^—t^, therefore at the aperture 

F = 4irm{c-^/(c«-7^)} „.(8). 

3. We may express this result in a more elegant form as follows. 
Let P be the point at which the potential is sought, and let the plane 
through OP, which is perpendicular to the screen, cut the boundary 
of the aperture in A and B, then 

AP= (r*+c*-2crcostf)* =^, 

BP = (r'+c' + 2cr cos 6)* = g ; 
VOL. XVI. — NO. 251. u 
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and \_,J+c' = |-{(2)+g)»-4r*}, 

X+r'-c' = i{(2,+2)«-4c'}, 
therefore 

V=z4i7rm]c'-iy/(p + q+2r)(p+q-2r)^rcoQdGOB'^ — ] ...(9). 
^ jP + 2'' 

4. To find the potential of an uninfluenced screen having an elliptic 
aperture. 

Returning to (6), let ns take any two lines through in the plane 
of the screen as the axes of x and y, and let /tx and y be elliptic co- 
-ordinates determined by the equations 

l + ^> ^ y^ ^' 

SO that v^(»'+2/') = cy(l + i'>)(l-/ti«), 

5f ='CfiVf 

and X-r'-|-c« = 2c"/ii*, 

X+r'-c' = 2cV. 
Then V can be expressed in the form 

V= 4>Kmc J 1-A (/O 3. (v)- -| i'l (/')b W } (10), 

where Pi (fjt) is a zonal harmonic, and the p and q functions are the 
particular kinds of spheroidal harmonics which are employed in dis- 
cussing problems relating to the potentials of planetary ellipsoids. 

The form of this result at once suggests the solution when the 
aperture is an ellipse instead of a circle. Consider the expression 

« 
where E is the complete elliptic integral of the second kind to mod 

-v/(a-*— fe*) /a, X is the positive root of the equation 



a»H-X feHX X 

and the upper or lower sign is to be taken according as the point 
(^f Vf ^) lies on the positive or negative side of the screen. The axes 
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of X and y are the directions of the major and minor axes of the 
elliptic aperture. 

We know from the Theory of Attractions that V satisfies Laplace's 
equation, and that V and its first derivatives are continuous at all 
points of space which do not lie on the plane « = 0. Let 

a 
sn a = 



then the definite integral 

a* J.cn'^ ^. 

At points on the screen, z=0 and X is not zero, therefore 

V=4mn^iab) (12) 

At points on the aperture, s; = 0, X = 0, a = j?, and 

therefore V=4,lrmi^/{ab)-bJ^l-^-^\^ (13). 

Also ^f=.4.n.{a^{^^)-Zia)-a^+II 

Therefore at the aperture 

At the screen dV/dz does not vanish but is discontinuous; hence 
there is a surface density, which 

2 u 
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6. To find the potential of a howl under the action of a charge on the 
axis. 




Fig. 2. 



Let AO'B be the bowl, V its centre, Q a charge on its axis. Invert 
with respect to Q, and take the constant of inversion equal to QA\ 
let AGB be the inverted bowl, I its centre, Ql the inverse point of T, 



Then, since 


Ql'.QQf=QA\ 


therefore 


I'AQ = AQ'Q; 


also, since 


Qir.QE=QA*, - 




QAE = QITA = I'Air ; . 


therefore 


MAE = I'AQ, 


therefore 


lAQ = lAE-QAE = QEA-QE'A 




= irAI!= I'AQ r^ AQ'Q, 


thefrefore 


IQr.IQ=TA'i 



therefore Qf is the image of Q with respect to the bowl AOB. 

Now, if the bowl A(7B be uninfluenced, its potential at all points 
external to itself and the sphere pasring through its centre and its 
rim, is* 



T^=^'{j%> + J^sin-' 



AB 



AF'+BP' rr 



1 sin-^' — M_T 
^^ I' A • AF-^BF]- 



* Quarterly Journal, VoL xvm., p. 106. 
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Now AF_AP 

therefore AF+BF = ^ (AP+BP). 



Also 



I'P' _QfP _ QA* 
QF^ QQ' QQf.QP' 



therefore IT^Q^P.QA 

FA QP.QfA' 

therefore 7 = -^, [^ + ^sin'' ,^;^^„, 

Q-P^"" Q'AiAF+BP)i ^^- 

This is tlie potential of the bowl when under the action of a charge 
— m at 0, at all points within the space bounded by the bowl and a 
sphere passing through Q' and its rim. 

Now, suppose a point to start from the interior surface of the bowl, 
and to move round to the outside without passing through the bowl. 
When the point arrives at the last mentioned sphere, 

sin-^ G'P. AB/Q'A (AP+BF) 

becomes a right angle ; hence, after we have crossed this sphere, we 
must write tt— sin"^ for sin"\ and the value of F becomes 

y__m_ ( Q'A . , qP.AB QA . , QP.AB 1 

xQAIq'P (^A(AP+BP)^ QP QA (AP+BP)) 

03). 

As soon as the point crosses that portion of the sphere through Q, 
and the rim of the bowl which lies outside the sphere of which the 
bowl forms a part, ain-^ QP . AB / QA (AP + BP) becomes a right 
angle ; hence, outside the bowl and the above-mentioned sphere, 

F- -J^ ( CU Q^nin-' QP'^^ iQ^^nin-^ Q'P.AB ) 
'^QfALQP QP QAiAP+BPyq'P Q'A(AP+BP)i 

(r). 

The value of F for the remaining portion of space is given by (/3). 

The corresponding results for a disc or a screen are of the same 
form as those which we have just obtained for a bowl, and must be 
interpreted in a similar manner. 



y 
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6. To find the potential when the howl is placed in a uniform fisld of 
force parallel to its axis. 

The simplest way of solving this problem is to utilise the result of 
the last article, by placing a positive and a negative charge of strength 
m, at two points on the axis at distances / from the centime, and on 
opposite sides of it, and making them move off to infinity, whilst the 
product m //' remains constant. 

The potential due to the positive charge at Q (Q being an external 
point) is 



r=.i!Lr±sin-^9P^ + 



(^A 



T IQP 



where 



QA 
\ = 



AB 



sin-«^^ 



Q 



tA J' 



AF+BP 



Patting u = l/f, and romembering that we need not retain powers 
of u higher than the first, the value of V may be written 

F= ^ ["(l+rtt cos fl) sin-' X {I+m (a cos a— r cosfl)} 

+ -^ (1+ — a cose) sin->^ ( I+m (acosa- ^ cos o) 1 1 



= -,{^(«)+0(«)} say. 



Oa 



If, therefore, we put 2ot //' = — — , the potential of the bowl, when 
placed in a field of force whose potential is \Oaz, will be 



Ga 



= -Hr{P'(0)+f(0)}- 



Now, 



27r 



2^(O)==rcos0sin-^X+M^^^^frr^ 

and, if we put AP = q, BP = p, then 
(see Fig. 3) 

OM* = (a cos a—r cos 9)' 

= q*-(PM-cy 

=p*- (PM+cy, 

therefore QJtf' = (P'+?')8^-iy-(p'-?')' 
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therefore ^ (0) = r cos 6 sin"^ -^ + J {4c«- (p - g)'} *. 

The value of ^' (0) can be obtained from that of F' (0), by changing 
r into a'/r, and multiplying the result by a/r ; hence 

^'(0)=^costfsin-'|^ + ^{V8in««-(j,-?)'}«. 

and the value of V may be written « /^ , ,( • , 

r=-g[rco8<98in-'^±i {4c'-(i,-g)'}» 

+ ^cos0sin-'^S|£±^(4^sm««-(p-3)'}*]...(16). 

From the latter part of the preceding article, it appears that, if the 
positive signs be taken, this is the potential at all points within the 
space bounded by the plane passing through the rim of the bowl, and 
that portion of the sphere passing through the centre and rim of the 
bowl, which lies outside the bowl. 

The potential for the space enclosed by the bowl and the plane 
through its rim, is obtiEtined by changing the inverse sine in the first 
term to «• — sin"*\ and placing the negative sign before the second 
term. 

The potential of the remaining portion of space is obtained by 
changing the inverse sine in the third term to tt— sin"\ and placing 
the negative sign before the fourth term. 

Hence we see that at the surface of the bowl, V is always equal to 
—J Gaz ; its value at the unoccupied portion of the sphere is 

- — j v/(l-cosa)(cosa-cos6)+cosQtan-\/( ^"^Q«" ) \ 

(16). 

The density of the bowl on the convex side is 

Stt' C V Vcos0— cosa/ 

+ (3co80-l-cosa)J(-l±£2^^)| ...(17). 
V \cos 61— COS a/ J 

_ Ca COS 
8n ' 
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and on the concave side it 

, Ca cos ^iQx 

= ''+-8^- (^^^- 

[7. To find the potential of a howl under the action of a charge situated 
in the plane containing the rim of the howl. 

As we only liave occasion to employ this result for the purpose of 
obtaining the potential when the bowl is placed in a field of force 
which is perpendicular to a plane passing through the axis, it will be 
sufficient ta consider the case of an external point. 

Let GA'E (Pig. 4) be the plane 
passing through the axis of the bowl 
and any point P ; and let us take k 
the constant of inversion equal to 
the tangent from Q, the influencing 
point, to the sphere ; the bowl will 
then invert into itself. 



Now 



and 
Also 



QA' QP' 

B'P'^BP 
Off QP' 



IP^ = QP+QP^^2QI. QFcobIQP 




QP* QP 



Fig. 4. 



and 



JP» = r> = QI«+aP«-2QI. OPcosIOP. 



Putting QO = hj so that /c* = V—c\ and eliminating cos IQP, we 
find ijy.^(^-a')(h^'<^) + QP^a' ^ ^ ^9). 

26. QP 



Hence V 



_m r_i 



QP 



sm" 



a _,_., 2c.IP.QP 



;Sin 



QP.IP" a(AP.QA'+BP.QJS^ 



]• 



[8. To find the potential when the howl is placed in a field of force per* 
pendicular to a plane passing through the axis. 



1885.] 



an Electrified Spherical Bowl 

Q 



297 



Applying the method of Art. 6, and 
observing that AO and OB will nlti- 
mately be in the same straight line, we 
have (Fig. 6) 

^ « ^ cos QIP+cos /J cos d 

cos ^ — ' , 

^ sin0sini3 ' 

therefore 

QI cos QIP = ^ cos sin 6— OIcos 6, 
and GP»=QI«+r'-2Grr cos QIP, 
therefore QP = ^ (1 — rw cos sin tf), 
if t« =1/^, and the second and higher powers of u are neglected. 

Similarly, by (19), 

IF^.Cil^^ h^ (r«-2a« ru cos ^ sin 6), 

therefore IF. QP = fer (l- — wcos ^ sin oV 

therefore 

V 




Fio. 5. 



=SJ<' 



+ ru COS sin 0) sin '* 



2c (1— rncos0sin6) 
AF+BP- (BP—AP) cu cos ^ 



2(5r (1— — ttcos^sinO] 

+ _?Lfi+.£.,,oos^sin0)sin-^— ^ ^ 1 

^ r V r "^ / a{ilP+5P~(5P-AP)cucos^}' 



= ^{^W+*(t*)} say. 



ir^ 



^a 



If, therefore, we put 2m / V = — — , the potential of the bowl, 
when placed in a field of force whose potential is -^ sin cos f, will 



be 



^a 



= _^(ji"(0)+f(0)}. 



2t 



Now F(0) = rcos^sinO [^i^''^- (^, {(l'+2)'-4c'}«], 

wHere AP z= p and 5P = 3. Also ^' (0) is obtained from F (0) by 
changing r into o' / r, and multiplying the result hj a/r. Therefore 

^' /t\\ a* • of • .i2rsina 2raina(/ , \j ij • j -nH 

f (0)= ^cos^sinO|_sm »-^-j— -^^^{0,+j)'-4r'8m»«}«J^ 



I 
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and the value of V may be written 

7 = -.^cos0sinarrsin-^-^=F--?^((2? + g)«~4c«}* 
2ir L jp+q (.p+qy -^ =^' -^ 

The inverse sines, and the double signs before the second and fourth 
terms, must be interpreted in the manner explained in Art, 6 ; hence 
it appears that, at the surface of the bowl, V will be equal to 

— ^^acos0 sinO, 
and that its value at the unoccupied portion of the sphere is 

-t^'ooB^sinOrten-' /( ^-°o»° ) 
TT ' L \ NCOS a— cos 6/ 

- -i- cosec' -|- sin y (cos a-cos 6I)*1 ... (21).] 

[9. It has been stated in the introduction, that the problem of 
determining the potential of a spherical bowl under the action of any 
system of forces which is symmetrical about the axis, has been solved 
by Dr. Ferrers. In order to apply, a similar method, to determine 
the potential when the bowl is under the action of an unsymmetrical 
system of forces, it would be necessary to obtain formulsB giving the 
potential and density when the bowl is under the action of a system 
of forces, whose potential at the surface of the bowl is equal to the 
tesseral harmonic sin (rrnp + e^) P^ (cos 0). I regret that I have not 
as yet been able to solve this problem ; but at the same time another, 
although indirect, method exists of dealing with this question. It 
is known that the potential at an external point of any distribution 
of electricity, symmetrical or otherwise, upon a planetary ellipsoid, 
and therefore upon a circular disc, can be expressed in a series of 
spheroidal harmonics. If, therefore, we can effect the expansion of 
the potential of the influencing system, in a suitable series of 
spheroidal harmonics, we can obtain the potential of the disc, and 
proceed to the case of a bowl by inversion. The application of this 
method is, however, not free from difficulty, since the expansion of 
functioils in series of spheroidal harmonics, and the summation of 
such series, are operations not always easy to effect. 

A third method would be to obtain the potential of a disc by means 
of definite integrals involving Bessel's functions. This can be effected 
without much difficulty in the case of a symmetrical potential, but I 
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am not certain whether the* method admits of easy extension to nn- 
symmetrical potentials.] 

Part II. 

10. Let us suppose that the motion of an infinite liquid is caused 

. by any system of gfources, sinks, or vortex filaments ; let ^ be velocity 

potential due to this system (which we shall call the external system) 

when the bowl is absent ; and let be the velocity potential after the 

bowl has been introduced. Then we may put 

f = 0+*, 

where O is to be determined. 

If the bowl is fixed, which for the present we shall suppose to be 
the case, the only surface condition is 

dr dr' 

when r= a. This condition is to be satisfied on both sides of the 
bowl. 

Now, if we remove the bowl, and substitute over its surface a sheet 
of doublets, whose axes are in the directions of the radii passing 
through them, and whose strength <r is such that the normal velocity 
due to them at any point of the bowl is equal and opposite to the 
normal velocity due to ^, all the conditions of the problem will be 
satisfied. But the velocity potential of such a sheet of ' doublets is 
analytically equivalent to the magnetic potential of a complex 
magnetic shell of the same strength, which occupies the position of 
the bowl, and whose positive side coincides with the sink side of the 
sheet of doublets ; hence the problem is reduced to finding the 
potential and strength of such a magnetic shell when the normal 
component of the magnetic force at the surface of the shell is given. 

Now we know that, if F be the potential of a surface distribution of 
matter upon the bowl of density a, then 

Q__ 1 dCVr) 
a dr 

and that, if O^ and tli be the values of Q at two contiguous points just 
outside and just inside the shell respectively, then 
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The magnetic force at the surface of the bowl is 

da_ 1 cPjVr) 
dr a dr* 

a!" IdjA^ ^^d/JL l-/i #M 

Now the value of the magnetic force at the surface of the bowl can 
always be expanded in a series of spherical harmonics ; hence, if 

"" ar •" •*^'" 

therefore 7= f\, . 

w(n+l) 

Hence, if -^ = S« r„ ..(2^) 

or 

at the surface, the corresponding value of V is 

^='^'^"n-(^ • (^^>- 

The formula (23) fails when n = 0; the only case, however, which 
is necessary for our purpose to consider, is when the magnetic force 
is symmetrical with respect to the axis of the bowl, and has a constant 
value F at its surface. In this case, 

dr 

— —J:- An- «^^ 
a' dfi^ ^^dfi' 

therefore F = iJ?'aMog(l-iu«)+i^log^ + 5. 

Now V must not be infinite when fi = 1, therefore 

and the value of V may be written 

7=^aMoga(H-iu). 

But, if an infinite straight line extending from the centre of the bowl 
to —00 , be electrified with line density JFVi', its potential is 

=: — Fanogr(l+fJi). 
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Hence V is the potential of the induced charge when the bowl is 
under the action of a positively electrified line extending from the 
centre to — oo . If, therefore, x h© the potential of the bowl, under the 
action of a positive charge of unit intensity, situated at a point on 
the axis distant u from the centre, and in the negative side of it, 



Jo 



X^«» 



where the value of x is obtained by means of the formulae (a), (/3), 
(y)of Art. 5. 

11. The preceding result enables us to find the velocity potential 
due to a source situated at the centre of the bowl. In this case 

,, - dQ m 

therefore "^ i— = -t> 

a/r or 



therefore 



^ = _iLriLfcc)d«_£L (24). 

a ]^ d/r r 



12. To fim^d the velocity potential due to a source placed anywhere 09h 
the axis of the howl. 

1st. Let the source be placed outside the bowl on the positive side 
of the centre, and at a distance / from it. 

Then ^ = — 



(/'+r2-2?/cos^)* 

= -7"- (7)" 



Therefore at the surface 
da 






therefore Vss --m^i 



n+1 \f) 



_ ^ f '''^ du ,ma fe>K\ 

Fis therefore the potential of the induced charge when the bowl is 
under the action of a system of forces whose potential 
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The first term is the potential of a positively electrified line extending 
from the image of the source to the centre of the bowl. The second 
term is the potential of a charge -—ma^/f at the centre ; hence, if Xi is 
the potential due to a positive charge of unit intensity distant u from 
the centre, 

V=m^'\,du+^X. : (27), 

^ a ]^ dr S Ar 

2nd. Let the source be placed ivMe the bowl on the positive side 
of the centre, and at a distance / from it. 

Then * = "^ ; 

(/>+r»_2rfcostf)» 

=-f"-(^)" 

Therefore at the surface 

-f=f + ^2"(~+l)^-(f)" (29). 

The last term will give rise to a term in F which 

= -^"^"(f)" (29a). 

= "L (^'+a'-2a.;.)» -"L^ ^^'^- 

This portion of F is therefore the potential of the induced charge 
when the bowl is under the influence of a system of forces whose 
potential is 

f* du , [^ du 

Both these integrals are infinite, but their difference is finite. The 
second one is an infinite constant, and may therefore be disregarded. 
The first one is the potential of an infinite straight line negatively 
electrified with line density m, which extends from the image of the 

* In i>erfonnmg the integration the second term will disappear, as it will be can- 
celled by a corresponding quantity in the first term. 
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source to infinity. This portion of V is therefore the potential of the 
induced charge when the bowl is under the influence of such a line. 

The first term of (29) gives rise to a term in F, which, by Art. 10, 
is the potential of the bowl when under the influence of a positively 
electrified line extending from the centre to — oo . 

We may therefore write 

F=ml x^^""^ I Xi^^ (^^)» 

Jo J««// 

with the understanding that infinite constant terms which appear in 
the integration are to be disregarded ; hence the value of is 

^ = _!?Li^+* (32), 

a dr 

where the value of Fis given by (31). 

From the above investigation it appears that, if the source be 
situated on the negative side of the centre, F will be the potential 
when the bowl is under the influence of a positively electrified line 
extending from the centre to the image of the source. 

13. A different investigation of the last result may be sketched out 
as follows : — The general value of (29a) outside the bowl is, by the 
theorem of Dr. Ferrers, referred to in the introduction, 

F= ~S""*'if/-Vs"* f s^^ (n—s) a , sin (n+8+l)a l / ±y*^ p 
TT **"* w\a/ "^ \ fi^_g ~ fj^^g^i )\r/ *' 

If we differentiate with respect to a, it is not difficult to show that 
the second series, 

= a j*co8 2!?±1 a { cos |- [(^ + g)»-4c']»+sin |[4«'-(|,-2)']« Jg 

= a {' coB^^^^^ U da say, 

where p and q have the same meaning as in Art. 6, and c is the radius 
of the rim of the bowl. Hence 

TT Jq n \a / 2 

*wa f* 7-r ( a 1 a o • a j. -i fsina ) , 

= — Z7 ^ cos --- log -r — -,-2sin--tan-^-^^; [da 

T Jo C 2 ^a'-2a/cosaH-/* 2 a-/cosa) 

(33). 
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k 



14. When the bowl degenerates either into tt disc or screen, V will 
be the potential of the disc or screen when nnder the influence of an 
infinite straight line positively electrified with line density tn, and 
extending from the image of the source to infinity, and 

dz 

We shall verify this result in the case of a disc. 

Let Q be the source, Q" its image ; then the 
potential (Art. 5) due to a charge m at Q', at 
all points within the space bounded by sphere 
AZB and the disc AB, is 



-sin 



AB.QP 




irlQT^QP QA(AP+BF) 

I^^ (^> p) he cylindrical coordinates of P, OQ =/, and let 



FioJ) = 



sm 



AB(f+p^y 



(f+py (f+c'y(AP+BFy 



Then, if we treat \/(/*4-c*) or QA as constant, whilst differentiating 
with respect to/, 

_p_j^_2m/ dF g» d?Pv 
" CP ^ r (i/ "^ 6 d/» /' 

Therefore, at the disc, 

d2* \dz/»moQF IT \dfdzJ%mo 



>(^F 
d f 



since F contains even powers of z only. Hence, if 

V-TFdf. 

Then, at the disc, -_=_ = ^^=-_. 



therefore 



^ = -f'^d/+* (36). 
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16. To find the velocity potential due to the motion of the howl in aH 
infinite liquid. 

1st. Consider the case of motion parallel to the axis. 

If the liquid were flowing from right to left past the bowl, the 
velocity at infinity being equal to 0, then 

^ = - Gz, 

= 12,— 0«, 

and ^ = Ocos^ 

dr 

at the surface. 

Hence, if the bowl be moving parallel to its axis with velocity 0, 

Now, by (23), F=-10a'* cos 

at the surface. V is therefore the potential of the induced charge, 
when the bowl is placed in a uniform field of force parallel to its axis, 
and its value is given by (15) ; whence 

a dr 

2ndly. Let the bowl be moving perpendicular to its axis with 
velocity A, and let the plane from which the angle <p is measured con- 
tain the direction of motion ; then 

-2 = ^ cos sin 6, 
d/r 

therefore F = — \Aa^ cos sin 

at the surface. V is therefore the potential of the induced charge, 
when the bowl is placed in a uniform field of force perpendicular to a 
plane containing its axis, and its value is given by (20) ; whence <p 
can be found. 

3rdly. Let the bowl be rotating about an axis. 

It is clear that, if the bowl were rotating about an axis through the 
centre, the bowl wo aid simply cut its way through the liquid without 
producing any motion. Now, a rotation about any other axis is equi- 
valent to a rotation about a parallel axis through the centre, together 
with a velocity of translation perpendicular to the plane containing 
the centre of the bowl, and the original axis of rotation ;. hence the 

VOL. XVI. — NO. 252. X 
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motion of the liquid due to the rotation of the bowl is equivalent to 
that due to a properly chosen motion of translation. 

The foregoing results could only be approximately realised in prac- 
tice, owing to the fact that, so far as our knowledge extends, there is 
no such thing as a perfect fluid in nature. It will be noticed that 
the velocity of the liquid given by the preceding formulfie is infinite 
at the rim of the bowl, so that the liquid would be torn asunder, and 
the conditions of continuity violated. The result would be, in the 
case of an ordinary liquid, that vortex rings would be produced, 
which would probably be circular when the motion is symmetrical 
about the axis of the bowl, and this would materially alter the 
character of the motion. 



Note on the Porism of the Inscribed and Circumscribing Polygon. 
By L. J. RoGEES, Balliol College, Oxford. 

[Head June llthy 1885.] 

Let 8 and 8' be two conies, and let Ji, fj, l^ be the roots of the 
equation obtained by equating the discriminant of J/S + /S' to zero. 

It is then possible to express concisely in tjorms of these roots the 
condition that a polygon of n sides should be found which may cir- 
cumscribe 8^ and be inscribed in 8, 

The conditions are as follows : — 

First, let the roots ^i, {„ Jj ^® 8*^1 positive and in descending order 
of magnitude. 

Then the condition for a polygon of n sides is that 



Secondly, let one of the roots be negative, viz. J,, and let £i<^. 
Then the condition is, if n be even, that 



f,A:»cn«?^=|,dn'?5, mod. / Jll|» . A ; 
but, if n be odd, the condition fails. 
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These two cases will include every possible case in which the roots 
of the cubic are all real. The case in which the roots are imaginary 
will be considered later. 

1. Let all the roots be positive. 

The discriminating cubic may be evidently written in the form 



^(^-«>)(«-«>^)«-^*''^''')' 



according to the above-mentioned conditions. 

Now, Prof. Cayley has proved (see Salmon's Conic Sections, § 376, 
Note) that the required conditions depend upon the vanishing of 
certain determinants, which are clearly seen to vanish also . when all 
the roots of the discriminating cubic are multiplied by the same 
quantity. 

Hence, if all the roots are of the same sign, we get the same condi- 
tions as if the cubic were 

«-■)(«- if) «-"•")• 

Now, this cubic corresponds to the case of two conf ocals 

• -^ + -^=1, 
a* ^ 6* ' 

J aj' en* V . y^ i i 

and ■f-g8-cn'i; = 1, 

or dn* V br 

for which Mr. Gf^riffiths has proved (Froc. Lond, Math. 8oc., Vol. xiv., 
p. 47) the condition for a polygon of n sides is that 



Hence we have 



2K , /a«-6« 

= , mod. ^ / — J— . 

n y a 



4 = i.».f, »od.^|=|.A. 

the modulus being obtained by eliminating v. 
Since 4a <li, the modulus is always <1. 

2. Secondly, let the roots be not all the same sign. 
, Then, if {|>£x) B,nd £, be negative, the discriminating cubic can be 

2 X 
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written 

which is derived from the other by writing v + iK* for v. 

Hence, if the roots be not all the same sign, we get the same con- 
ditions as if the cubic were 

(«-i)(«-p^)(«+il^)- 

\ Jfroorv/ \ Ir sir v/ 
This cubic corresponds to the case of the confooal ellipse 

a* or 

J 1 -u 1 »^ dn^ V y^ dn^ v -, 

and hyperbola -rrr — 5 ^ — 5- = J , 

•^ ^ arJc^ en* v Irl^ sn* v 

Since the latter equation may be written 

a' dn«(t;+2i:')^fe' ^ ^" ' 
we have for the required condition, following Mr. Griffiths' proof, that 

V = iK H . 

n ^ . n 

Now V cannot be real unless n be even, and in this case 

v = — 
n 

Hence, if £1, ^ be the roots of like signs, and f, be numerically greater, 
the condition is that 



^ 



i,fc«cn«^ = {,dn« ^, mod. ./|»^ . 4-- 

In this case also the modulus is always < 1. 

The condition for a polygon of n sides has therefore been com- 
pletely determined in the case of imaginary roots, except in the 
second case when n is odd. It appears, however, that in such a case 
no SQch polygon can be found. 

3. Thirdly, let two of the roots be imaginary. 

In this case we must consider the two conies whose discriminating 
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cubic is (4—1) ({— r cos — W sin d) (f— r cos d+ri sin 0). 
This cubic corresponds to the parabola (inscribed conic) 

y^ = 4», 
and the circle (circumscribing conic) 

These conies intersect in two, and only two, real points. 

Let («, y) be any point P on the circle, and tangents PP, PT be 
drawn to the parabola, touching it in T and T, 

Then, if m^, m, be the cotangents of their inclinations to the axis 
of X ; m^, Wj are the roots of • 

y = — H-m, or m^—my+z = 0, 
m 

therefore w^j-f-w, = y, mim, = ». 

Assume that m^ = e en (w-f-v), 

m, = ecn (w— v), 

where e, v, A; have to be determined in terms of r and 0, and w depends 
upon the position of P only. 

For brevity, let us ])ut 

sn n = a, snv = 6, cos = rl. 

Then « = e« en (t« j- v) en (t*-t?) = e« ^"f "~?Itrf'''^' > 



y = e {en («4 u) + cn(«-t,)} = 2e ^^^-few"''' . 
and the equation to the circle is 
/ ,l-a^-6«+A;W&2 



1-Ar^a*62 






In order that this relation may hold for all positions of P, it is 
necessary that this last equation should hold identically for all values 
of a. 

Equating coefficients of a®, a^ and a* to zero, we get three equations 
which give us Sf fc, 6 in t^rma of r &ni 0, 
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These tliree equations are 



(mv~e'-2ik^vy = 






2e»(l-62)-{e^ (l-fe^) + 2Z} (J(?hV-^e'-2im') = ^', 
whicli, after some reductions, give 

_ 2dn2i; 
^ l + cn2v' 

r cos ^ = . 

cn^v 

Eliminating v from the last two, we get 

7 1 , .1 rsinO 

A; = cos -r tan * , 

2 1+rcos^' 

which is always real. We also get 

rcos^— = 5 , 

2 en'* 17 

rsin'---=— ^, 
2 cn'*^ 

which give k more readily. 

Hence, we see that in passing from T to 2" the parameter of T is 
increased by 2v, where v only depends upon the circle, and not upon 
the position of the point P. 

Hence, as before, the required condition for a polygon of n sides is 

that 2vn = 4sK, 

2K 

or «; = — . 

n 

Hence, for any two conies, the roots of whose discriminating cubic 
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are proportional to 1, re**, re"**, tlie required condition is that 

r = ^, mod. coBi-tan-'-^?i5Li_ 

n 
It can be easily verified that for a triangle 

4. » Q 
sin — , 
2 

ard for a quadrilateral r -|- 2 cos = 0. 



On the Ideal Geometrical Form of Natural Oell-Structure. 
By Mrs. Bryant, D.Sc. 

[Sead March I2th, 1885.] 

Ideal natural cell-sk'ucture is not necessarily regular, in the strict 
geometrical sense of the word, as, by convention, it is used to denote 
solids with identically equal faces and solid angles. A cell- structure 
regular, in this conventional sense, would clearly consist of cells cubical 
in form ; and such sti ucture, as we shall see, is not natural. 

The form of a natural structure is a logical result of its mode of 
genesis, and that form is ideal of which the mode of genesis is perfectly 
regular. Moreover, the original cell is spherical in form. Hence the 
solution of our problem turns upon the double question : — 

1. If space is filled with equal spheres, and this space-ful of spheres 
is then crushed together symmetrically till the whole becomes a solid 
mass, what shape does each sphere ultimately assume ? 

2. If a homogeneous solid has equally efficient centres of excavation 
or absorption distributed uniformly in it, what is the ultimate form of 
the cells excavated ? it being supposed that, when the excavating or 
absorbing agents cease their work, the walls of the cells are uniform 
in thickness, i.e., the excavation is complete. 

The second question is manifestly the counterpart of the first, and is 
answered in the answer to the first. 

Our first step must be to determine the mode of arrangement of the 
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spheres which, by the terms of the question, fill space in a natnral, as 
well as a regular, manner. Now, there are three conceivable wa^s in 
which the spheres can be arranged regularly. Only one of these is, 
however, a natural, because a mechanically stable, arrangement, *.e., 
the one in which the conditions of maximtim density and maodmum 
stability are fulfilled,— in which, therefore, the centres of all the spheres 
that touch any given sphere are at the minimum mutual distance of tlie 
common diameter. 

The three geometrically possible arrangements may be conceived as 
follows, for convenience in deducing the corresponding forms of the 
crushed spheres: — 

(1) The central sphere touches the six faces of a cube at their mid- 
points, and six surrounding spheres at the same points. No two cf 
these six touch each other ; the centres of any adjacent two are at a 
distance equal to \/2 of the diameter, and they are not, therefore, 
situated similarly with respect to the central sphere and to one 
another. This may be called a cubical arrangement, and, if cruBhed, 
will yield cubes filling space without interstices. 

(2) The central sphere passes through, and touches eight surround- 
ing spheres at, the eight vertices of a cube. No two of these eight 
surrounding spheres touch each other, and the centres of any adjacent 

2 
two are at a distance equal to — ^ of the diameter. This arrangement 

vo 

is, therefore, denser than the first ; but, like it, is deGcient in the mutual 

support of its parts, and in the more perfect symmetry which belongs, 

as we shall see, to the third. If crashed, it will yield octohedra with 

tetrahedral interstices, these together filling space, as is well known ; 

but, since there are interstices, the crushing cannot be complete. The 

proof of this need not detain us here. 

(3) The central sphere touches the tivelve edges of a cube, and 
twelve surrounding spheres, at the mid-points of the edges. The 
radius of the spheres is in this case equal to the semi-diagonal of the 
cube's face, and this is clearly equal to the distance between the points 
of contact of two adjacent spheres with the central sphere. The dis- 
tance between their centres is, therefore, by similar triangles twice, the 
radius. Hence they touch ; and thus the twelve surrounding spheres 
are in contact with each other three-and- three about the eight comers 
of the cube, while they are in contact four-and-four about the six 
faces of the cube. 

This arrangement is of maximum density, since the surrounding 

spheres have their centres at the minimum distance of the common 

^^iaDaeter. It is also th^ arrangement of rmxirnum stability^ because 
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the mutual support of its parts is the greatest possible, as each of the 
surfaces bounding intervening spaces touches all the others. This 
is, therefore, the natural arrangement ; and, as a matter of fact, if a 
quantity of shot be thrown into a box and shaken about freely, it will 
arrange itself in this way. Hence, too, the natural form of a pile of 
balls is a pyramid on a regular hexagonal, or, which is the same thing, 
an equilateral triangular, base. Piles on square bases are also common ; 
but, as can easily be seen, the elementary arrangement is exactly the 
same ; in the triangular pile, a face of the elementary tetrahedron of 
adjacent centres is horizontal, and in the square pyramidal pile, an 
edge. 

While the mechanical instability of any but this dodecahedral 
arrangement of spheres determines it as the natural arrangement in a 
space-ful of spheres, its property of maximum density is a reason for 
considering it of fundamental importance in considering the natural 
mode of distribution of excavators or absorbents in a solid, since by it 
the maximum of excavation or absorption in a given space can be 
secured. Moreover, it is, as we have seen, more perfectly symmetrical 
than any other arrangement. 

1. Considering, first, the case of the spheres to be symmetrically 
crushed together, let us limit our attention to the central sphere, which 
touches the twelve adjacent spheres at the mid-points of the twelve 
edges of a cube, its intermediate portions bulging out through the six 
faces of the cube. When the spheres are crushed together, these 
twelve points of contact move inwards along the radii, and the six 
intermediate portions are squeezed out into the over-arching spaces 
which lie between the points of contact of the surrounding spheres. 
Since there are four spheres round every face, these portions will be 
squeezed into four-sided pyramids, the faces of each being evidently 
conterminous with those of the adjacent pyramid, both being the 
ultimate position of the original plane of contact. Each, therefore, 
makes half a right angle with the face of the cube, the sum of the two 
being supplementary to the angle between the cube's faces. Hence, in 
the final position, we have the twelve points of contact represented by 
the mid-points of the edges of a smaller cube, and the intermediate 
portions heaped up into six square pyramids on the faces of the cube, 
whose faces make half a right angle with those of the cube. The form 
thus generated is a solid with twelve rhombic faces, the well-known 
rhombic dodecahedron. 

There will be no intervening spaces in the mass of solids when the 
spheres are completely crushed together ; because dodecahedra of this 
l^ind can be packed so as to fill space without interstices. To prove 
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this, it is convenient to consider the dodecahedron as bnilt up bj 
dividing a cube into the six equal pyramids which have their vertices 
at the intersection of its diagonals, and placing these on the faces of 
an eqnal cube. The twenty-fonr faces of the figure rednce, as in the 
above, to twelve ; since the diagonal plane of a cube makes half a right- 
angle with the cube's face, and hence two adjacent faces of any two 
pyramids lie in one plane and form a rhombus. 

Six of the solid angles are enclosed by four planes, perpendicular 
to each other, two and two, since they were originally the diagonal 
planes of a cube. Therefore, four of the solids superposed on these 
faces at any vertex will just leave room for the vertex of another solid 
in the remaining space. 

The other eight solid angles are situated at the vertices of the 
original cube, being enclosed by three plane angles, which are the ob-* 
tuse angles of the rhombi, and are easily seen to be equal to those be- 
tween the opposite diagonals of the cube. Now, by parallels, the dia- 
gonal of the dodecahedron through one of these vertices makes, with an 
edge of the dodecahedron, an angle equal to that which it makes with 
the opposite diagonal. Hence, the diagonal makes an exterior angle 
with each of the edges equal to the obtuse angle of the faces. When, 
therefore, three solids are superposed on the faces at such a vertex, 
their edges, meeting in that vertex, coincide along the diagonal of the 
central solid. 

Space can, therefore, be filled with rhombic dodecahedra ; and the 
crushed spheres, consequently, form a mass without intervening 
spaces. 

We should expect to find this dodecahedral form in nature wherever 
originally spherical cells, packed together in the most natural or in 
the closest manner, have been subjected to uniform and complete 
pressure. The two conditions, (1) of initial symmetrical arrangement, 
and (2) of complete symmetrical pressure, are probably seldom ful- 
filled simultaneously, as a matter of fact ; and so, nature transgresses 
her own ideal of naturalness in this as in other respects. In the 
centre of a mass of soap-bubbles their chance of fulfilment is perhaps 
at its best : but, in the fact that the bubbles tend to stick to one 
another, there is a disturbing element, even in the centre of the mass ; 
and the difficulty of seeing the form within the mass is great. 

2. Reverting now to our second question, it is, as before remarked, 
evident that the structure produced by complete and symmetrical 
pressure of spherical cells, symmetrically distributed in a space, is of 
the same form as that produced by the complete and symmetrical 
activity of equally efficient centres of excavation or absorption, 
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symmetrically distributed in a solid. The dodecahedral form is, 
therefore, the ideal natural form of cell-structure which is caused 
by absorption, as organic structures often are, or by excavation as in 
the case of the honey-comb cell. 

In organic structure it is not likely that the ideal conditions are 
ever completely fulfilled, and frequently the actual conditions are 
quite different. But, as regards the honey-comb, we might reasonably 
expect that the bees, who are the cell-excavators, should by natural 
instinct distribute themselves as densely as possible, and with a con- 
siderable degree of regularity, and that their activities should be 
equal and symmetrical about the working parts of their bodies. The 
facts confirm this reasonable expectation. The bees distribute them- 
selves, with apparent uniformity, at the two sides of a homogeneous 
cake of wax which has been previously deposited. In it they excavate 
cells, at doubtless uniform rates of work, and continue excavating till 
their work is as complete as possible, and the walls of the cells there- 
fore of uniform thickness. Meanwhile, the excavated wax is used to 
build up higher the open cell walls. Hence, the cells ought to be 
elongated rhombic semi-dodecahedra ; and this is just what they are, 
the axis of the cell corresponding to a diagonal of the primary cube, 
and the apex being one of the trihedral vertices of the dodecahedron. 
Each face at the apex fits exactly against one face of a cell in the oppo- 
site system. Each cell, therefore, is in contact with three cells of the 
opposite system. 

It follows, from this last mentioned fact, that the bees must distri- 
bute themselves with maximum density, not only on each side 
separately, but on the two considered jointly. This, as a case of in- 
stinct, is certainly remarkable, but the possibilities of trial and error 
are sufficient to account for it. It is not unreasonable to expect that 
the bees should learn how to employ the largest possible number of 
themselves on a piece of wax to be excavated, this being a thing 
which they would naturally try to do ; though it would be strange, 
in comparison, if they tried to effect those other two ends, of maximum 
economy in wax, and maximum strength of structure, which, as a 
matter of fact, they do effect. Whatever it is natural that they should 
try to do, it is natural that they should succeed in doing. And so, 
it is no less intelligible than remarkable, that our one clear example of 
nature fulfilling her own ideal of a natural cell-structure, should be the 
work of simple animal instinct in the construction of the honey-comb. 
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Mr. Mukhop&dhy^y's " Theorem in Plane Conies " (p. 7) forms 
Question 8337, in the " Edncational Times '' for November, 1885. 

The " Group of Circles " considered by Mr. Tucker (p. 44) was the 
following :— It is well-knoym that, if POP' is a diameter of the circum- 
circle of a triangle ABG, the two Simson-lines corresponding to P and 
P' intersect at right angles on the Nine-point Circle, and the envelope 
of the Simson-lines is a Tricusp.* The circles, considered in the 
communication, were obtained by taking points Z, m, n, &c., on the 
perpendiculars PL, PM, PN, <fec., such that IL=K, PL, mM=K, PM, 
nN = K . PN, (fee. ; then Imn is parallel to the Simson-line LMN^ and 
the corresponding line Vmn is parallel to the Simson-line L'M^N* i 
Imn, Vrnn intersect at right angles on a circle. The properties of 
this system of circles were worked out on the lines of the well-known 
results and shown to be quite analogous. 

Mr. Heppel's communication (p. 44), was on the " Reduction of the 
General Equation of the Second Degree.'* The result arrived at was : 

Suppose the ellipse ax^ + 2hxy + hy^-\'C = transforms to -s-j-^ = 1- 

p q 

Then, turning back again through an angle —d, the latter equation 

becomes 

(q^cos^d+phi-n'e) ojH (g'-jp') sin 20»^-f (g'sin'^-f jp'cos'0) y^-p^q^=0, 
where q^—p^ is essentially negative. 

Therefore, comparing with ax^'\-2hxy-\-hy^ + c = 0, 6 is > or < -^^ 

T 2 

as -7- is negative or positive, 
c 

Next, let the hyperbola ax^+2kxy-}-hy^-hc =:^ transform to 



* See Educational Times (Quest. 1649), Feb., 1866 ; Reprint, Vol. iii., pp. 68, 97; 
Vol. IV., pp. 13, 27, 74, 81, 94 ; Lady's and Gentleman^ s Diary, 1861 — 1863. The 
property was originally published by Stoiner, without demonstration, in Crelle, Vol. 
Liii. Dr. Casey, in his ** Sequel to Euclid ** (3rd ed., 1884, p. 174, Ex. 31), states 
that the property was communicated to him by a friend, and M. N. Qoffart also 
seems to have thought the property was a new one (see Noiwelles Annates de Math,, 
*" ' 1473, the solution being given on p. 397 of the No. for August, 1884). 



^^i^est, 
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-2 -^ = 1, then, transforming back again, we get similarly 

> or < — -, as — 7- is positive or negative. Hence, in the ellipse, 

major axis is in first quadrant if hjc' is positive ; in the hyperbola, 
the real axis is in the first quadrant \i h/ c is negative. 

The Rev. R. Harley's remarks on " Crifcicoids " (p. 61) will be 
found in a paper contributed by him to the Royal Society (Proc, of 
Boyal Society, Vol. xxxviii., No. 235, pp. 45—57), entitled, ** Professor 
Malet*s Classes of Invariants identified with Sir James Cockle's 
Criticoids." 

Captain Macmahon's communication (p. 01) will be found in the 
Messenger of Mathematics, Vol. xiv.. No. 11 (March, 1885, p. 164) ; in 
which volume also is printed Mr. Buchheim's Note (p. 61), No. 9 
(January, 1885, p. 143). 

Mr. Griffiths sends the following " Note on Partial Multiplication 
for Modulus 1/^2" :— 

The following is an example of the partial multiplication noticed 
on p. 106, viz., ti = 5, and 

y = -^ -. T^ . (^ = ^--l). 

l + (^-2)aJH(l-^)a^* 

This gives - fy ^ = (1 + 20 f"^ , 

^.e., • -y = (1 4- 2t) w ; f mod. -— j . 

Here y = 1 when a; = 1, and t/ = — v/2, when x = \/2 ; 

i,e., sn (K-h ^lE!) = 1, and sn (1 + 2i) {K+ iK) = - ^/2, 

or, since K' = K, sn ( - Z + SiK') = - ^/2. 

Referring to p. 108, it may be remarked that, if we put A, = A^ 
= E: = Z', we have M, = — (H-2i). 

This is the case oi —y =^ same function of x as above. 

As regards the general theory of composition. I would observe, that 
(1) all the transformation equations of an even order of the form 
y = rational function of x, can be derived from the formula 

2^=:sin(L+il+5+...), 
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as I hope to show in a future note ; (2) Landen's equation can be 
introduced into Jacobi's transformations of an odd order. In fact, 
the first transformation is 

y = sin {-0 + 2L+il+5+...}, 
if we write 



sin = aj, sin L = ^^ / , cos L = ; ; 



, 2e: , , 2e: , 4b: , , 42" 

a = «sn — , a=an — : o = A;sn — , a = dn — , .,• 

n n n n 

The analogy between elliptic transformations and trigonometrical 
formulas is very striking.* 

The paper on " Some Properties of the Harmonic Quadrilateral,*' 
by Mr. Tucker (p. 184), will, through the courtesy of the Messrs. 
Hodgson, the proprietors of the Reprint, be published for the 
author, who desired an early appearance for the paper, as a supple- 
ment to Vol. XLIV.t 

Prof. J. Neuberg has furnished to the author "proofs" of an 

* Mr. Griffiths furnishes the following list of corrections to be made in his paper, 
pp. 83—108 : 

p. 84, line 16, in the expressions /or a and a' dele 8. 

p. 85, la8tline,/or ttan(Z + Zi + ...+Z,„) read tan {X + Xi + ...i-Xm), 

p. 86, line 7, for a^, Og ••• «»» ^"^^ hi *2» ••• *m. 

p. 91, line 10, read InV' = NK* for 2nT' = NK, 

p. 97, line 16, in the relation between the moduli read ^k' for ^k as regards 
the numerator. 

p. 103, line 9 from bottom, in the denominator read k^ for k. 

p. 104, line 2, read k^for k*. 

p. 104, /or sinZj, sinZg, sinX4, respectively, the expressions should be 
sinZj = (1 — y^)3 ... (rest as printed), 
sinZa = (l + iV>fc)' Enu(l-.kaB?u) 

sinZ4 = (l-V^)2 Bnuq-kBn^u) 

* ^ ^ ^ l^2i^k{l-iyk-k)Bn^u + k^Bn^u 

p. 105, line 2 from bottom, change Jfg into -^. 

t Advance copies have been forwarded to a large number of the members. 
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article by him, " Sur le Quadrilat^re Harmoniqae," in recent num- 
bers of Mathesis (Oct. and Nov., pp. 202-212, 217-223), in whicb lie 
works out the results on the lines of his M6moire " Sur le Centre des 
M^dianes antiparall^les." 

Prof. Neuberg has also communicated to the Reprint (Vol. xliii., 
pp. 81-86) a paper entitled, " Sur les Cercles de Tucker." This is 
the " group of circles " of Quarterly Journal of Mathematics (Vol. xx., 
No. 77). In this article he also furnishes information upon matters 
treated of in the Appendix to last Session's volume. 

The Rev. T. C. Simmons' communication (p. 262) will appear in 
the Appendix to Vol. xliv. of the Bej^nt. 

M. Figari6, of Paris, is writing a memoir for the Journal de Math. 
Elementaires, of M. de Longchamps, on the theorems in Mr. H. M. 
Taylor's paper (Vol. xv., pp. 122-139), and the circles of the same 
gentleman, Mr. Tucker, and M. Lemoine. 

M. E. Lemoine has communicated a paper, " Sur une Generalisation 
des Proprietes relatives au Cercle de Brocard et au Point de 
Lemoine," to the Nouvelles Annales (Mai, 1885, pp. 201-223) ; and 
M. D'Ocagne publishes, in the August number of the same volume 
(pp. 360-367), a " Note sur la Sym6diane." 

We are indebted to Dr. H. Lieber for extracts from Vol. xvi. of his 
Zeitschrift f. Math, u. Natur. TJnterr.^ bearing upon the geometry of 
Brocard's circle. The questions will be found on pp. 351-355. 

R. T. 
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